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ON THE THEORY OF LINEAR INTEGRAL EQUATIONS. II 
By Ernar ann J. D. TaMarKIN 
(Received March 21, 1934) 
I. On completely continuous integral transformations 
1. Let L, be the space of functions f(s) measurable over (— «, «) and such 


that the integral |f(s) |»>ds <<. We set 


= ( bas)”, 


taking this for the definition of a metric of the space L,. We shall write 


sth * 
f(s) if | 8 |< N, 
elsewhere. 


Let € be a sub-set of the space L,. Necessary and sufficient conditions that 
€ shall be compact, in the case when p > 1 and the functions of € vanish out- 


side a fixed interval, were found by Kolmogoroff [7]. They reduce to 
(i) \| f |p S A, where A is a constant depending only on &, 


(ii as h- 0, uniformly over 


It was shown by Tamarkin [10] that if the restriction of vanishing outside a 
fixed interval be dropped, a further condition should be added, 


(iii) lf—f" as N-— o, uniformly over &, 


constituting together with (i) and (ii) a complete set of necessary and sufficient 
conditions for the compactness of € in L,. As shown by Tulajkov [11] this 
result holds even when p = 1. Finally it was shown by M. Riesz [8] that 
Kolmogoroff’s condition (ii) may be replaced by 


(ii’) f(s) — f(s + h) ||), 0 as uniformly over 


which is conveniently characterized by saying that the functions of € are 
equally continuous in L,. Condition (ii) follows from (ii’) by an immediate 


‘This note should be considered as a supplement to our previous papers [4, 5]. The 
numbers in brackets refer to the bibliography at the end of this note. The result of Part II 
was stated without proof in our paper [5, p. 6]. The result of Part I was obtained but not 
published, in October 1931. 
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application of Hélder’s inequality. In the present note we shall use the set of 
conditions (i), (ii’) and (iii). 


2. Let La,s designate the class of kernels defined and measurable over 
<s,t <«, and such that 


We shall be particularly interested in the class L,,,, where p > 1 and 
p' = p/(p — 1). In this case we set for abbreviation 


(4) Us; K) =16) 


and note the inequality . 


(6) || Ki + Ke || S || Ki || +°|| 
which is readily proved by a repeated application of Minkowski’s inequality, 
|| Ki + Ke || = || Us; Ki + Ke) |lp S || Us; Ki) + U(s; Ke) 
S || Us; + |! Us; Ke) lp = || Ki || + || Kell. 


The result of the present note is embodied in the following 
THEOREM. The integral transformation represented by 


is a completely continuous® transformation on L, to Ly, p > 1. 


We first observe that if = z(s) C L,, then y = K-2 also C L,. This 
follows at once by a repeated application of Hélder’s inequality, 


(8) y(s) | || |lp Us; K), 


To prove the theorem we have only to show that if § is any bounded sub-set 
of L, then the K-transform € = K . (§) of ¥ is compact. To do this we apply 
the set of conditions (i), (ii’), (iii) of §1. If we assume that 


(10) A, «CB, 


2 We refer to the monograph by Banach [1] for the terminology and bibliography of the 
theory of linear operations used in the present note. 
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then, by (9), 


yCG, 


which shows that (i) is satisfied. 
To prove (iii) we note that, by (8) and (10), 


< A? (l(s; K)]? ds + [ Us; ae | —OasN—o, 


uniformly over 
Condition (ii’) requires a slightly longer discussion. We have, on setting 


(11) K,(s, t) = K(s + h, 0, 
y(s + h) — y(s) = (Ki — K)- 
ll y(s + h) — y(s) Ilp || || Kx — K || S$ A|| — K]]. 
Hence (ii’) will be verified provided we can show that 
(12) ||K,-K|| 70 as h-0. 


This can be achieved in three steps. First we show that if 


K(s,t), if |s|SN,|t| SN, 
(13) K*(s,t) = 

0 elsewhere, 
then 
(14) |K —K*||-0 as 
Indeed, we have 


—N 
as a if |s|SN, 
N 


((s; K — = 
a, if |s|>N. 


It is now plain that, for almost all s, 
[(s; K — K*)]?0asN—~; [U(s; K — [U(s; K)]?. 
Hence, by Lebesgue’s theorem, 


| [\(s; K — as 


t 
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As the second step we prove that if K(s, ¢) vanishes outside a fixed square 
—N Ss s,t < N, then 


(15) |K—K(P)|| as 

where 

(16) K(P) = K(s,t; P) = ‘), if |K(s,é)| <P, 
0 elsewhere. 


To do this we introduce the set Ep = z { | K(s, t) | S P} and its complementary, 


Dp = CEp. Let Dp(so) be the cross-section of Dp by the line s = s. Then, for 
almost alls, 


[U(s; K — K(P))} 


an | K(s, t) rar)” —-0as U(s;K — K(P)) S \(s;K), 
Dp(s) 


which yields (15). 
As the third step we prove that if K(s, t) is bounded and vanishes outside a 
fixed square —N S s,t < N, then 


(17) ||K—K’(e)|| as 
where 

ste 
(18) K'(e) = K"(s, t; 6) = 1/e | K(o, t) do. 
We put 


A(s) = A(s; K) = | K(s,t) — K’(s, t; €) | dt. 
By a familiar argument 


[Lato as= [7 [K(s + ¢, 1) — K(s, de 


But for the kernels of the class under consideration, 
[U(s; K — K"(e))]}” = | K(s, t) — K'(s, t; |?" dt CA(s), 
where C' is a constant (not necessarily the same in this and in the following 


formulas) whose precise value is of no interest, but which does not depend on «. 
Now, if p > 2, p’ < 2 < p, and 


| | 
{ 
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[l(s; K — K’(e)]? ds as 


If, however, p S 2 S p’, since l(s; K — K’(e)) vanishes outside the fixed interval 
|s| < N + 1, as soon as € < 1, we have by Hdlder’s inequality 


— as 


< (2N 42) ( (Us; K — as)" <¢ ( 


and again 
||K—K'(e)||-0 as e— 0. 


As the last step we observe that (12) is trivial in the case where K(s, t)is 
bounded and vanishes outside a fixed square and is continuous in s for almost 
all t. On combining the preceding steps with the inequality (6) we complete 
the proof of our theorem. 


3. Remarks. (a) The theory of completely continuous transformations as 
developed by F. Riesz, Hildebrandt, and Banach, shows that the classical 
results of the Fredholm theory are valid for the integral equation 


(19) x(s) = y(s) + AK-2(s);_ y C Ly. 


(b) Banach [1, pp. 98-99] obtained a result analogous to our theorem above, 
viz., that the transformation y = K-zx on L, to L,, for the interval (0, 1), is 


completely continuous if 
1 1 
| K(s, t) |" ds dt < 
0 J0 


where p > 1, g > 1, and r is the smaller of the numbers p and g’. To compare 
with our theorem we have to take g = p. Then r = min (p, p’) S 2, r’ 2 2, 
and K C Le. There exist, however, kernels K C Ly, »», p > 2 (even vanishing 
outside a fixed square) which do not C Le. It suffices to take [4, p. 482] 
K(s, t) = dn = Oif ba S 8,t S bp, n = 1, 2,3, < ~, and 
K(s, t) = O elsewhere. It is readily found that, for such kernels, 


|| K (|? = 2, ar bn = bn — 


n=1 


p/p’ 
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while 


n=1 


and it remains only to select a, and 6, so that 


>) a2 < @, >) a3 62 = 


n n 


which is obviously always possible. It is worth noticing that the C.V. of our 
kernel K are \, = (a,6,)~! and that the series =\,,? converges. Whether this 
property holds for the general kernel K C L,, »- is an open question. 

(c) A natural interpretation of the class L,, », in the limiting cases p = , 
p = 1is given by 


{ 7 } | K(s, t)| dt < A < ©, for almost all s, 


(L1, max | K(s, t)|ds < 
t 


where max means essential least upper bound. Our theorem fails when p = 1 
orp = ». Incase p = = this is shown by the example of the kernel 


stif0<ts a, 
K(s, t) = 


0 elsewhere, 


for which all \ with ®(A) = 1 are C.V., with the corresponding (bounded) 
fundamental functions s—! [4, pp. 525-527]. 

That our theorem fails in the case p = 1 is shown by the existence of bounded 
measurable kernels (vanishing outside of the square 0 < s,t < 1) such that the 
transformation K-z is not completely continuous in L. The following exam- 
ple of such a kernel was communicated to us by Professor J. v. Neumann. We 
introduce an orthonormal set {y,(s)} defined over (0, 1) as follows 


2'sin2nrs, 0 <8 < }, 
= 0,1. 


0 elsewhere. 
We put 
K(s, t) = >) 2-* gan-a(t) — gan(8) 
n=1 
It is readily seen that 


| K(s, t) | S 23, 


' 
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so the kernel is bounded. It is plain that 
K -gan-i(8) = (—1)*1 2-" g,_,(8), i= 0,1, 
whence, upon setting 
¥n(8) = 2" — gan(s)], 
we deduce 
K-Wn(s) = + gon(s). 
On the other hand 


1 
|| Vn = 2» | | ¢on(8) | ds = 1, 


while, for n m 


Kyu — = + — + | as 
> 2! | sin 2nrs — sin 2mrs | ds 
= 4.20 [sin (n — m) zs || cos (n + m) xs | ds 


> 4.08 [ sin? (n — m) ws cos? (n + m) xs ds 
0 


= 24, 


Thus the transformation K-.zx carries the sequence {y,(s)}, which is bounded 

in L, into the sequence {K-y,} which does not contain any convergent sub- 

sequence. This transformation is consequently not completely continuous in L. 
Suppose, however, that condition (Zi, ,,) is satisfied, and let 


max | K(s, t)| ds = A. 
t 


Further let E(t, N) be the set of values of s for which | K(s, t)| > N. Then 
for all values of ¢, except possibly for a set D of measure zero, we have 
meas E(t, N) S A/N. Thus for all ¢ C CD, 


/ | K(s, t) — K%(s, t)| ds = i | K(s, t) | ds 

E(t,N) 

tends to zero as N — ©, uniformly over CD, since, for such values of t, K(s, ¢) is 
dominated by the fixed integrable function max | K(s, t) | while meas E(t, N) — 0 


uniformly over CD. This shows that condition (L-+-) of our paper [4, p. 509] is 
satisfied. Hence the classical results of the Fredholm theory still hold in the 
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case (Iy,,.) although the transformation y = K-z in general is not completely 
continuous in L. 

(d) Professor Hildebrandt was kind enough to communicate to us another 
method of proving the theorem of §3, of which he has been in possession since 
1930 and which is based upon the possibility of approximating the given kernel 


K(s, t) C Ly, » by kernels of finite rank K,(s, t) = Zz ¥i(s) gi(t) in such a way 
1 


that || K — K,|| — 0. Since the transformation y = K,-x is obviously com- 
pletely continuous in L,, it follows at once that the transformation y = K.z is 
also completely continuous. Assume for the sake of simplicity that K(s, t) van- 
ishes outside the square 0 < s,t S$ 1. Then we may take for {¢,(s)} the ortho- 
normal set of Haar, with y,(s) = K-¢,(s). Since 1 < p’ < , we have [see 9], 
for almost all s, 


1 
i | K(s, t) — K,(s, t) |?’ dt 0 as n— ©, 


1 1 
| K,(s, t) |?’ dt S | K(s, t) |?’ dt. 
0 0 


Hence, for almost all s, 
ls; K —K,)-0 as 
while 
U(s; K — Ky)” [U(s; K) + U(s; K,)]? S [20(s; K)}?. 


Consequently 
1 
1K Kell = lis;K —K,)?ds->0 as 
0 


The extension to the infinite range does not offer any essential difficulty. 

(e) Finally we call attention to the analogy between our result and those of 
Bobr [2] and Cohen [3] in the case of system of infinitely many equations with 
infinitely many unknowns. 


II. On the exponent of convergence of characteristic values of certain kernels 


1. Let K(s, t) be bounded and measurable over a S s, t < b (a and b finite). 
The resolvant R(s, t;\; K) = R(s, t) = R of K is determined uniquely (almost 
everywhere) by the equations 


(1) K(s, t) + R(s, t) = \K-R(s, t) = \R-K(s, t)3 


b 
* We use the convenient symbolic notation A-B = A-B(s, t) = / A(s, u) B(u, t) du, 


b b 
= A(s, t) x(t) dt, ff | A(s, t) |? ds dt. 
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This is a meromorphic function of \ represented by the ratio of two entire 
functions 
D(s, t; \; K) 
Did; K) ’ 
where D(A; K) is the Fredholm determinant of K. The characteristic values 


di, Aa, As, «+ (C.V.) of K are the zeros of D(A; K). If each of them is repeated 
according to its multiplicity as a zero of D(A; K) then we have the classical 


inequality of Schur 


(3) > Isl? s IK IP. 


v=1 


(2) R(s, t;; K) = 


It is well known that these results still hold if the assumption that K is bounded 
is replaced by the assumption K C Le, which means to say that the right-hand 
member of (3) is finite. In this case, however, the Fredholm determinant 
may not exist and should be replaced either by the “modified Fredholm deter- 
minant” D*(\; K) of Hilbert-Carleman, or by a certain infinite determinant 
A*(\; K) with the corresponding modification of the formula (2) for the 
resolvant.4 Formula (3) still holds provided the X, are defined as the zeros of 
D*(\; K) or of A*(A; K) respectively, each repeated according to its multi- 
plicity. This definition of the ‘‘multiplicity” of a C.V. of K has the apparent 
disadvantage of being dependent on the particular representation of the 
resolvant R. However, according to the well known Lalesco theory of the 
principal part of the resolvant corresponding to a C.V. Xo, the multiplicity of 
do as defined above coincides with the total number of pairs of the “principal 
functions” of K associated with \o.6 This furnishes a more satisfactory defini- 
tion of the multiplicity of a C.V. of Kin as much as it is entirely determined by 
R (hence by K) itself, and does not depend on any special representation of F. 
We shall agree therefore to define the multiplicity of a C.V. Xo of K as the num- 
ber of pairs of the principal functions of K, associated with do, provided that the 
Lalesco theory can be applied to the kernel K in question. If this is the case, we 
shall use the notation {d,} for the sequence of the C.V. of K, each being 
repeated according to its multiplicity. The exponent of convergence of the 
sequence {\,} will be denoted by p(K). 


2. There are numerous cases where the resolvant of K, as defined by (1), 
exists though K is neither bounded nor C Lz. One such case was investigated 
by Hobson [6],° under the main assumption that there exists an integer m such 


‘See, e.g. [5] where other bibliographical references are found. 

5 Although only the case of K bounded seems to have been treated in detail in the litera- 
ture, there is no difficulty in extending the Lalesco theory to the case where K C I». 

‘It should be observed that Hobson’s assumptions are not quite clearly stated. The 
argument of Hobson is easily made precise, however. 


y 
r 
7 
| 
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that in the sequence of the iterated kernels 
K, K*=K-K, 


all kernels K", K”+!, ..- are bounded. From Hobson’s discussion it follows 
that the resolvant R exists and that the Lalesco theory can be applied in his 
case. Furthermore if uo is a C.V. of K™ of multiplicity ro then ro is equal to 
the sum of multiplicities of those among the m*" roots of uo which are C.V. of 
K. Since, in view of (3) 


p(K™) 2, 
it follows that 
p(K) S 2m, 


and that moreover, 


(4) | >) | 
Conditions of Hobson are satisfied in the particularly interesting case of ker- 
nels of class 


(Ha) | K(s,t)| S$ M|s 0<a<l, 
where M is a positive constant. A simple computation shows that 
(5) | Kx(s,t)|< M,|s—t|--, M,|log|s—t||, Mn, 


according asa, = na —n+1is > 0, = 0,or < 0. Here M, is a constant 
analogous to M. We may therefore take m = [(1 — a)“'] + 1. This leads to 
the corresponding estimate p(K) < 2[(1 — a)—!] + 2. It turns out, however, 
that this estimate may be considerably improved by a slight modification of 
the preceding method. 


3. Instead of Hobson’s assumptions let us now assume that, for a certain 
value of m, K", K"+!,... C Le. It is not difficult to formulate a set of suffi- 
cient additional conditions on K under which Hobson’s argument will retain its 
validity. Taken in their generality, these conditions are of a fairly complicated 
nature and do not present considerable interest. That is why we prefer to turn 
instead to the most interesting special case of kernals of class H,. A simple 
but tedious scrutiny of Hobson’s work reveals that his method, and hence the 
Lalesco theory can be applied in the present case. On the other hand, in view 
of (5), the kernel C Lz as soon as na —n+1<}3,n >4(1—a)". We 
thus are led to the following theorem 

THEorEM. [f the kernel K C H.,0S a <1, then the exponent of convergence 
p(K) does not exceed 2[3(1 — a)—] + 2. 


OR 


VS 
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Remark. Take K(s, t) = K(s — t) = F(s — t) where F(@) is periodic of 
period 27, and for 0 < 6 < 2m is defined by 


It is known (Cf. [5, pp. 10-11]) that such a kernel C H.,, while p(K) = (1 — a)-. 
This can be made as near as we please to the estimate of the theorem if 
1(1 — a)~! tends to any integer k = 1 remaining less than k. 
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Introduction 


There is an intimate connection between the problem of finding a minimal 
surface bounded by a given non-self-intersecting curve and the problem of find- 
ing a surface bounded by that curve and having least possible area. The very 
name “minimal surface” arises from the fact that the differential equations of a 
minimal surface are the Euler-Lagrange equations of the problem of least area, 
expressing the vanishing of the first variation of the area. Moreover, if the given 
curve bounds a surface of finite area (which is the only case for which the problem 
of least area has a meaning) the two problems have common solutions.! 

Nevertheless, it is well known that a minimal surface need not have least area 
for its boundary, and also that a surface of least area need not be minimal. The 
following problem therefore suggests itself: Given a surface S, defined by 
equations 


y= y(u, z= z(u, v) sl, 


and given a region B in the circle u? + v? S 1. What conditions on 2, y, z 
enable us to state that the portion of S corresponding to B is minimal? 

The most general result at present in the literature is as follows: The portion of 
S corresponding to B is minimal if it projects orthogonally in a one-to-one way 
on some plane.? Radé asks if it be sufficient to assume that the equations 
x = x(u, v), etc., carry B in a one-to-one way into a portion of S. One of the 
results of the present paper is to answer this question affirmatively. 

Let us give the name “excrescence” to a portion of S, not itself a single point, 
which joins the rest of S in a single point (for example, a line-segment forming a 
spine projecting from S). Analytically, this means that there is an open subset 
B of the unit circle such that x, y, z are constant on the boundary of B without 
being constant on allof B. If S has excrescences it is clearly not minimal. But 
it would seem to be (and actually is) possible to remove all excrescences from S, 


1 Jesse Douglas, Solution of the problem of Plateau, Trans. Am. Math. Soc. 83 (1931), 
pp. 263-321. E. J. McShane, Parameterizations of saddle surfaces, etc., Trans. Am. Math. 
Soc. 36 (1933) pp. 716-733. Tibor Radé: (1) The problem of least area and the problem of 
Plateau, Math. Zeitschrift, 32 (1930) pp. 763-796. (2) An iterative process in the problem 
of Plateau, Trans. Am. Math. Soc. 35 (1933) pp. 869-887. 

?E. J. McShane, On a certain inequality of Steiner, Annals of Math., 33 (1932) pp- 
125-138. 
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thus obtaining a surface S free from excrescences. We might then hope to 
prove that if S has least area for its boundary, the surface § obtained by 
removing excrescences from S is minimal. This is however false; the surface 
z(u,v) = u, y(u, v) = 2(u, v) = 0,0 S u,v S 1 has no excrescences and is not 
minimal. But the boundary of this surface is not a Jordan curve. We may 
therefore try to prove that if S is bounded by a Jordan curve I and has least 
area among all surfaces bounded by I, then the surface S is minimal. The proof 
of this statement is the principal object of the present paper. The result may 
also be stated thus: For a given Jordan curve I, the most general surface of 
least area bounded by I is a minimal surface plus excrescences. It follows that 
a surface of least area with a Jordan boundary and without excrescences is 
minimal. 

This does not answer Rad6’s question, for it requires that the boundary I of 
the whole surface S be a Jordan curve, while Rad6é’s question is concerned only 
with the topological nature of a portion of the surface. However, a small modi- 
fication of the method yields the answer to this question also. 

§§1-4 of the paper are concerned with the properties of excrescences and the 
possibility of their removal. §§5-7 contain lemmas needed for the proof in §8 
of the principal theorem, Theorem 8.1. In §8 we also establish three corollaries 
to Theorem 8.1, and prove Theorem 8.2, which answers Rad6’s question. 


Notation and Definitions. The area of a surface will always be understood 
in the sense of Lebesgue, and will be denoted by L(S). We shall also speak of the 
areas of surfaces x = 2(u, v), etc., where (u, v) ranges over a doubly connected 
region; the usual discussions of area apply equally well to such surfaces. The 
portion of S corresponding to a subset B’ of the region of variability B of (u, v) 
will be denoted by S[B’]. If B’ be a connected open set we can define L(S[B’]), 
for example, as the least upper bound of L(S[B’’]) for all Jordan regions B”’ 
contained in B’; this quantity is clearly invariant under topological mappings 
of B’. We shall assume throughout that all areas mentioned are finite. 

For any point set M in the (u, v)-plane we shall denote the boundary of M 
by M* by and the set M + M* by M. (But the symbol 8 will not denote the 
“closure” of the surface S.) 

The letters Z, F, G will have the meanings usual in differential geometry. 
The statement that the surface 


S: 2 = 2x(u, v), y = y(u, v), z= 2(u, v), (u, v) on B 


is bounded by a curve I means that as (u, v) transverses B*, these equations 
yield a representation of Tf. Even when IL is a Jordan curve this representation 
need not be one-to-one; in the terminology of Radé,? it need only be a continu- 
ous monotonic transformation of B* into I. 


* Radé (2), loc. cit.1; in particular, p. 872. 
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Introduction 


There is an intimate connection between the problem of finding a minimal 
surface bounded by a given non-self-intersecting curve and the problem of find- 
ing a surface bounded by that curve and having least possible area. The very 
name “minimal surface’’ arises from the fact that the differential equations of a 
minimal surface are the Euler-Lagrange equations of the problem of least area, 
expressing the vanishing of the first variation of the area. Moreover, if the given 
curve bounds a surface of finite area (which is the only case for which the problem 
of least area has a meaning) the two problems have common solutions.! 

Nevertheless, it is well known that a minimal surface need not have least area 
for its boundary, and also that a surface of least area need not be minimal. The 
following problem therefore suggests itself: Given a surface S, defined by 
equations 


ct=2u,r), y=yu,r), 2=2u,7) 


and given a region B in the circle uw? + v? S 1. What conditions on 2, y, z 
enable us to state that the portion of S corresponding to B is minimal? 

The most general result at present in the literature is as follows: The portion of 
S corresponding to B is minimal if it projects orthogonally in a one-to-one way 
on some plane.? Rado asks if it be sufficient to assume that the equations 
x = x(u, v), ete., carry B in a one-to-one way into a portion of S. One of the 
results of the present paper is to answer this question affirmatively. 

Let us give the name “excrescence”’ to a portion of S, not itself a single point, 
which joins the rest of S in a single point (for example, a line-segment forming a 
spine projecting from S). Analytically, this means that there is an open subset 
B of the unit circle such that z, y, z are constant on the boundary of B without 
being constant on allof B. If S has excrescences it is clearly not minimal. But 
it would seem to be (and actually is) possible to remove all excrescences from S, 


1 Jesse Douglas, Solution of the problem of Plateau, Trans. Am. Math. Soc. 88 (1931), 
pp. 263-321. E. J. McShane, Parameterizations of saddle surfaces, etc., Trans. Am. Math. 
Soc. 36 (1933) pp. 716-733. Tibor Radé: (1) The problem of least area and the problem of 
Plateau, Math. Zeitschrift, 32 (1930) pp. 763-796. (2) An iterative process in the problem 
of Plateau, Trans. Am. Math. Soc. 35 (1933) pp. 869-887. 

* KE. J. McShane, On a certain inequality of Steiner, Annals of Math., 38 (1932) pp. 
125-138. 
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thus obtaining a surface S free from excrescences. We might then hope to 
prove that if S has least area for its boundary, the surface § obtained by 
removing excrescences from S is minimal. This is however false; the surface 
z(u,v) = u, y(u, v) = 2(u, v) = 0, 0 S u,v S 1 has no excrescences and is not 
minimal. But the boundary of this surface is not a Jordan curve. We may 
therefore try to prove that if S is bounded by a Jordan curve I and has least 
area among all surfaces bounded by I, then the surface 8 isminimal. The proof 
of this statement is the principal object of the present paper. The result may 
also be stated thus: For a given Jordan curve I, the most general surface of 
least area bounded by I is a minimal surface plus excrescences. It follows that 
a surface of least area with a Jordan boundary and without excrescences is 
minimal. 

This does not answer Rad6’s question, for it requires that the boundary I of 
the whole surface S be a Jordan curve, while Rad6’s question is concerned only 
with the topological nature of a portion of the surface. However, a small modi- 
fication of the method yields the answer to this question also. 

§§1-4 of the paper are concerned with the properties of excrescences and the 
possibility of their removal. §§5-7 contain lemmas needed for the proof in §8 
of the principal theorem, Theorem 8.1. In §8 we also establish three corollaries 
to Theorem 8.1, and prove Theorem 8.2, which answers Rad6o’s question. 


Notation and Definitions. The area of a surface will always be understood 
in the sense of Lebesgue, and will be denoted by L(S). Weshall also speak of the 
areas of surfaces x = x(u, v), etc., where (u, v) ranges over a doubly connected 
region; the usual discussions of area apply equally well to such surfaces. The 
portion of S corresponding to a subset B’ of the region of variability B of (u, v) 
will be denoted by S[B’]. If B’ be a connected open set we can define L(S[B’]), 
for example, as the least upper bound of L(S[B’’]) for all Jordan regions B’’ 
contained in B’; this quantity is clearly invariant under topological mappings 
of B’. We shall assume throughout that all areas mentioned are finite. 

For any point set M in the (u, v)-plane we shall denote the boundary of M 
by M* by and the set M + M* by M. (But the symbol 8 will not denote the 
“closure” of the surface S.) 

The letters Z, F, G will have the meanings usual in differential geometry. 
The statement that the surface 


S:z= r(u, v), y(u, v), z(u, v), (u, v) on B 


is bounded by a curve I means that as (u, v) transverses B*, these equations 
yield a representation of f. Even when IP is a Jordan curve this representation 
need not be one-to-one; in the terminology of Radé,* it need only be a continu- 
ous monotonic transformation of B* into I. 


* Radé (2), loc. cit.1; in particular, p. 872. 
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§1. Definition of Excrescences 


Let the equations 
(1. 1) t= x(u, v), j= y(u, v), z= z(u, v), (u, v) on B 


be a representation of a continuous surface S, the region B consisting of a 
Jordan curve B* plus its interior B, and let B’ be a connected open subset of B. 
We shall say that the equations 


(1.2) = v), 7= y(u, v), z(u, v), (u, v) on B’ 


define an excrescence on the surface S provided that the functions x(u, v), y(u, v), 
z(u, v) are all constant on the boundary of B’, and are not all constant on B’ 
itself. If equations (1.2) define an excrescence, we shall say that B’ defines an 
excrescence, or is the defining region of an excrescence, and we shall say that 
S[B’] (or S[B’]) is an excrescence. 

The open set B’ need not be simply connected. Nevertheless, it is possible to 
prove that 

(1.3) Jf an open set B’ defines an excrescence, then there is a connected and simply 
connected open set B’’ defining an excrescence and containing B’. 

In order to construct the set B’’, we first observe that the set of all simply 
closed polygons lying in B’ and having rational coordinates for all vertices is a 
denumerable set. We denote these polygons by Ij, II3, --- , and their interiors 
by Ili, Iz, --- . The set B’’ is then defined to be the sum II; + I+ ---. 
We state five properties of the set B’’: 

(1.4) B’’ is open; for it is a sum of open sets. 

(1.5) B’’ contains B’. For every point P of B’ can be enclosed in a square 
lying in B’ and having rational vertices, and this square is one of the IT. 

(1.6) B’’isconnected. Let Pi, P2 be points of B’’ belonging to In, II, respec- 
tively, and let P|, P; be points of the polygons IIx, II* respectively. The points 
P{, P; belong to B’ and can be connected in B’, hence in B’’. Also Py, P{ can 
be connected in I, hence in B’’, and likewise P2, P;. Hence Pi, P2 can be 
connected in B’’. 

(1.7) B’’is simply connected. Let J be any Jordan curve in B’’; we are to show 
that the interior of J also belongs to B’’. Each point of J belongs to a region II, 
hence a finite number of the II, cover J. The sum of this finite number of 
regions II, we call M. Let J; be the outer boundary of M (i.e., the boundary 
points accessible from infinity). J, is a simply closed polygon in B’ with 
rational vertices, hence is one of the II, say 1%. The region II, contains J and 
is simply connected, hence IT, (and therefore B’’) contains the interior of J. 
(1.8) The boundary of B’’ is contained in the boundary of B’. Let P bea 
boundary point of B’’; by (1.4) and (1.5), P does not belong to B’. In every 
square neighborhood N of P there is a point P; of B’’, contained in a set II,. 
Since P is not in II,, the segment PP; meets the polygon II; in a point Ps, 
which belongs to B’ and isin N. Hence P is a limit point of B’. 
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It follows at once that the region B”’ satisfies (1.3). For z, y, z are constant 
on the boundary of B’, hence by (1.8) they are constant on the boundary of B”’, 
and x, y, z are not all constant on B’, so by (1.5) they are not all constant on B’’, 


§2. Complete Excrescences 


It is of course possible that if an open set B’ defines an excrescence on S, it is 
contained in a larger set defining an excrescence. This suggests searching for 
the largest set containing B’ and defining an excrescence. 

Let R be an arbitrarily chosen point of B’, and let By be the set of all points Q 
of B (ef. equation (1.1)) which are contained in an open set B(Q) containing R 
and defining an excrescence. By (1.3), we may assume that B(Q) is simply 
connected. We state that Bo defines an excrescence. First, By is open; for if Q 
isa point of Bo, it is contained in an open set B(Q) with the above properties, and 
every point in a neighborhood of Q belongs to B(Q), hence to Bo. Second, the 
functions x(u, v), y(u, v), 2(u, v) are all constant on the boundary Bj of Bo. For 
let P;, P2 be any two points of Bj, and let Ni, Nz be square neighborhoods of 
P,, Pz respectively on which the oscillations of x, y, z are all less than e¢ (¢ an 
arbitrary positive number). The neighborhoods N; (i = 1, 2) contain points 
Q; which belong respectively to sets B(Q;) defining excrescences and containing 
R. Hence they also contain boundary points of B(Q;). Let xi, yi, 2; be the 
constant values of x, y, z on the boundaries of B(Q;). It is readily seen that 


(2.1) | x(P3) = x; | <6 (¢ = 1, 2), 


with like inequalities for y, z. 

The sets B(Q;) have the point R in common, and their boundaries are con- 
tinua. Hence either one of them contains the other or else they have a boundary 
point in common. In the latter case 11 = 12, Yi = Y2, 21 = 2, 80 that (2.1) 
implies 
(2.2) | — x(P2) | < 


In the former case, suppose B(Q:) C B(Qz). Then Q,isa point of B(Q2), and Mi 
contains a boundary point of Qs, so that 


(2.3) | 2(Pi) — <e. 


This with (2.1) implies (2.2). Since inequality (2.2) holds for every « > 0, we 
have 


(2.4) = x(Pa), 


with like equations for y, z. Hence z, y, z are all constant on the boundary 
By of Bo. 
Since By contains B’, the functions z, y, z are not all constant on Bo. Hence 


By defines an excrescence. 
It is easily seen that we would have been led to the same set Bo had we chosen 
any other point R’ of By instead of R. 
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Suppose that B, is an open set defining an excrescence, and that B: contains q 
point R’ of Bo. By the definition of Bo, the whole set B: is contained in B), 
Hence we are justified in calling the portion of S corresponding to By a complete 
excrescence. 

The set Bo is simply connected. For by (1.3) Bo is contained in a simply 
connected region B’’ defining an excrescence. But by the preceding paragraph 
B’’ By; hence B’’ = Bo, and Bois simply connected. 

If the open sets Bo, B, define two complete excrescences, they are non-over- 
lapping. Hence a continuous surface can have at most a denumerable set of com- 


plete excrescences. 


§3. Removal of an Excrescence 


Let the surface S be defined by equations (1.1), and let the simply-connected 
open set B; define an excrescence. We denote by 21, y1, 2: the constant values of 
x, y, 2 on the boundary of B,. The continuous surface S, defined by the equa- 
tions 

= 2r(u, »), y= y(u, v), Z= z(u, v), (u, v) on B- Bi, 


(3.1) 
x= NX, = Vi, (u, v) on B, 


will be said to be obtained from S by removal of the excrescence S[B,]. We 
wish to show that the area of S, is equal to the area of S minus that of the ex- 
crescence. This would be immediate if the boundary of B, were a Jordan curve; 
since this is not necessarily the case, we introduce a new parametric represen- 
tation of S. 

Let the functions u = u(p, #), v = v(p, ®) map the interior of the unit circle 
0 S p < 1 ina one-to-one and continuous way on the region B;. We define 


(3.2) E(p, = x(u(p, 2), v(p, 


with analogous definitions for n(p, 3), ¢(p, 8). It is readily seen that as p— 1 
we have § > 1, » > y1, {> 21; so if we assign the functions &, 7, ¢ these values 
for p = 1, they become continuous, hence uniformly continuous, on the whole 
circle 0 < p 1. Now let = 29 if 0 S p S } and g(p) = 
4 < p S 1, and define 


(3.3) x (u, v) (u(p, dv), v(p, 3)) = E(o(p), dv), (u, v) on B,, 


with analogous definitions for J(u, v) and 2(u, v). On the portion of B, exterior 
to the Jordan curve u = u(}, 8), v = v(4, 8) the functions Z, 7, Z have the con- 
stant values 21, yi, 21 respectively. 

The surface S defined by the equations 


(8.4) ‘ad x(u, ”); y(u, v), z(u, v), (u, v) on B — B, 


E(u,v), y= z= 2u,v), (u,v) on Bi 
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is easily seen to be continuous; we state that it is identical with S. For let ¢n(p) 
be a piece-wise linear function with the corner-values 


gn(0) = 0, = 1 — 2/n, — 1/n) = 1—-1/n, ¢,(1) = 1 (n > 2). 
The equations 
ai=u, od=2, (u, v) on B — B, 

= ule), = 8), 0) on By 
map B topologically on itself, all points of B exterior to the curve 

u = u(l — I1/n, v = vo(1 — 1/n, 9) 
being left unchanged. Hence if we set 

= 2,(u,v) = z(u,v), (u,v) on B— B, 

= 2,(u, v) = E(yn(p), 8), v) on Bi, 


with analogous expressions for yn, Zn, the equations 


(3.6) 


(3.7) t= v), y= yn(u, z= Zn(U, v), (u, v) on B 


form another representation of S. But as n increases, the functions z,(u, v) are ’ 
unaltered on B — By, and because of the uniform continuity of &(p, 3) and the 
uniform approach ¢, — ¢ the relation lim z,(u, v) = £(u, v) holds uniformly on 
B,. Hence lim z,(u, v) = £(u, v) uniformly on B, like relations holding for y» 
and z,. It follows that lim S = S, so that S and S are the same surface. 

Let us denote by By the interior of the Jordan curve u = u(}, 8), v = v(§, 8). 
Recalling (3.1) and (3.4), we see that S[B — B.] = S:[B — Bz], while S,[B] is 
the single point (21, y:, 21) and S [By] is the excrescence. The boundary of B: is a 
Jordan curve whose image on 8S is rectifiable, being in fact the single point 
21); hence 


L(8) = L(8[B — + L(S 
L(S:) = L(S,[B — + L(S, [B2]) = L(S: [B — B:)). 
This yields 
(3.8) L(S:) = L(8) — L(8[B.]) = L(S) — [B:)); 
that is, the area of the surface obtained by removing from S the excrescence 
8 [B:] or S [By] is the area of S minus that of the excrescence. 
§4. Removal of All Excrescences 


Let the surface S be defined by equations (1.1), and let S [B,], S [B2], --- be 
all of its complete excrescences. From S we obtain 


(4.1) S: x = &(u, v), y = 9(u,v), 2= u,v), (u, v) on B 
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by setting = z, 9 = y, 2 = z on B — =B,, and on each B; giving z, y, z the 
constant values assumed by 2, y, z on the boundary Bj of B;. The surface J js 
continuous; we call it the surface obtained from S by removal of all excres- 
cences. Concerning S we make three statements: 


(4.2) The boundary curve of S is the same as that of S. 
(4.3) 5S has no excrescences. 
(4.4) L(8) = L(8) — >) L(S[Bi). 

i=1 


Statement (4.2) is obvious, since x = %, y = 9, 2 = Z on the boundary of B. 
Suppose that S has an excrescence; it then has a complete excrescence, S [Bj]. 
No point of the boundary Bj of Bo can belong to any B;; for if a point P of 
Bs belongs to B;, then B; and By have a common interior point R. On the 
boundary B* we have x = & = const., y = 9 = const., z = Z = const., hence by 
the completeness of S [Bo] the whole region B; belongs to Bo, and P is an interior 
point of Bo, which is impossible. Hence on Bj we have x = Z, etc. Either By 
has no point in common with 2B;, or it has such a point. If it has none, then 
x = &, etc., on Bo, and S[B)] is an excrescence, which is a contradiction. 
Suppose it has a point in common with B;; since S [B;] is a complete excres- 
cence and x = 2, etc., on Bj, the whole of Bo is contained in B,, and Z, 9, Z are 
constant on Bo, which is a contradiction. Hence S has no excrescences, and 
(4.3) is established. 

To prove (4.4), we first observe that if S’ is obtained from S by assigning 
x’, y’, 2’ the constant boundary values of z, y, z on any finite or infinite subset of 
the B; and setting x’ = x, y’ = y, z’ = z elsewhere, then the functions 2’, y’, 2’ 
have the same modulus of continuity as z, y, z. In other words, all such func- 
tions x’, y’, z’ are equi-continuous, no matter what subset of the B; be chosen. 
Let us define 


(4.5) tn(u,v) = (u,v), (u,v) on B— B,, 


v) = (u, v) on Bi, i= 


where «x; is the constant value of xz on the boundary B*, and let us define yn, 2n 
analogously. For the surface S, defined by 


(4.6) x=a2(u,v), yo ylu,v), 2 = 2n(u, v), (u, v) on B 
we know by (3.8) that 
(4.7) L(S,) = L(8) — >) L(S(Bi). 


t=1 
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The functions Yn, Yn, Zn Converge at each point to Z, J, Z respectively, and since 
they are equi-continuous the convergence is uniform. Hence S, — S, and 


(4.8) L(8) lim inf L(S,) = L(S) — >) L(S (Bi). 


t=1 


On the other hand, let us define 


t=n+l1 


#,(u, v) x(u, v), (u, v) on B = B, 


En(u, v) _ E(u, v), (u, v) on b> Bi, 


t=ntl1 


and let us define 9,, Z, analogously. The functions Z,, ete. are equi-continuous, 
and converge at each point to x(u, v); hence the convergence is uniform. 
Consequently the surface S, defined by 


x v), y= Gn(u, v), Z= Z,(u, v), (u, v) on B 


converges to the surface S. 
But S is obtained from S, by removing the excrescences 


8, [B] = 
so that 
L(8) = L(8,) — >) L(S (Bi). 
Hence 


(4.9)  L(S) S lim inf L(8,) = lim +>) LS an} 


= L(8) + >) L(S (Bi). 


Inequalities (4.8) and (4.9) together establish (4.4). 
An immediate consequence of statements (4.2) and (4.4) is the following 


(4.10) If the surface S is bounded by a curve T and has the least area among all 
surfaces bounded by I’, then S has no excrescence of positive area. 


For if it had such an excrescence, the surface S would have the same bound- 
ary and smaller area, which is impossible. 


is 
| 
of 
e 
y 
n 
e 
d 
f 
i=1 


464 E. J. MCSHANE 


§5. A Lemma on Projections 
From now on we find it more convenient to restrict ourselves to representations 
(5.1) t= x(u, v), y= y(u, v), z= z(u, v), (u, v) on Q, 


where Q is the unit square 0 SuS51,0SvZ1. If equations (4.1) represent 
a surface S without excrescences, the parametrization can be changed to the form 
(4.1) by a continuous one-to-one mapping of B on Q, which clearly leaves 5 free 
of excrescences. 

We now prove a lemma needed for the next section. 

Lemma 5.1. If equations (5.1) represent a surface S, and B is an open set such 
that‘ z(u, v) = c = const. on the boundary B* of B and z(u, v) ¥ c on B, and if 


S is the surface 
(5.2) = 2(u,»), y = y(u, v), z= 2(u, v), (u, v) on Q, 
where Z = c on B and Zz = z elsewhere, then 

L(8) L(S). 


We suppose to be specific that z > c on B. 
Let {II,,} be a sequence of polyhedra tending to S such that 


(5.3) lim L(II,) = L(S). 
For each II, we can find® a representation 
(5.4) 2=2,(u,»), 2=2n(u,v), (u,v) 


such that the functions z,, etc., are linear on each of a set of triangles filling Q, 
and 


6.5) lim Zn(u, v) = x(u, v), lim y,(u, v) = y(u, v), 
lim z,(u, v) = 2(u, v), uniformly on Q. 

There is clearly no loss of generality in assuming 

(5.6) Zn(u, v) < 2(u, v) for all (u, v) on Q. 


The set of points for which z, > c consists of a finite number of triangles. These 
triangles can have no point in common with B*, for on B* we have 


=. 


Those of the triangles interior to B we add together to form the set Rn. We 
define Z, to be equal to c on R, and to z, elsewhere. The function Z, is con- 
tinuous. Moreover, if we define the polyhedron II, by the equation 


* Of course we could equally well permute z, y, z cyclically. 
5 E. J. McShane, Semi-Continuity of Double Integrals in the Calculus of Variations, Annals 
of Math., 33 (1932); in particular, pp. 468-469. 
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(5.7) t= 2=2,(u,v), (u,v) onQ 
we have 
(5.8) < L(t,); 


for the triangles of II,, corresponding to RF, have been replaced by their orthogonal 


projections on the plane z = c. 
The functions Z,(u, v) tend uniformly to the limit function 2(u, v). For let « 


be any positive number, and let n be large enough so that 
(5.9) 0 < 2(u, v) — zn(u, v) < 
for all (u,v) on Q. Then for every point not belonging to B we have 


so that 
(5.10) 0 = 2(u, v) — Z,(u,v) <e. 


For every point of R, we have Z, = Z = c, while for every point of B — R, we 
have Z, S c, so that 


Os = 2— 2, <€. 


Hence the inequality 0 S Z — Z, < « holds for all (u,v). It follows that the 
polyhedra II, tend to the surface S, and hence by (5.8) we find 


L(S8) lim inf L(f,) lim = L(S), 


establishing the lemma. 

Remark: In the proof we used only the relation z => con B. Hence if B be 
any region such that z = c on B*, we can first apply lemma 5.1 to the subset 
B' of B on which z > c and then to the subset B’’ on which z < c, obtaining 
a surface S satisfying (5.2) and also having L(S) < L(S). 


§6. An Alteration of the Surface 


In the next section we shall wish to consider the points (wu, v) for which 
z(u,v) >c. This set (if not vacuous) is open, but may not be simply con- 
nected. We now establish a lemma by which simple connectedness can be gained 


without loss of any desirable property of the surface S. 
Lemma 6.1. Let equations (5.1) represent a continuous surface S, and let B be a 


connected open subset of Q such that 
(a) z(u, v) = ¢ = const. on the boundary B* of B; 
(b) z(u,v) > con B. 
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Then there exists a surface T 
(6.1) S:2x=2(u,v), 2=2u,v), (u,v) ( 


with the following properties: 


(c) Z(u, v) = 2(u, v) for all (u, v) not in B’’, where B"’ is the simply connected ( 
open set formed from B as in §1; 


(d) on B”’ the inequality 


z(u,v) >c 
holds; 
(e) the area of S does not exceed that of S: | 
(6.2) L(8) = L(S). 


Let the polygons II* be those discussed in §1. On II{ we have z > ¢; since 
II; consists of a closed set of points, on it we have 


(6.3) z(u,v) =m > ce. 


The set of points such that z < m, is open, and by (6.3) contains no point of 
IIt. Let O, be the subset of this open set interior to IIT. On the boundary of 
O; we have z = m. Hence if we define 


zi(u, v) = m, for (u, v) on 
(6.4) 
zi(u, v) = 2(u, v) elsewhere, 
and denote by S; the surface 
t= x(u, v), y= y(u, v), Z= a(u, v), (u, v) on Q, 


by lemma 5.1 we have 


(6.5) L(S:) = L(S). 
It is clear that 
(6.6) a(u,v) =m >conlk 
and that 
(6.7) ai(u, v) = z(u, v) for all (u, v) on Q. 
We define 22, 23, --- , by induction. Let m, be the minimum of 2,_:1 on 


11%, and let O, be the open set of points interior to II* on which z,1(u, v) < mao. 
We define 


Zn(U, V) = Mn, u, v) on O, 
6.8) (u, v) (u, v) on 
Zn(U, ¥) = v) elsewhere. 


( 
| 
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Then, defining S, by the equations 
(6.9) x(u, %), y(u, z= Z,(u, (u, v) on Q, 


we have by lemma 5.1 


(6.10) L(S,) S L(Sn-1). 

Also 

(6.11) 2n(u, v) = m, on II, 

and 

(6.12) 0) = 2n1(u, v) for all (u, v). 


Since II* is in B we have 
z(u,v) > (u, v) on II*, 


and applying (6.12) for n = 1, 2, --- , we find z(u,v) > ¢, (u, v) on Tf. 
Hence 


(6.13) Mn > C. 


It is easily seen that the modulus of continuity of z(u, v) serves also for 
2, 22, --- , SO that all the z,(u, v) are equi-continuous. But by (6.12) the se- 
quence 2,(u, v) increases monotically, hence converges for each (u, v) in Q to a 
limit function Z(u, v). The functions z,(u, v) being equi-continuous, the con- 
vergence is uniform. Hence 


(6.14) lim z,(u, v) = 2(u, v) uniformly on Q. 


Let (wo, ») be any point of B’’; it is then contained in one of the regions II, 
sayin Then from (6.11) and (6.13) we have 


0) Z Me > € 
and this, with (6.12) and (6.14) proves 
2(uo, Vo) > c. 


This establishes conclusion (d). Conclusion (¢) is obvious, for a point (u, v) not 
belonging to B’’ is not contained in any II,, and so 


z(u,v) = a(u, v) = 2o(u,v) = --- = v). 
From (6.14) we see that lim S, = S; hence, using (6.5) and (6.10), 
L(8) S lim inf L(S,) < L(S), 


proving conclusion (e). 


| 
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§7. Monotonicity of the Defining Functions 


Before proceeding to the proof of the principal lemma of this paper we intro- 
duce a definition. A function f(u, v) is said to be monotonic (in the sense of 
Lebesgue) on a region B provided that for every open subset O with boundary 0* 
of B the inequality 


(min f(u, v) on O*) S f(u, v) S (max f(u, v) on O*) 


holds for all (u, v) in O. We now state 
Lemma 7.1. Let the surface 


(7.1) y=yu,r, 2=2(u,0), (u,v) onQ 


have least area for its boundary.’ Let By be a Jordan region contained’ in Q such 
that the portion S[Bo] of the surface S corresponding to By is free from excrescences. 
Then on Bo the functions x(u, v), y(u, v), 2(u, v) are monotonic in the sense of 
Lebesgue. 

We prove the lemma indirectly. Suppose the lemma false; to be specific, 
suppose that z(u, v) isnot monotonic. There then exists an open subset B of By 
such that z = c¢ = const. on the boundary B* of B, while z # c — say z > c — 
on B. Let B’’ be the simply connected region formed from B as in §1; then by 
lemma 6.1 there exists a surface 


(7.2) S: t= y= y(u, v), z= 2(u, v), (u, v) on Q 
with the properties 


(7.3) L(8) = L(s), 

(7.4) 2(u, v) > con B”, Z(u, v) = con B’*, 
(7.5) Z(u, v) = 2(u, v) onQ — B”. 

From (7.5) it follows in particular that 

(7.6) Z = zon Q* and on B’"*, 


when Q*, B’’* are the boundaries of Q, B”’ respectively. 

The functions 2x(u, v), y(u, v) are not both constant on B’’*. For if they were 
S[B"’] would be an excrescence, contrary to hypothesis. Suppose then that 
y(u, v) takes on distinct values yo, y: at the points P{’, Pi’, of B’’*; say yo < y1- 
We can enclose P4’, P;’ in circles Ko, K; small enough so that for all points 
(uo, v0) of Ko and all points (uw, v1) and K, we have 


6 That is, if we denote the boundary curve of S by I and let S’ be any surface bounded by 
Tr, then L(S) S L(S’). As always, L(S) is assumed finite. 
7 By may of course coincide with Q. 
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In Ko, Ki respectively we choose points P4, P) of B”’, and we join these points 
by a polygonal path. We join P, to Py bya line segment; this segment con- 
tains a point Py of B’’* which is nearest to Py. We define P, analogously. 
The points Po, P: are then joined by a polygonal path Jo, which lies in B” 
except for its ends and which we may assume to be non-self-intersecting. Also 


(7.7) y(Po) < y(Pi). 
Under the transformation 
(7.8) = y(u, »), z= 2(u, v) 


the curve Jy is mapped on a curve J 4 of the y z-plane. The point P: with co- 
ordinates y = 3(y(Po) + y(P:)), 2 = ¢ is not a point of J a3 for at every point 
except the end points of J ‘ we have z > c, while at the end points we have 
y = y(Po), y = y(Pi) respectively, so that by (7.7) P2 is not an end point of J al 
It is therefore possible to describe a (closed) circular region Ke with center at P» 
having no point in common with J >. We now construct a (closed) circular 
region K; interior to Ke and lying above the line z = c. Let c + 2e be the 
least of the z-coordinates of all points of K3. 

Since « > 0, there exists a 6 > 0 such that for every point (u, v) whose dis- 
tance from B’’* is less than 6, the inequality 


z(u,v) <<c+e 


holds. We now construct (as is easily possible) a non-self-intersecting polygon 
Ji lying in B” and having the following properties: 

(a) The initial point A, of J; lies on the segment P; P of Jo. 

(b) The end-point Ao of J; lies on the segment Pp P4 of Jo. 

(c) Every point of J; has distance less than 6 from B’’*. 

(d) Only the points Ai, Ao of Ji lie on Jo. 

The curve J* formed by traversing J from Ao to A; and then J; from A, to Ao 
isasimply closed polygon. The set consisting of J* plus its interior we call J. 

If we denote the minimum and maximum of y on the circle K; by m3, Ms 
respectively, we have by the definition of K; 


y(Po) < m3 < M; < y(Pi). 


Since y(u, v) is continuous, it follows that if Ao, A: are sufficiently close to Po, Pi 
respectively, (as can be secured by choosing 6 small enough) we have 


y(Ao) < ms < M3 < y(Ai). 


Now let J’ be the image of J* under the transformation (7.8), and let D be 
any point of the circle K;. As a variable point P traverses the curve J* once in 
the positive sense, its image P’ traverses the curve J’ once. We state that the 
line DP’ then makes a net revolution of —2zx radians. For as P goes from Ao 
to A; along Jo, the line DP’ passes from an initial position in the second or third 
quadrant to a position in the first or fourth quadrant, but never assumes the 
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direction of the negative z-axis. As P continues from A; back to Ao on the are 
Ji, the line DP’ returns to its original position; but the image of J; lies entirely 
below D, so DP’ never assumes the direction of the positive z-axis. In other 
words, 


(7.9) Every point of the circle K; has index —1 with respect to the image J’ of 
the Jordan polygon J. 


We now form a sequence {II,,} of polyhedra 
t= rn(u, y= Ynl(U, v), Zn(u, v), (u, v) on Q 
such that® 


(7.10) the functions zp, etc., are quasi-linear; that is, vn, etc., are linear on each 
of a set of triangles filling Q, and are continuous on Q; 


(7.11) lim z,(u, v) = z(u,v), lim y,(u, v) = y(u, v), 

lim z,(u, v) = Z(u, v), uniformly on Q; 
(7.12) lim = L(8). 
From condition (7.11) we see readily that we can also suppose 
(7. 13) Zn(u, v) < 2(u, v), (u, v) on Q. 
Let us now define ¢(u, v) by the equations 

u,v) u, v) on B”, 

= 2(u, v), on Q — B”’. 


The set of points (wu, v) such that z,(u, v) > c is an open set which by (7.4) 
and (7.13) has no point in common with the boundary of B’’. The portion of 
this set contained in B’’ we call R,. We then have 


>conkR,, 


(7.15) 
Zn = c on the boundary R* of R,. 
Let us define 
Z,(u, v) = c u, v) on R, 
(7.16) (u, v) (u, v) 


Z,(u, v) = 2n(u, v), (u, v) on Q — Ry. 
As in §5 we find that 
(7.17) lim 2,(u, v) = ¢(u, v) 


8 Loc. cit.§ 
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uniformly on Q. Consequently the polyhedra II, defined by 

(7.18) t= Y= Yn(u,r), 2=2%(u,v), (u,v) onQ 
tend to the surface 2 defined by the equations 

(7.19) y=yu,r), z= (u,v) onQ, 

and therefore 

(7.20) S lim inf 


The closed region J is interior to B’’, hence on it we have Z > c, so that 
z>e+y7>c. By (7.11) this implies 


(7.21) J C R, for all sufficiently large n. 
As n increases, the image J a of the curve J* under the transformation 
(7.22) Yn(U, v), c= Zn(U, v) 


tends to the curve J’, by (7.11). Hence for all sufficiently large n, the index of 
every point of the circle K; with respect to J’, has the value —1, because of 
(7.9). It follows at once that 


(7.23) for all sufficiently large n, the projection 
y= Yn(u, v), Z= Zn(U, v), (u, v) on J 


of the surface 
v), y= Yn(u, v), z= 2,(U, v), (u, v) on J 
on the yz-plane contains the circle K;. The area of this projection being equal to 


|X, | du dv, we have 
J 


(7.24) |X, | du dv = as 
J 


for all sufficiently large n, where as is the area of K;. On the other hand, for all 
large n we have 2,(u, v) = c on J, so that the jacobians X,,, Y, vanish identically 
on J: 


(7.25) X,(u,v) = Y,(u,v) = 0, Z,(u,v) = Z,(u,v), (u,v) ond. 
Finally, by (7.12) the areas L(II,,) are bounded, say less than H, so that 


(7.26) [X24 Z2}}dudv <H 
Q 


for all n. 
Let M,, be the subset of J on which 


(7.27) | Xn(u, 0) | > (as/2H) + Ya + 


\ 
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By (7.26), 


J 1x: + Yi + Zi)! du do 


< (a;/2H)-H = a;/2; 
hence, recalling (7.24), 


(7.28) |X, | du dv = a,/2. 
Mn 


Since the functions 2, Yn, 2n, Zn are all quasi-linear, the areas of the surfaces 
IIn, In are given by the classical double integral. Hence for all large n, we find 
from (7.25), (7.27) and (7.28) 


Litt) La) = ff + PL + dud 


Xi+YVi 


> (X2/2[X2 + ¥2 du dy 


= | X01 du do = 03/80. 
(The division is permissible if the faces of II, are non-degenerate, which may be 
assumed without loss of generality.) Hence 
(7.29) lim inf LI») S lim L(I,) — a3/8H = L(S) — a3/8H. 
Comparing.(7 .29), (7.20) and (7.3), we find 
(7.30) L(Z) S L(S) — a}/8H. 


But = has the same boundary as S, and S has the least area for that boundary. 
Hence inequality (7.30) expresses a contradiction, and the lemma is established. 


§8. From lemma 7.1 we at once deduce our principal theorem on surfaces of 
least area. This is 


TuHEorEM 8.1. Let be a Jordan curve in x y z-space bounding at least one sur- 
face of finite area, and let 


(8.1) S:r=2x(u,v), y=y(ur), z=2(u,v), (u,v)onB 
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be a surface bounded by I and having least area among all surfaces bounded? by I. 
Then the surface S obtained from S by removal of excrescences is a minimal surface 
in the sense of differential geometry; in other words, S ts a minimal surface plus 
excrescences.!® 

Let us change the range of (wu, v) from B to Q by mapping B topologically on Q. 
The surface S then has a representation 


8: t= v), y= v), t= 2(u, v), (u, v) on Q. 


By lemma 7.1, the functions , etc., are monotonic; and by hypothesis the sur- 
face S, and with it S, has finite area. The surface § therefore has a represen- 


tation” 
(8.2) B: = 0), y = »), z= 2(u, v), 


with the following properties: 
(a) For almost all fixed values of u in the interval —1 S u S 1, the functions 


%, Yi, 2: are absolutely continuous functions of v; and for almost all fixed values 
of vin the interval —1 S v S 1, the functions x, y, 2; are absolutely contin- 
uous functions of wu; 

(b) the functions E; and G; are summable over the unit circle, H, and G; having 
the meanings usual in geometry; 

(c) for almost all (wu, v) the equations 


(8.3) Ey = Gh, F, 


hold. 

We can now apply the proof on pp. 732-733 of my paper on saddle-surfaces,'” 
beginning with equation (6.12), to show that S is a minimal surface and that 
equations (8.2) carry the circle u? + v? = 1 in a one-to-one way into the 
boundary curve I. 

- Three corollaries follow readily. 

Corottary 1. If the surface S satisfies the hypotheses of Theorem 8.1 and is 
free of excrescences, it is a minimal surface. 

For then S§ coincides with S, and S is minimal. 

Corottary 2. If S satisfies the hypotheses of theorem 8.1, and equations (8.1) 
carry a Jordan sub-region B’ of the region B in a one-to-one way into a portion of 
the surface S, then the portion of S corresponding to B’ is minimal. 

No interior point of B’ can belong to any excrescence S[B,] on the surface S. 
For if B, and B’ had a common interior point, we could construct a Jordan 


ll 
o 


We really need only the following somewhat weaker statement: If S; is a surface 
defined by functions = x(u, v), = yi(u, v), 2 = 2:(u, v), (u, v) on B, and the functions 
a %, are identically equal to x, y, z respectively on the boundary B*, then L(S:) 2 

‘* Which by (4.10) are of area 0. 
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region J belonging to both B’ and B,. Since the portion of S corresponding to 
J is a Jordan surface, its area is positive.* Hence L(S[Bi]) would be positive, 
contrary to (4.10). Consequently, when we remove the excrescences from S, 
the functions z, etc., are left unchanged on B’, and so the portion of S corre- 
sponding to B’ is sine a portion of 8, which is minimal. 

Corouuary 3. Let the surface S have least area (< ©) for its boundary curve T 
(which we do not assume to be simply closed). Let the portion of S corresponding to 
the Jordan sub-region B’ of B be free from excrescences and let the image of the 
boundary B'* of B’ be a rectifiable Jordan curve. Then the portion of S correspond- 
ing to B’ is minimal. 

Let S’[B’] be a surface defined by functions x = z’(u, v), y = y’(u, v), 
z = 2'(u, v), (u,v) on B’ which are identical with 2, y, z respectively on B’*. 
We define the surface S’ by the relations 


x 


r(u, v), y = yu, »), z = 2(u, v), (u, v) on B- B’, 


a’(u, v), y= y'(u, v), z'(u, v), (u, v) on 


Since S[B — B’], S[B’], S’[B’] join along a rectifiable curve, 
L(S) = L(S[B — B’]) + L(S[B’), 
L(S’) = L(S[B — B’]) + 
From the least area property of S, we have 
L(S[B’]) L(S'[B’}). 


By Theorem 8.1 and footnote 10, this implies that S[B’] is minimal. 

Remark. Corollary 3 clearly remains valid if the region B be multiply con- 
nected. 

The hypothesis in Corollary 2 that S has a Jordan curve for its boundary is in 
fact unnecessary ; we can prove 

THEOREM 8.2. Let the surface S have a finite area which is least among all sur- 
faces with its boundary. Let the equations (8.1) carry a Jordan sub-region B’ of 
B ina one-to-one way into a portion of S. Then the portion of S corresponding to B’ 
1s minimal in the sense of differential geometry. 

Let q be an arbitrary (closed) square region interior to B’. We wish to show 
that the portion of S corresponding to gis minimal. Equations (8.1) carry the 
boundary B’* and the square g into two non-overlapping closed point sets in 
xyz-space. These sets have a positive distance e. 

We can assume without loss of generality that the region B of (8.1) is the unit 
square Q. As in the proof of corollary 2, the portion of S corresponding to B’ is 
free from excrescences; hence by lemma 7.1 the functions x(u, v), ete., are mono- 
tonicon B’. The portion of S corresponding to B’ has finite area and is bounded 


x 


13 For the boundary of S[J] spans a minimal surface S’’ such that L(S’’) < L(S{J)). 
But since S’’ is minimal and is not a single point we have L(S’’) > 0. 
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by a Jordan curve; hence it has a representation of the form (8.2), satisfying 
conditions (a), (b), and (¢). It follows at once that there exist rectifiable curves 
on S[B’] separating S[q] from the boundary of S[B’]. Among these curves are 
Jordan curves. One way of proving this is to observe that among the curves 
is one of least length, which is necessarily non-self-intersecting. Another way 
is to notice that in the point set constituting such a curve we can construct! 
a Jordan curve separating S[q] from the boundary, and this Jordan curve can 
be shown to be rectifiable. Corollary 3 can now be applied to show that S[B’], 
and with it S[g], is minimal. 
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DERIVATIVES, DIFFERENCE QUOTIENTS AND TAYLOR’S FORMULA II 
By Hasster WHITNEY 
(Received September 12, 1934) 


1. Introduction. In Paper I? we gave conditions under which a function of 
one variable f(x) is a polynomial of degree at most m — 1, or has a continuous 
m* derivative, in terms of the uniform convergence of the m* difference 
quotient. Here we shall give similar results in two dimensions; the extension to 
n dimensions is immediate. The functions involved are always supposed defined 
in a certain (open) region R of space. 


2. Partial difference quotients. Let f(x, y) be defined in R. If i and j are 
two non-negative integers and h is ¥ 0, the partial difference quotient Aj? f(z, y) 
is defined by the equation 


k=0 1=0 


Thus for instance 


fle, y) = + 2h, y) — + hyy) + 


Aj’ f(z, y) = +h,y +h) — f(x,y +h) 
It is easily seen that 


(2) fle, y) = + hv) — fea, 


with a similar equation for Aj’ **? f(z, y). 
(a) Suppose the functions f,;(z, y) are defined in R fori + 7 S m. Suppose 


i+jsm 


where for each point (x*, y*) of R and each e > 0 there is a 5 > 0 such that if 
(x, y) and (a + &, y + ») are any two points within 6 of (x*, y*), then 


(4) | R(x, y; & |S + 


1 Presented to the American Mathematical Society, December 27, 1933. 
? Derivatives, difference quotients and Taylor’s formula I, this Bulletin, vol. 40 (1934), 
pp. 89-94. 
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m 


pt+qs 


+ R(x, y; kh, w| 


where in >’ those and only those terms occur in which 
p20, g20, 


(3) and (4) show that foo(z, y) is continuous. As before, we see in succession 
that Aj? foo(xz, y) — f(z, y) uniformly in the neighborhood of any point of R and 
fa(z, y) is continuous (¢ + j = m,m — 1,---, 1). 

(b) Suppose f(z, y) = foo(z, y) and d* f(x, y)/dx‘ dy’ exists and equals the 
continuous function f;(z, y) (¢ + j S m). Then (8) and (4) hold, by Taylor’s 
theorem, and hence A}? f(x, y) — fa(z, y) uniformly (¢ + j S m). 

(c) If f(x, y) = Disjsmayx'y! is a polynomial of degree at most m, then a 
Taylor’s formula (3) holds with y) = 7! j! + = m) and R(a, y; =0. 
Hence Aj’ f(x, y) =i!jlai(i+j =m). If f(a, y) is of degree at most m — 1, 
Ay’ y) = 0(@ + 7 = m). 

3. Functions with given m“ partial derivatives. Suppose the continuous 
functions f;;(2, y) are defined for 7 + j7 = m throughout an open square S with 


center at (a, 6). Under what conditions does there exist a function foo(z, y) in 
R such that 


(6) foolx, y) = fila, y) (i+ j =m)? 


The answer is given by the following lemma. 


* We have here used the fact that 


k=0 


which equals zero if p <iorg <j, and equals i! j! if p = i andq = j; we then changed 
pand q toi + p andj + q respectively. 
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Lemma 1. Let the fij(x, y) be given as above. If for any k, 1 such that 
k+l=m-—1, 


y) ds + fii (2’, s) ds 
(7) 
+ [ y’) ds + [ fu, 8) ds = 0, 


provided the path of integration lies in S, then there exists a function foo(x, y) in S 
satisfying (6).*4 

The necessity of the condition merely reflects the fact that d**' foo(x, y)/ax* ay! 
is a single valued function. We prove the sufficiency. For any k and l, 
k + 1 < m, we define the function f;: along the line y = 6b by the equation 


We now extend the definitions of these functions throughout S: 
m—k—I-1 


If we show that 


(10) = y) = fe, y), 
(6) will follow. (7) gives 


85 [fe, oe’, 8) — fa. ant (a, 8,)] ds, 


hence 


2! y 


3¢ In n dimensions we must assume such a formula holds where the contour is any 
rectangle with sides parallel to any two coordinate axes. 
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On dividing both sides by x’ — x and letting x’ approach z, we find the derivative 
with respect to « of the integral in (9). Differentiating (8) gives 


Sia (z, b) = Sas, (x, b). 


Hence, differentiating (9) with respect to z, 
m—k—i-1 


1 
= Dy BY — 


p=0 


m—k—Ii—1 


p=0 
1 
(m —k—I-—1)! 


y $2 
b b 


= (x, 
The other equation follows immediately on differentiating (9) with respect to y. 


4. Difference quotients and contour integrals. We prove the following 
lemma. 

Lemma 2. If Aj’ f(x, y) approaches the continuous function f,(x, y) uniformly 
in the neighborhood of any point of R for i + j = m, then (7) is satisfied in any 
square S lying wholly in R. 

We first derive an identity in difference quotients. Let x and y be fixed 
numbers, let p and q be fixed integers, take h ¥ 0, and set x* = x + ph, 
y*=y+qh. Replace x by x + khin (2), and sum. This gives 

h >) ait fle + kh, y) = Af f(e*, y) — Aji f(a, y). 


k=0 


Similarly we find 


h >) + kh, y*) = Afi f(a*, y*) — Afi f(z, 


k=0 


h >) ak fa, y + bh) = afi fla, y*) — 


h y + kh) = Aj f(x*, y*) — Aj’ f(a*,y). 


| 

q-1 
k=0 
k=0 


J 


_ (11) 
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These equations give 


h >) Ait fle + kh y) +h + kh) 


k=0 k=0 


p-1 
>) fe + kh, y*) —h y + kh) = 0, 


k=0 k=0 


The functions f;;(x, y) are uniformly continuousin S. Hence, given z, 2’, y, y’, 
and an e > 0, we can take a 5 > 0 so that if |h| < 6, |y’ — y*| < 6, and 
r+ ph sx’ <x+ (p+ Dh, then 


ds —h (@ + kh, y*) 


k=0 


As Ajt'? f(x, y) > fin «(, y) uniformly in S@ + 1 + j = m), we can take 
5’ < 5 so small that if |h| < 6’, then 


<hpe S |x’ —ale. 


p-1 p-l 
h >) + kh, y*) — + kh, 
k=0 k=0 
We derive similar inequalities corresponding to the other three terms of (11). 
As ¢ is arbitrarily small, (11) together with these inequalities gives (7), as 
required. 


5. Difference quotients and polynomials. Theorem I of Paper I generalizes 
to two (or n) dimensions as follows: 

THeorEM I. Let f(x, y) be a function defined in the square S and measurable in 
each variable separately. A necessary and sufficient condition that f(x, y) be a 
polynomial of degree at most m — 1 is that f(x, y) 0 and f(z, y) > 0 
uniformly in S. 

The necessity of the condition follows from 2(c); we must prove the sufficiency. 
Take a fixed yo, and consider f(z, yo) as a function of zx. Ay f(a, yo) = 
At f(x, yo) — 0 uniformly, and hence f(z, yo) is a polynomial of degree at most 
m — 1 in x, by Paper I, Theorem I. Similarly f(x, y) is a polynomial of 
degree at most m — 1 in y; it follows that f(z, y) is a polynomial of degree at 
most m — linxand y.‘ This is true if S is replaced by a region R. 


* Choose m numbers yo, +++ , Ym—1; then 
Ye) = Geo + + + ae, (k = 0,+++,m-—1). 
But also 
y) = bo(x) + bilx)y + + 


Setting y = yx(k = 0, --- , m — 1) in this equation and using the first equations, we find 
that the b’s are polynomials in z. 


g 
A 
n 
fi 
(2 
( 
(i 


TAYLOR’S FORMULA 481 


6. Existence of derivatives. We are now ready to prove the fundamental 
theorem: 

TororeM II. Let f(x, y) be a function defined in R and measurable in each 
variable separately. A necessary and sufficient condition that a*+i f(x, y)/dx* day? 
exist and equal the continuous function fi;(x, y)(t + 7 = m) is that 


Ax’ f(x, y) Fula, y) 


uniformly in the neighborhood of any point of R(t + j = m). 

If f(z, y) is continuous, then fi;(x, y) is continuous, by 2(a). 

The necessity of the condition was proved in 2(b); we must prove the suffi- 
ciency. Consider any square Sin R. By Lemmas 1 and 2 there is a function 
g(2, y) in S such that a7 g(a, y)/da* ay’ = fi(x, y) (¢ + j = m); hence, by 2(b), 
Aji g(x, y) > fu(a, y) uniformly in S. Set ¢(x, y) = f(x, y) — g(x, y); then 
Aji d(x, y) — 0 uniformly in S, and ¢(z, y) is a polynomial of degree at most 
m — 1, by Theorem I. Therefore f(x, y)/dx‘ dy’ = g(x, ay’ = 
fy(z,y) in S, and hence in R. 

THeorEM III. A necessary and sufficient condition that f(x, y) = foo(x, y) have 
continuous m‘* partial derivatives in R is that there exist functions f,(x, y) in R 
(i + j S m) such that (3) and (4) hold. In this case, d** f(x, y)/dx' ay’ = fi(x, y) 
(i+j< m). 

The necessity of the condition is a consequence of Taylor’s formula. To 
prove the sufficiency, 2(a) shows that Aj?’ f(z, y) — fi(z, y) uniformly 
(i + j S m); hence, by Theorem II, d** f(x, y)/dz‘ ay’ exists and equals f,;(x, y) 
(i+j Sm). 
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FUNCTIONS DIFFERENTIABLE ON THE BOUNDARIES OF REGIONS! 
By HassLter WHITNEY 
(Received September 12, 1934) 


1. Introduction. Let the function f(x, --- , 2.) be defined in the bounded 
region? R of n-space EZ, and suppose f has continuous m‘ partial derivatives in 
R, ie. f “is of class C”’ in R. If Bis the boundary of R, how shall we decide 
whether f is of class C™in R + B? If the derivatives of f take on boundary 
values on B, it would be natural to define the derivatives on B as the limit of 
their values in R. But it is easy to construct a region R and a function f such 
that the kt partial derivatives of f(0 < k < m) are continuous in R + B, 
whereas at a certain boundary point P of B, f is not continuous; it seems 
unreasonable in this case to say that f is of class C™in R + B. 

If it is possible to extend the definition of f throughout a region containing 
R + B so that it has continuous m* partial derivatives there, we may then 
surely say that f is of class C" in R + B; this is the definition we shall use. 
We show in this note that, for certain regions, for a function to be of class C™ 
in the closed region, it is sufficient that the m' partial derivatives be continu- 
ous on the boundary. 

We shall use a one-dimensional notation, as in a paper by the author AE. 
Thus = fi... tm (try — 2)! = (2; — — 
li! = Weseto, = ki + --- + kp. is the distance between 
the two points and z’. The fundamental definition is: f(x) = fo(x) is of class 
C” in A if functions f;(2) and R;,(x’; x) (0, S m) exist in A such that 


(1) je’) wr ay + 2) 


for each k(o, < m), and R; has the following property. Given the point 2° of 


A and an e > 0, there is a 6 > 0 such that if z and 2’ are any two points of A 
within 6 of x°, then 


(2) | x) | S 


1 Presented to the American Mathematical Society, December 27, 1933. 

* The restriction that R be bounded is made merely for simplicity; the theorem holds 
equally well without it. 

’ We give an example with m = 1. In polar coordinates, let S be the spiral r = 0+ 
(@ = 0). We let R be a narrow region about S, and set f(z, y) = F(r, 0) = log @ for 
those values of r which are approximately 6. Differentiating, we find daf/ax = — 0+ 
sin 6 and df/ay = 6-4 cos @ approximately in R. Hence af/dx and af/dy — 0 at the 
origin; but f — « there. 

4 Analytic extensions of differentiable functions defined in closed sets, Transactions of 
the American Mathematical Society, Vol. 36 (1934), pp. 63-89. 
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If f(z) has continuous m‘* partial derivatives in R, it is of class C™ in R, as we 
see by setting fry... km = +» axh and using Taylor’s formula. 
The converse also is tom. 

Lemma 1. If f(x) ts of class C™ in the closed set A, then its definition can be 
ertended throughout E so it will be of class C™ there. 

This is proved in AE, Lemma 2. 


2. The property P. We shall say a point set A has the property P if there 
isa number w such that any two points z and y of A are joined by a curve C 
in A of length L S w ryy. 

Lemma 2. If R has the property P, so has R + B. 

Let x and y be points of R + B, and suppose first that y is in B while z is 
inR. Let y1, y2, --- be a sequence of points of R such that r,,, < 2-*? r,,. 
As Try, < 3rz,/2, there is a curve Co joining x and y; of length < 3w r,,/2. In 
general, Ty,7.4, < 2-*' rzy, and hence there is a curve C, joining y, and y,4: of 
length at most 2-*-! w r,,.. From the curves Co, Ci, C2, --- we pick out a curve 
( joining x to y; its length is 

L < 80rz,/2 + 2 + 2 ory + = 
If both x and y are in B, we take a point x’ with r,,, < r,,/2, find curves joining 
it to « and y, of lengths Li < wr,, and Lz < 3wr,, respectively, as above; from 


these we pick out a curve C joining x and y, of length L < 4wr,,. Thus the 
number w’ = 4w will do for R + B. Evidently any number w’ > w will do. 


3. A remainder formula. We prove here that if (1) holds on the rectifiable 
curve C of length L with end points x* and x’, then R,(x’; x*)(ox S m) ts given by 
the Stieltjes integral 


where s denotes the length of that part of C between x* and the variable point 
a(s). If we carry out the differentiation indicated, we may write this as asum 
of contour integrals 


o;=1 
In the case nn = 2, k = 0, this enn written out in full, is 


(5) i+j=m | | 
— x) *(y’ — y)’ (x’ — (y’ — iy] 


“ An example shows that no such formula holds for all curves. 
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To prove (3), let z° = x*, z!,---, 2? = x’ be the end points of a subdivision 
of C. If in equation (6.3) of AE we subtract f;(z’’) from both sides and change 
z, x’, to z', x’ respectively, we find 


As R,(x,; 2}) = 0, summing over 7 gives 


* i=1 


We show first that as the norm of the subdivision tends to zero, the terms on 
the right with o, < m — o; tend to zero. By (2), given an 7 > 0, we can take 
the norm so small that 

| R,(a*; | < < m). 


As |a, — 2} | S L, we find for o, < m — ox 
Pp 


< nL"! S 


i=1 


Pp 
Dd) Resa 2) (a! — at)! 
as 7 is arbitrary, the statement is proved. 
Now take any / with o, = m — ox. We have 


i=1 t=1 


= — >) — — at)! — (a! — 
i=1 
Putting this in (7) and passing to the limit as the norm of the subdivision tends 


to zero, we obtain (3). 
Lemma 3. Let f(x) be of class C™ on the curve C of length L with end points 
z* and x’. If 


(8) | fe(x) — fi(x*) | < (o, = m,xonC), 
then 
(9) | x(x’; 2*) | < n(m + L™ (ox m). 


5 The numerical factor n(m + 1)" may of course be replaced by the factor 


(I ~ (m 1)! 


oj 


~ 
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This follows at once from (4) when we note that the first sum contains at 
most (m + 1)” terms, the second sum contains n terms, and 
*" — 


4, Functions of class C"™ in R + B. One more lemma will lead us to the 
‘nain theorem of the paper. 

Lemma 4. If R has the property P and fi(x) is uniformly continuous in 
= m), then fi(x) is also (ox < m). 

Assuming this is true for values of k such that o;, > s (0 S s < m), we shall 
prove it for any k with o, = s. By hypothesis, f;.,(7) is uniformly continuous 
for o, > 0; from (1), we see that it is sufficient to show that for every « > 0 
there isa 6 > O such that if x’ and x* are any two points of R with ry. < 4, 
then | < « Take 6’ <1s0 that | fi(x) — fi(x*) | < €/[n(m + 1)"] 
if re < 6’ and o, = m. Set 6 = 6’/w, and take any two points 2’, z* of R 
with r,. <6. There is a curve C joining them of length L S wr, < 6’; if 
zis on C, then ri < 6’. As L < 1, Lemma 3 gives | Ri(z’; x*) | < «, as 
required. 

THEOREM. Let the region R have the property P, and let f(a, --+ , Xn) be of 
class C™inR. If at°*°+*nf/ark: ... axk (ky + --- + kn = m) can be defined 
on the boundary B of R so that it is continuous in R + B, then the definition of 
f can be extended throughout space so that it is of class C™ there. 

By the last lemma, f;,(x) can be defined in B so that it is continuous in 
R + B (co, S m). We must show that fo(x) = f(z) is of class C™ in R + B; 
the theorem then follows from Lemma 1. Given an ¢ > 0, take 6’ < 1 so that 
— | < €/[n(m + (ox = m) if x and are in R + B and 
Troe < 6’; set 6 = 6’/w’. Now let y’ and y* be any two points of R + B with 
Tyy <6. By Lemma 2, there isa curve C’ joining them of length L’ Sw’ryys < 6’; 
all of C’ except possibly its end points lies in R. If x’ and 2* are interior points 
of C’, and C, of length L, is that part of C’ joining them, then, as L < L’, 
Lemma 3 gives 


L 
< ds = L"!, 
0 


* 
| < n(m + 1)" 
Ty'y* Ty'y* n(m + 1)"w 


As f,(x) is continuous in R + B, (1) shows that R,(zx’; x*) is also. Hence, 
letting x’ — y’ and «* — y* in the above inequality, we obtain (2) for Ri(y’; y*), 
as required. 
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HARMONICS ON HOMOGENEOUS MANIFOLDS 
By H. 
(Received April 9, 1934) 
Introduction 


Our investigation starts with the following data: a compact Lie group o, 
a point field II and a realization of o by means of transformations (one-to-one 
correspondences) in II, so that the element s of o carries over the point P of II 
into a point sP. P,Q, --- denote arbitrary points of the point field, s, ¢, ... 
arbitrary elements of the group. We assume that the group of transforma- 
tions o is transitive on II so that all points P are equivalent with respect to c. 
A function f(P) is carried over by a transformation s of our group into the 
function sf defined by 


sf(sP) =f(P) or sf(P) = f(s" P). 


An h-dimensional linear set of functions x (P) + --+ + (P) on Tl with 
the basis consisting of the linearly independent functions ¢), --- , g is invari- 
ant with respect to o, if the transformed functions sy, are linear combinations 
of the ¢,: 


h 
(1) se,(P) = >) 
v=1 
U(s) = ||u,,(s) || then isa representation U of the group c; we say that the invari- 
ant set belongs to, or is associated with, the representation U. The set is primi- 
tive if the corresponding representation is irreducible. 

The classical example of the situation at hand is the sphere II under the 
influence of the group o of all rotations. Here the spherical harmonics of a given 
order form a primitive invariant set. In accordance with this example one 
will expect that the primitive invariant sets form together a complete orthogonal 
system on II. We may stress the analogy by using the term harmonic set of 
order U instead of invariant set associated with the representation U. 

Every abstract group o allows a realization (“regular realization’’) the point 
field of which is the group manifold ¢o itself, and which represents the group 
element a by the transformation s — as. In this case the columns of the irre- 
ducible representations are the primitive harmonic sets: thus an irreducible 
representation of degree h yields h linearly independent harmonic sets asso- 
ciated with it. For this case orthogonality was proved by Schur, complete- 
ness by Peter and the author.!. The method can be carried over, practically 


11. Schur, Sitzungsber. Berl. Akad. 1905, p. 406; 1924, p. 199. Peter and Weyl, Math. 
Ann. 97 (1927), p. 737 (cited as PW). 
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without any change, to our more general problem which was first propounded 
and treated by E. Cartan.” It becomes in this case even more lucid since the 
coincidence of the point field with the group manifold in the special case is 
embarrassing rather than simplifying. Two observations caused me to come 


back to this problem after Cartan’s paper: 

1) Itis not necessary to assume II to bear a metric, for by means of the invariant 
volume measure on the group manifold one is able to form the mean value of 
a continuous function f(P) on II in the following way: 


m(P) = / f(s" P). 
| denote the average with respect to s. We have 


flea P) = =m(P) ash. 


Since every point Q can be derived from P by means of a transformation a~ 
of the group, m(Q) is equal to m(P) for any two points P and Q; hence m(P) 
is a constant m, and this constant may be called the mean value of f(P): 


m= [1 


2) Cartan proves completeness in an indirect way, making use of kernels 
F(P, Q) which are invariant for the transformations of the group: 


(2) F(sP, sQ) = F(P, Q). 


But one gets the relation of completeness holding for the function f(P) quite 
directly if one, in even closer accordance with the procedure cf Peter and myself, 
chooses 


F(P, Q) = Hs P) 


or, what amounts to the same thing, one considers, following E. Schmidt’s 
theory of the eigen-values of asymmetric kernels, the two Hermitian conjugate 
operations 


f oP) ye) = f(s, P) 
(4) with f(s, P) = f(s P). 


f* = Hts, P) vis) 


/ 


* Rend. Cire. Mat. di Palermo 63 (1929), p. 217. 


— 
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(The notation of course is not intended to suggest that the two operators are 
reciprocal.) 

Indeed, if y ¥ 0 is an h-fold eigen-value of F(P, Q) with the h independent 
eigen-functions @,(P), chosen as a normalized, unitary-orthogonal system: 


[ %,(P) ¢(P) = Oy», 


then, on account of the invariance of F, ¢,(sP) is an eigen-function too, and 
{o,(P), --- , gx(P)} is an invariant set of functions, eq. (1), associated with a 
definite representation U. The ¢ being normalized, this U is unitary. 


(5) a, = %,(P) 


may denote the corresponding Fourier coefficients of f. A simple computation 
which is carried through in §2 yields 


(6) hy = + 

Consequently, the theorem that the sum of the eigen-values of the kernel 

F(P, Q) equals its trace, tr (F) = i F(P, P), leads immediately to the relation 


of completeness, for we have 


(P,P) = [ = { | f(P) [2 


These preliminary remarks were intended for the expert who is familiar with 
Cartan’s paper. I now embark upon the systematic exposition by which I 
should like to replace the two papers Peter-Weyl and Cartan. Concerning the 
group, we make those assumptions which grant the existence of a differential 
invariant volume measure on the group manifold (ef. PW). P’ = sP is to 
depend uniformly continuously on s and P. In the first part we discuss orthog- 
onality in the same manner as Cartan discussed it; it is shown that at most 
h independent harmonic sets can be associated with an irreducible representa- 
tion of degree h. The second part contains the proof of completeness and the 
expansion and approximation theorems. 

I may point out, by the way, that the whole investigation could be carried 
through within the more general frame of von Neumann’s theory of almost 
periodic functions on arbitrary groups. Here group and point field need not be 
compact, nor even topological. On the contrary, we topologize the group 
manifold and the point field relatively to the given function f by agreeing to 
say that two group elements s and t, or two points P and Q, have a distance 
S « if in the first case | f(sP) — f(tP)| S ¢ identically with respect to P, and if in 
the second case | f(sP) — f(sQ)| S « identically with respect to s. Following 


’ Which will soon appear in the Trans. of the Amer. Math. Soc. 
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Bochner and von Neumann, f is called almost periodic if, in consequence of 
this topologizing, the two manifolds « and II become “‘finite’”’ in the sense 
that, to every positive «, one can choose a finite number of points such that 
every point has a distance = « from one of these chosen points. (A “‘finite’’ 
country can be watched by a finite number of policemen, however small 
the radius of action of the single policeman may be!) Following von Neu- 
mann, sf(P) = f(s“P), considered as a function of s, then has a mean value; 
this is independent of P and may be taken as the mean value of the almost 
periodic function f(P) on Il. When looked upon from this more general view- 
point, the present note should absorb my paper on integral equations and almost 
periodic functions, Math. Ann. 97 (1926), p. 338, as well as von Neumann’s 
forthcoming paper on almost periodic functions on groups. 


¢ 


§1. Orthogonality 
Let ¢(P) run through a harmonic set §t, of continuous functions 
(7) tigi(P) + + trgn(P) 
with the unitary basis ¢,(P): 
Se. (P) = by. 


According to (1) it belongs to a definite unitary representation U: the func- 
tion (7) with the parameters x, is carried over into the function with the 


parameters 
= Uny (8) Ly 


by means of the transformation s. If one makes a unitary change of basis, 
the representation is changed into a unitary-equivalent one. The harmonic 
set is called primitive provided the corresponding representation is irreducible. 
For well-known reasons of elementary unitary geometry it follows that a uni- 
tary representation can be completely decomposed into irreducible constituents; 
by means of the corresponding choice of basis §t, breaks up into a number of 
mutually orthogonal primitive harmonic sets. 

ToEorEM 1. The functions of two primitive sets belonging to inequivalent 
representations are mutually orthogonal. 

Let the two sets belonging to the inequivalent irreducible representations 
U and V consist of the functions 


= mgi(P) + + tagn(P) and 
(P) = + --- + yxo,(P) respectively. 
(8) [ew (P) ‘> Oy, 


~ 
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is invariant with respect to the substitutions U(s) and V(s) simultaneously per- 
formed on x and y: 


U*(s)AV(s) = A or AV(s) = U(s)A 


A is the matrix of the a,,, A* in general the transposed-conjugate of A. In 
accordance with I. Schur’s well-known lemma, this yields: 


a.» = 0 or Jee, = 0. 


THEOREM 2. Two primitive harmonic sets 9,(P) and ¢, (P) associated with the 
same representation U satisfy the relations 


2,(P) ¢,(P) = coy. 


The constant c is determined by 


(9) = [ % (P) 9,(P) =e. 


a=l 


Again one forms (8). Its coefficient matrix A commutes with all U(s) and 
is therefore, according to Schur’s lemma, a multiple c of the unit matrix.‘ 

Consequences of Theorem 2: Being given several primitive harmonic sets 
og), g®, .-- associated with the same representation U, every linear combina- 
tion a 4 ... is such a set «gain. Within this linear manifold 
one may define a Hermitian metric by means of the scalar product (9), and 
hence one may choose the linearly independent among the sets such that 
(eo, o) = 6. Theorem 2 then shows that all the functions of all the sets 
are orthogonal to each other: 


lfort 
[os (P) (P) = bin = {0 in all other cases. 
This implies the statement: being given several linearly independent harmonic 
sets associated with the same irreducible representation U — so that no non- 
trivial linear relation 


Da 


with constant coefficients a‘) exists — all the functions of the sets are linearly 
independent; that is, there does not exist any non-trivial relation of the form 


‘ Theorem 2 implies the fact: An invariant set {y,(P)} belonging to the unitary irre- 
ducible representation U satisfies equations 


e(P) = 


Therefore only two cases are possible: either all the ¢,(P) vanish (c = 0) or the ¢,(P) are 
linearly independent and orthogonal (with a “normalizing” constant ¢ ~ 0 however, 
instead of c = 1). 
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> af? (P) =0. 
TuroreM 3. There exist at most h linearly independent primitive harmonic 
sets associated with a given representation of degree h. 
Consider the transformed functions of the given sets: 


sp, = P) 


as functions of s. These functions of s are linearly independent as well as the 
functions ¢{*? (P) of P, since P can be carried over into every point by means 
of a transformation s~!. But these functions of s are, according to the equations 


(P) = >) (s) (P), 


linear combinations of the h? functions u,,(s). Hence their number cannot be 
greater than h? and the number of the sets cannot be greater than h. 

The harmonic sets associated with a given irreducible representation of 
degree h form the elements of a linear family of 1 S h dimensions. The basis 
g) (¢ = 1, --- , l) within this family may always be chosen unitary according 
to the metric (9): 

= 


By this requirement the basis is determined but for an /-dimensional unitary 
transformation: a definite choice of the basis is called a “normalization.” 

Application to the regular realization: Let U be an irreducible representation 
of ¢ of degree h. The equation 


U(a s) = U(s) = (a) U(s) = U*(a) U(s) 


states that the columns ¢1)(s), --- , (s) of U(s):o{*?(s) = uyi(s) are in- 
variant sets on the group manifold associated with the representation U; so in this 
case the maximum possible number h of existing linear invariant sets is reached. 
Since we have 


SD) (8) = bie 
(U(s) being unitary) there follows, in using the notation (9): 
1 
and hence the relations of orthogonality 


yi (8) (8) = Sy» Six, 


8 
first derived by I. Schur, obtain. In accordance with Theorem 1, the elements 
Mails), v,4(8) of the matrices U(s), V(s) of two inequivalent irreducible representa- 
tions are unitary-orthogonal to each other. 
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is invariant with respect to the substitutions U(s) and V(s) simultaneously per- 
formed on x and y: 


U*(s)AV(s) = A or AV(s) = U(s)A 


A is the matrix of the a,,, A* in general the transposed-conjugate of A. In 
accordance with I. Schur’s well-known lemma, this yields: 


A=0, Ay = 0 or Jeo, = 0. 


THEOREM 2. Two primitive harmonic sets y,(P) and ¢,, (P) associated with the 
same representation U satisfy the relations 


(P) ¢,(P) = 


The constant c is determined by 


h 


Again one forms (8). _ Its coefficient matrix A commutes with all U(s) and 
is therefore, according to Schur’s lemma, a multiple c of the unit matrix.‘ 

Consequences of Theorem 2: Being given several primitive harmonic sets 
¢g, gp, --+ associated with the same representation U, every linear combina- 
tion a + is such a set «gain. Within this linear manifold 
one may define a Hermitian metric by means of the scalar product (9), and 
hence one may choose the linearly independent among the sets such that 
(oe, e) = bi. Theorem 2 then shows that all the functions of all the sets 
are orthogonal to each other: 


; lfori =k 
Pu (P) (P) = bit in all other cases. 
This implies the statement: being given several linearly independent harmonic 
sets associated with the same irreducible representation U — so that no non- 
trivial linear relation 


a (P) “ae 


with constant coefficients a‘‘) exists — all the functions of the sets are linearly 
independent; that is, there does not exist any non-trivial relation of the form 


‘ Theorem 2 implies the fact: An invariant set {e,(P)} belonging to the unitary irre- 
ducible representation U satisfies equations 


e(P) = copy. 


Therefore only two cases are possible: either all the ¢,(P) vanish (c = 0) or the ¢,(P) are 
linearly independent and orthogonal (with a “normalizing” constant c ~ 0 however, 
instead of c = 1). 


and 
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>) af? ef (P) =0. 
TueorEeM 3. There exist at most h linearly independent primitive harmonic 


sets associated with a given representation of degree h. 
Consider the transformed functions of the given sets: 


(P) = (s* P) 
as functions of s. These functions of s are linearly independent as well as the 


functions g{*? (P) of P, since P can be carried over into every point by means 
of a transformation s~'. But these functions of s are, according to the equations 


(P) = >) (P), 


linear combinations of the h? functions u,,(s). Hence their number cannot be 
greater than h? and the number of the sets cannot be greater than h. 

The harmonic sets associated with a given irreducible representation of 
degree h form the elements of a linear family of 1 S h dimensions. The basis 
g) ({ = 1, --- , 2) within this family may always be chosen unitary according 
to the metric (9): 

= bin. 
By this requirement the basis is determined but for an /-dimensional unitary 
transformation: a definite choice of the basis is called a “normalization.” 

Application to the regular realization: Let U be an irreducible representation 
of o of degree h. The equation 


U(a-s) = U(a—) U(s) = U-" (a) U(s) = U*(a) U(s) 


states that the columns ¢“!)(s), --- , (s) of U(s):{*?(s) = uyi(s) are in- 
variant sets on the group manifold associated with the representation U;so in this 
case the maximum possible number h of existing linear invariant sets is reached. 
Since we have 


a6 (9) (8) = 
(U(s) being unitary) there since: in using the notation (9): 
and hence the relations of orthogonality 


Uyi (s) Uvk (s) = Suv Six, 


first derived by I. Schur, obtain. In accordance with Theorem 1, the elements 
Yyi(s), 2,4(8) of the matrices U(s), V(s) of two inequivalent irreducible representa- 
tions are unitary-orthogonal to each other. 


| 
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§2. Completeness 


Let f(P) be a continuous function on Il. We call the mean value i F(P) f(P) 
the magnitude || f ||? of f. We form its Fourier coefficients 


= 


with respect to a given primitive harmonic set 


gi (P), en (P) 


of orthogonal functions. 
(10) e(P) = agi(P) + --- + ongn(P) 


is the orthogonal projection of f upon §t,; for we have 


(12) & + +++ + 
the magnitude of e, is the “contribution” of R, to the magnitude of f. If one 
considers several independent primitive harmonic sets (1), (2), (3), -- - —which 
may be chosen in orthogonal normalization as far as they belong to the same 
representation—the sum of the individual contributions (1), (2), (3), --- will 


certainly not surpass the total magnitude of f, according to Bessel’s inequality. 
The theorem of completeness maintains that here the sign of equality holds, 
provided the sum be extended over a complete system of normalized primitive 
sets. This implies the fact that there exist sets occurring in f, if f is not 
identically zero. A set §, “occurs” in f, if its contribution (12) is different from 
zero; we shall say that 9, occurs in f with a “weight’’ 


(os + +++ + ay &). 


One proves the theorem of completeness by constructing the eigen-values 
and eigen-functions of the couple of Hermitian conjugate operators f, f*, formula 
(4), following E. Schmidt. We are dealing with an eigen-function ¢(P) corre- 
sponding to the eigen-value y, if ¢(P) — ¥(s) — y-¢(P), by performing first f and 
then f*. At the same time ¥(s) is carried over into y-¥(s) by the successive 
operations f*, f (in reversed order). It is not quite, but nearly, true that every 
primitive harmonic set consists of eigen-functions of the couple (f, f*)—so that 
the eigen-functions of such a couple are “essentially” independent of the nature 
of the function f(P). The statement becomes correct if one normalizes the 
basis of harmonic sets associated with the same irreducible representation in an 
appropriate manner dependent on f. The proof rests upon the following fact. 
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The harmonic set ¢,(P) of order U gives rise to a harmonic set ¢,(P) of the 
same order U by applying the operators f, f*: 


Indeed, we have 
= [ FP, 
where F = f*f arises from f and f* by means of “convolution”: 
Q) = = PI (8) 
Hence 


= [ F(aP, Q) = [ F(aP, aQ) ¢,(aQ) = [ F(P, Q) ¢,(aQ). 


Consequently the ¢,(aP) are connected with the functions ¢,(P) by means of 
the same linear transformation U(a-") by which ¢,(P) is carried over into ¢,(aP). 

Hence, g‘*)(P) [i = 1, --- , J] being the / harmonic sets of the primitive order U 
in normalized form, equations like 


l 
G(P) = >) cx 
k=1 
will hold with constant coefficients c ix: 
1 
Cin = >» [ [ero F(P, Q) (Q). 


| cx || isa Hermitian matrix: fi = Cix, since F(P, Q) is a Hermitian kernel: 
FQ, P) = F(P, Q). By appropriate choice of the unitary basis || ci: || may be 
reduced to the form 


under such circumstances the set ¢‘*)(P) consists of eigen-functions of the couple 
({, corresponding to the eigen-value 

For this reason we look for the primitive harmonic sets occurring in f by 
constructing, according to E. Schmidt, the eigen-values of this kernel arranged 
in decreasing order, and the corresponding eigen-functions. The essential steps 
may be briefly repeated as follows. We suppose that f is not identically zero. 

One forms the trace I" of F", that is of the n-fold iterated kernel F. In particular 
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r= = r= [fireor. 


I? is > O since F(P, P) = > 0. We have the inequalities® 
(13) < (r)? < re. 


Hence I'*'/I™ increases monotonely towards a positive limit y which is less or 
equal to ~/1™, in particular S$ T = ||f||?. For later use we note the inequality 


(14) ms 


= 1 decreases monotonely towards a limit h = 1, and F*(P, Q)/y* tends 
uniformly towards a limit E(P, Q). Indeed, in writing F"*! = f*@"f one gets 
from Schwarz’s inequality 


Feu Fmt 
Jo Se 


(Here, for convenience’ sake, we supposed || f ||? to be S$ 1.) E(P, Q) is an 
invariant Hermitian kernel for which the following relations hold: 


Gr(s, t) Gms, t) |? _ 1 =) 


(15) FE = yE, EE* = EE = E, tr(F) =h 21. 
On account of the second and third equations, one gets an expression 
(16) E(P, Q) = + + ga(P) on(Q) 


where the ¢@ form the unitary-orthogonal system of the h eigen-functions of F 
corresponding to the eigen-value y (consequently h = 1 ultimately proves to 
be an integer!). y,(s~! P) is necessarily a linear combination of the ¢,(P) them- 
selves: the y,(P) therefore form a harmonic set corresponding to a definite 
representation U of degree h. For, one has 


= [ed P) BLP, 
hence 


gu(sQ) = ¢.(P) E(P, = P) P, s Q) 


[este P) Q) = P) @,(P). 


5 For the proof of the following inequalities cf. Weyl, Math. Ann. 97 (1926), pp. 342-343. 
It is immaterial that the arguments of some of the kernels here considered vary within 


different fields (c and 11). Of course, a trace like tr (F) = i F(P, P) can be formed only 


from a kernal F(P, Q) the arguments of which vary in the same field. In proving the 
inequalities (13) one has to make use of the fact that the trace tr(f*f --- f*f) of the 
2n-term convolution is not changed when one shifts the factors cyclically by one place. 
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The set {y,(P)}—if it is not primitive itself—can be split into primitive mutu- 
ally orthogonal harmonic sets. 
In performing first the operation f, then f* [compare eq. (4)], we have 


(17) $u(P) — ve,(P). 


The y,(s) are orthogonal on o; for, 


And just as the g, are eigen-functions of F = f*f corresponding to the eigen- 
value y, so are the y,(s) eigen-functions of G = ff* corresponding to the same 
eigen-value. From (18) there follows 


(19) (8) = hy. 
One finds 


v,(8) = P) ,(P) = 24(sP) 


Since U(s) is unitary, one obtains from this expression: 
(20) Vuls) = ard + + ond. 


Comparison of (19) and (20) yields the relation (6) which is decisive for our 
whole investigation. y being > 0, the invariant set {¢,(s)} actually occurs in f, 
namely with the weight y. The same holds for any of the partial primitive 
harmonic sets into which the whole set may be decomposed. 

The next step in constructing all primitive harmonic sets occurring in f con- 
sists in deducting from f the contribution just found out: 


(21) fi(P) = f(P) — e(P) = f(P) — {agi(P) + --- + angi(P)} 


and in applying the same construction on f, which we carried through for f 
(provided f; does not vanish identically). In this way we get an invariant set 
¢'(P) consisting of h, = 1 terms and occurring inf; with a weight y: > 0; the 
h, conjugate functions are eigen-functions of the kernel = corre- 
sponding to the eigen-value 7;. It is important to realize: 1) that the new func- 
tions e™ are orthogonal to the previous ¢. Hence they occur in f with the same 
weight 7; as in f; and the 9“ are eigen-functions of the kernel F corresponding 
to the eigen-value 2) v1 < 7. 
We have 


[ Q) = 1°95"? (P). 
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In multiplying the left side by ¢,(P) and averaging over P, we get zero; for 


P) @,(P) = HP) o.(sP) is = 0, 


since ¢,(sP) is a linear combination of the g(P) and since the equation 


¢,(P) = 0 


holds for every ¢,(P). Consequently, as we maintained before: 


The subtracted function e(P) gives rise to a corresponding kernel 
e(s! P) = e(s, P) 
which we compute to be 
(22) e(s, P) = ay P) = b> ay ¢,(P) = v,(s) y,(P). 
v 


From this we derive following (17): f*e = yE, and since we have, in addition to 
that, e*e = yE following (18), we get fj e = 0, e*f: = 0, and hence f*f = ft fi +7E 
or F = yE + F. The last equation shows in the simplest manner that the o™, 
being orthogonal to the ¢’s, are eigen-functions of F as well as of F;. Further- 
more, iteration will give 


= + Fi, =h-y* + 


Hence I'}/y" tends towards zero with increasing n, and consequently the number 
vi for which T'{/y? tends towards the limit h; = 1 is necessarily < y. 


After applying the construction p times, one is left with a certain remainder f,. 
We have to prove—provided the construction does not come to an end by f, 
becoming identically zero for a certain finite p—that 


r= =e 
tends towards zero with increasing p. From the relation (Bessel’s inequality) 

= lle ll? + + --- + Ils ll? 1 


we first conclude only that y, tends to zero with increasing p. The connection 
with the result wanted is established by means of the inequality (14): 


(24) 
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Let &. denote the domain on the group manifold to which s belongs if 


(25) | f(s? P) —f(P) |? 


One cannot be sure that ¥, has a volume in the Jordan sense, but we certainly 
can assign a positive lower bound V, for its volume. After division by the 
volume V of the whole group manifold, the fraction w. = V./V is a lower 
bound of the “probability” of s satisfying the inequality (25). I maintain: As 
s00N AS Vp C+ We, 


fo 11? = IF — — lle — --- — 42. 
PROOF: 
hence 
G,(0) = = fo PIP). 
(1 denotes the unit element on co.) 
r= |fp(P) |? = G,(1) may be put = 63. Suppose it to be > 4@. Then 
P 

(26) Gp(1) > 
On the other hand, 


and consequently, by means of Schwarz’s inequality: 


We then have in &,, according to (26) and (27): 
| G(s) | > 
and therefore 
r= fics > We. 


This is in contradiction with the inequality (24) or < Yp5p 28 SOON 
Let us number the orthogonal functions in the order in which we got them, 
without marking the individual sets: 


gi(P), g2(P), 


E 
a 
fp 
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and let us now cancel the supplementary condition || f ||? < 1 again. Then, in 
taking account of the inequality (23), our final result reads as follows: 


(28) ||? — (ard + S4e || f ||? for 


It was our intention to make the estimation as exact as possible. 

Our construction will furnish all the primitive invariant sets occurring in f. 
This is readily seen in the following manner. It will furnish certain, let us say 
l’ of the J mutually orthogonal primitive harmonic sets of order U. The 
remaining / — I’ cannot occur in f or they contribute nothing to the total magni- 
tude of f, as is obvious from Bessel’s inequality according to which the sum of 
all contributions cannot exceed || f ||? whereas the contributions which are fur- 
nished by our construction alone give the whole amount || f ||?. Hence we may 
formulate our final result thus: 

TuHEoREM 4. We gave a construction yielding all the primitive invariant sets 
occurring in f, in a definite normalization and order depending on f. (The order 
is such that the weights with which the successive sets occur in f form a mono- 
tonely decreasing sequence.) The relation of completeness is valid; it can be 
supplemented by the explicit estimation of the remainder (28) if one keeps to the 
normalization and order originating from the construction. 

The expansion theorem now is an immediate consequence. We consider a 
function g(P) of the form 


= P) 20) 
Writing again 
S(P) = fe(P) + ex(P) + + (P)} + fy (P) 


one has, according to Schwarz’s inequality, 
2 


and the remainder as / f(s! P) x(s) tends therefore to zero with increasing p ina 


manner that can be estimated explicitly. For the individual contribution we 
get from (22): 


/ P) x(s) = b> B, ¢,(P) with 8, = v,(s) x(s). 


B, coincides with the Fourier coefficient of g(P) with respect to ¢,(P): 


[ore = [te = 2. 
THEOREM 5. The Fourier series 


Bigi(P) + Brg2(P) + Bi = Sg(P) o:(P) 


| 
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of a function g(P) of the form 
= | Ho P) 20) 


converges uniformly to g(P). 

Only the primitive sets of functions actually occurring in f appear in this 
expansion. They are ordered by decreasing weight in f, and the summation 
should be performed ‘‘by sections,’’ without separating the terms of the individ- 
ual primitive sets of functions. 

One obtains the theorem of approximation in choosing x(s) as a function which 
is ¥ 0 only in the immediate neighborhood of the unit element: 

TueorEM 6. f(P) can be approximated uniformly by a finite sum of harmonics 


occurring in f. 
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ANNALS OF MATHEMATICS 
Vol. 35, No. 3, July, 1934 


A SOLUTION OF THE PRINCIPAL PROBLEM IN THE THEORY OF 
RIEMANN MATRICES! 


By A. ALBERT 
(Received March 28, 1934) 


1. Introduction. The principal problem in the theory of Riemann matrices 
is that of determining the multiplication algebra D of any pure Riemann matrix 
w. This problem is of great importance in the transcendental theory of alge- 
braic geometry,? and its solution provides a solution of the many related 
algebraic geometric questions from which it arose. 

Algebra D is a normal division algebra of degree n (order n?) over its centrum 
K. The centrum K is an algebraic field R(p) of all rational functions with 
rational coefficients of an abstract root p of an irreducible rational equation 
f(r) = 0. We eall » a Riemann matrix of the first or second kind according as 
f(r) = 0 does or does not have all real roots. 

If w is of the first kind, then* n = 1, 2; I have determined‘ the resulting algebras 
D, and have proved‘ that there exist pure Riemann matrices w with any one of the 
so determined algebras D as multiplication algebra. There remains the case of 
matrices w of the second kind. 

The remaining more difficult problem will be solved in the present paper. 
I shall first define a type of algebra %, shall prove the existence of Riemann 
matrices w with Y% as multiplication algebra, and shall finally show that the 
multiplication algebra D of any pure Riemann matrix w of the second kind is 
an algebra Y. 


2. An elementary existence theorem. Let /) be a real algebraic number 
field, wi < Oin Fo, we < Oin Fo, and let Ky be an algebraic number field con- 
taining Fo, ui, Consider matrices® 


mil, = || —I(g2) || 


(1) 
73 = || T2 ll, = || —72 —I(gz) | 


1 Presented to the Society March 30, 1934. 

* For references to this theory see S. Lefschetz’s report in the Report of the Committee on 
Rational Transformations, National Research Council Bulletin No. 63, Chapters XV, XVI, 
XVII, pp. 310-393. 

’ These Annals, vol. 33 (1932), pp. 311-318. 

‘In my paper On the construction of Riemann matrices II, which will appear in these 
Annals. 

5 We use the notation I(g) for an identity matrix of g-rows. We also use 0 to represent 
zero or zero matrices. 


500 


eS 
rix 


on 
I, 


se 


nt 


RIEMANN MATRICES 501 


where 7; and m2 are gi-rowed and g2-columned matrices of complex elements. 
Then if 
(2) g= 92, 9 >1,92>1, 
and 
| I(9;) 0 | 
wehave = IT, 
I(g;) 0 
= || (91) 7 || | 0 _1(9) 1 1 
I(g,) 0 I(g,) 
0 —I(g2) 
I(g;) 
—T. Tz, = ||7 I(gz) ||- = I(g.) 
—1(g:) || | 
Similarly, 
(5) 73 Tr, = 0, T3 = I(g,) = I (gz) Te. 
We write 
(6) || mye ll, = || || (j=1,---, 95% = 1, +++ 5 


It is known® that there exist complex algebraic numbers 7x, 72;x which are 
sufficiently small in absolute value such that 


(7) 1, Wajky Wijk Wiety Wijk Wast (j,8=1, 93k, t =1, --+, ga) 


are linearly independent with respect to Ko and the matrices 71 | a Tz, 
— 74 are all positive definite. 

Let B be any g-rowed square matrix with elements in Ko, and suppose that 
there exists a complex matrix p such that prz2 = 7:B. Then 


BYr, = = a(n Tr,)’ = 0. 


Define Br = E, 
E E. 

(8) E= Ey + Es + 4+ = 0, 
EB; E, 

where 


‘See my paper On the construction of Riemann matrices I, these Annals, vol. 35 (1934), pp. 
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(9) Ee = || 2s = |] 2s = || 


The element in the jt" row and st* column of 71 Er, is 
(10) Ey; + + b> + Tie = 0. 
k t k,t 


The linear independence of (7) in Ko and (10) imply that 
E, = E, = 0, + Eojt tise = 0. 
t 


k 
Since g, > 1 we may take 7 ¥ s and obtain 23, = Eo = 0 and hence 
E, = E; = 0. But then Z = 0 so that evidently B = 0. 
Similarly, if B has elements in Ko, and is such that either pr: = 72B or 
pr3 = 74B or prs = 738 then B = 0. 
We next assume that p71 = 7: £ for complex p and where £ is given by (8), 
(9). Then 


(11) p= + pm = Eym + mE3m = + 
from which we obtain 
(12) + » Wik Wiss = + Wijk Lane. 

8 k, k 


But (7), (12) imply that EZ; = = 0, = Ese = unless = s, t = k, 
and Fy;; = E44, so that E is a scalar matrix. 
Similarly pr2 = t2H, pr3 = 73H, prs = 74H; each imply that £ is scalar. 
Let Fi, --- , F; be real algebraic fields contained in Fo, let u; in F; be nega- 
tive, and let Ky contain Fo and uw}. Let 


0 B 0 
0 dim I(go) 0 B 


be a matrix of mg) rows where m > 1, go > 1 and dj, are in F;. Moreover, let 
8 be a go-rowed diagonal matrix whose diagonal elements consist of go elements 
+1 and go: elements —1, 


(14) Jo = Jor. + 9Go2, Joi Jor O. 


Assume that ;, > 0 and let Ko contain (A;,)!. Then evidently there exists a 
non-singular matrix N; with (real) elements in Ko such that 


(15) N; = I, 
when we write 


g = 9, = Jo = Moo) 
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and take I’ to be the matrix given by (3). We now let 


(16) = mM, 719) = 72M, = Nj 
(j = 2,---, 2). 


Evidently 799 = 1 or 7317, and is zero. Moreover 
— 7) 1,70" are positive-definite Hermitian by use of (15), the reality of Ny, 
and the fact that 71 »73 — have been chosen positive 
definite Hermitian. 

If pr) = 7%) then pr: = 72N;EN;* where N;EN;? has elements in Ko. 
But then = 0 so that = 0. Similarly pr“? = 7“ implies that 
E = 0 when j ¥ 1, while pr“ = 7“ F is equivalent to pr: = tN; EN]" so that 
N, = el(g) with ein Ko. Hence = eJ(g) is scalar. 

Similarly pr“? = 7° FE or pro? = 7 EF implies that EZ is a scalar matrix. 
We have proved an elementary result which is of fundamental importance for 
our later construction of Riemann matrices. 

TueorEM 1. Let F,, --- , F; be real algebraic number fields, let u; < 0 in F;, 
and let Ko be the composite of F;(u3). Write 


An B 0 
(17) = An > Oin Fj, (j=1,---,t 
0 Nim B 


where B is a diagonal matrix with go, diagonal elements 1, go. diagonal elements —1. 


Assume that m > 1, Gor Gor 9; Jo = Jor + Goss J = = Jo = 
Then there exist g-columned matrices +, + of g, and g, rows respectively such 
that 


= 0, 
and 


7G", — rT; 


are positive definite Hermitian matrices. Finally +9 and r°» may be so chosen 
that, if B is any matrix with elements in Ky and p is any complex matrix with the 
property 


— B, or = B, or pro) = B, or pro) = B, 
= 2, , 4), 


then B = 0, while each of = B and pr = 7 B(j = 1, --- , t) implies 
that B is a scalar matriz. 


3. A certain type of algebra. Let R be the field of all rational numbers, 
(18) +a, =0, (a; rational), 


e 
i 
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be irreducible in R and have all real roots oi, --- , 0. Then the field F = R(s) 
of all rational functions with rational coefficients of an abstract root g of 
f(A) = Ois called a total real algebraic extension of 2. ; 

A quantity = is called total positive if »(o;) > 0,7 = 1, --- ,t. Simi- 
larly » = u(s) is total negative if u(o;) < 0 and, in this latter case, the field 


(19) K=F@, 
is called a total pure imaginary extension of F. We then: write 
(20) Fo; = = = 
Consider an equation 
(21) = A™ + + + Om = 0 (a; in F), 
which has the cyclic group for F and hence roots 
(22) a(x) = x, O(x), P(x), , 
in a cyclic field Z = F(x). Moreover let Z = F(x) be total real. Then 
(23) = A" + + +++ + = 0 
has the cyclic group for Fo; and roots 
(24) Ei, (Ej), «++ OF 
all real. Write 
(25) = be (j=1,---,t}e =1,---,m). 


We shall use the well known trivial 

Lemma 1. Let F be any non-modular field, Z be algebraic of degree m over F, 
K be quadratic over F. Then the composite W = (Z, K) over K has degree 3(m) 
or m according as Z does or does not have a sub-field equivalent to K. 

The total real cyclic field Z evidently does not have a quadratic subfield 
equivalent to the total pure imaginary field K so that W = (Z, K) is cyclic of 
_ degree m over K. We then define a cyclic algebra & with basis 


(26) xi y! 
and multiplication table 

where y in K has the form 

(28) + 129 (v1, Y2 in F). 
Moreover, let there exist a total positive quantity din F(z) such that 

(29) vi — = d(x)-d[O(x)] --- = Nzjr(d). 


We shall now prove the fundamental existence theorem. 


| 
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TueorEM 2. There exist Riemann matrices’ w of genus 


(33) gs = tm? go, go >1 
with Yas multiplication algebra. 
We take 
0 
(2) oi? 
0 
(34) 0 0 


where 


I(m?go) I(m? go) 
I(m? go) — ui, I(m? go) 


1, mM). 


(35) 


VP = || ||, 
We also write 


0 I(go) 0 O 
0 0 I(go) --- 0 
0 0 0 --+ Igo) 


where yj = + Finally write 


By 0 
By? 
0 
Then if d; = d(é;) we have 
(38) AjC (je) A; = d;C(En), (j =1,---, 9), 


if, and only if, 
(89) Bi En) = 
The first set of these equations evidently determines As, - - - 


(e=1,---,m— 1), (Ee) = 


, Bm in terms of (i. 


‘These matrices are pure if, and only if, % is a division algebra. 
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They imply 


= dj(§j, +++ BY”, 


so that 

(41) dj BS? (kim) = dj = Najeo; (di) Bi? (Ea). 

Equation (29) implies that Nz,/r9; (d;) = ;7; and (39) are satisfied. We now 
take 6{7? = B to be a growed diagonal matrix with go; diagonal elements 
unity, goo diagonal elements —1, and goigo2 # 0, and we may write 

(42) = — wf Ty, 


where I’; has the form (17) since dj, = dj(&x) > 0. 
We next take 


where 7“ and 7%) are chosen as in Theorem 1 with Fj = Fj(). Then 


(44) = 0, (— 1)? C@(E,) 
are positive definite Hermitian since (—1)? = — (—1)! T; = 


where —p; > 0. 
By (38) we have 


(45) Ay C(Eje41) Aj = Oj(Ee) CO(E,), 
so that 
(46) = CO(&), (e = 2,-+-,m), 


where »;, > 0. Hence 


are positive definite Hermitian matrices. But then, as I have shown, w is a 
Riemann matrix. 

The algebra % of all the multiplications of w which are commutative with s 
and g, has 2% as normal simple sub-algebra, and hence? differs from Y if, and only 
if, B contains a multiplication 6 not in R(s, g) but such that bz = xb, by = yb. 
Hence it is sufficient to prove that every multiplication b of w has the property 


8 See my paper On the structure of matrices with any normal division algebra of multiplica- 


tions, these Annals, vol. 32 (1931), pp. 131-148. The above result is implied by the proof of 


Theorem 11 with P, of Theorem 11 our above matrix Af’. 


® For the well known theorem of J. H. M. Wedderburn states that 8 is the direct prod- 
uct of %& and another algebra © over R(s, g) and A ¥ M if, and only if, € ¥ R(s, q)- 
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bs = sb, bg = gb, and when also bx = xb, by = yb, then b is in R(s, g), in order 
to prove that %f is the multiplication algebra of w. 

I have proved" that every multiplication of w is commutative with s if the 
equation pw? = w B(a;, 01) implies that B(o;, 01) isa zero matrix. If we write 


B(u;}, B(u;', — 


then pjw = B(o;, 01) implies that 


(47) WB(o;, 01) Wy" = 


(48) po) = pit), = — 
for complex pj1, pj2. But then also 


where p%, p@) are complex matrices, Bu = By(o;, 01, §, &, mi), By = 
Balai, O1, &, and 01) = 0 if, and only if, Br = Bye = 0. By 
Theorem 1 equations (49) imply that Bj; = Bj, = 0, and hence that every 
nultiplication of w is commutative with s. Thus every multiplication Bw = wB 
of w defines a multiplication b’ of the Riemann matrix w” over Fo; given by 


(50) = w® B; 


where B; = B; (o;). Then b is necessarily commutative with q if we can prove 
bi commutative with g;. But we have shown in Theorem 1 that if EZ has ele- 
ments in R(o1, , , &, wit, wet) = Ko and is such that = 
For = then = 0. I have also proved" that then every mul- 
tiplication b; of w is commutative with g;. Hence every multiplication b of w 
is commutative with q. 

Finally let b be any multiplication of w, so that necessarily bs = sb, bg = qb, 
and, if b is not in % , then we may also assume bx = sb, by = yb. If b is given 
by Bw = wB, we have 


B, 0 
B, 0 
(51) V,BV,' = = 
. 0 Bio 
B; 
and 
Bin 0 
(52) VIP? By = 
0 


** On the construction of Riemann matrices I, loc. cit. 
‘On the structure of matrices, etc., loc. cit. Theorem 11. 
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since b is commutative with s, g, x. The matrix By = E(o;, uj}, &.) is non- 
scalar if b is not in R(s, g). But Bw = wB implies that Bj 7° = 70” B,,,, 
By Theorem 1, Bj is scalar. Hence so are all the B,mi, a contradiction. 

We have proved that the Riemann matrix w of (34) has Yas multiplication 
algebra and hence Theorem 2. 


4. The arithmetic theory.” Let 
(53) (A) = by t+ ba = 0 (b; in R) 


be irreducible in the field R of all rational numbers and have complex roots 
"1, ,7a If ris an arbitrary complex root of ¢(A) = 0 we consider a field 
F = R(r), an algebraic field of finite degree over R. 

The roots 7}, --+ , 7a define infinite prime spots pi, --- , Pa of F and we define 
F,, to be the field of all real or all complex numbers according as 1; is real or 
imaginary. 

Let Z be a galois extension of F. We may define the infinite prime spots $ 
of Z as for F and it is evident that every Zy contains an F,. If F, is equivalent 
to the field of all complex numbers, then so evidently is ZR; and we say that Z 


has p-degree one. If F, is equivalent to the field of all real numbers, then all 
ZR containing Ff, are equivalent (since Z is a galois extension of F), and Z is 
said to have p-degree one or two according as Zg is or is not real. 

The finite prime spots of F are its prime ideals p and we define the p-adic 
extensions F, of F. If Z is galois over F, then every prime ideal $ of Z divides 
a prime ideal p of F. Moreover we have" 

Lemma 2. Let Z be a galois extension of F, p a prime ideal of F, $ a prime 
divisor of pin Z. Then 


Z = (Z, Fy). 


Since Zg is thus the composite of Z and F,, its degree over F, is independent 


of $ and is called the p-degree of F. 

If A is any normal simple algebra over F and we extend F to F,, the corre- 
sponding algebra A, over F, is also normal simple. The index of A is the 
degree of its normal division algebra factor, and is divisible by the index of A», 
the p-index of A. If Z is any extension of F, then Z is said to split A if Az 
over Z is a total matric algebra. When A and Z both have degree m, the 
field Z splits A if, and only if, A has a sub-field equivalent to Z. Every A 
over F is now known to be a cyclic algebra so we may use the following results 
of Hasse. 


12 Cf. Hasse’s paper in the Transactions of the American Mathematical Society, vol. 34 
(1932), pp. 171-214, for the division algebra theory and references to the arithmetic theory 
of algebraic number fields. 

18 Cf. H. Hasse’s Klassenkérpertheorie for a proof of this theorem. 
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Lemma 3. A cyclic field Z over F is a splitting field for A if, and only if, the 
p-degrees of Z are multiples of the p-indices of A for every prime spot p of F. 
Lemma 4. The p-indices of A are unity except for a finite number of prime spots 
of F. 
; ‘i shall also assume a corollary of Grunwald’s important existence theorem." 
Lemma 5. Let pi, «++ , Pr be prime ideals of F, n a positive integer. Then 
there exist cyclic fields Z of degree n over F with p;-degrees n (i = 1, --- , r). 
Finally we assume the trivial well-known algebraic theorem Lemma 1. 


5. Algebras over K. Let F be a total real algebraic number field, let K 
be a total pure imaginary extension of F. If 7 is any infinite prime spot of K, p 
a corresponding infinite prime spot of F, it is evident that K, is the field of all 
complex numbers, F, the field of all real numbers. If A is a normal simple 
algebra over K, then A has z-index unity. for every infinite prime spot 7 of K. 
Hence we need only consider the finite spots or prime ideals of K. 

Let D be a normal division algebra of degree n over K, and m™, --- , 7, be 
the prime spots (all finite prime ideals) for which the z-index of D is not unity. 
Let pi, --- , py be the corresponding prime ideals in F divisible by the 7;. 

If nis odd, lett A=D,m=n. If 


(54) = 2n, = 2’Nn (m odd, v > 0), 


we write m = 2n, A = D XK Mz where M; is a total matric algebra of degree 2. 
In either case there exists a cyclic field Z of degree m over F such that Z has 
p-degrees m. We shall prove 

Lemma 6. The composite W = (Z, K) is acyclic splitting field of degree m of A, 
and hence is equivalent to a sub-field of A. 

The field W has degree m over K if, and only if, Z has no quadratic sub-field 
equivalent to K. If nis odd this is evidently true and W is obviously cyclic of 
degreem = nover K. If niseven, then m = 4n,, Z has a unique cyclic sub-field 
Z, of degree four over F, and a unique quadratic sub-field Zin Z,._ But it is well 
known" that = F(u), w=1+ with ein F. Since F is tctal real, 1+ 
is total positive and Z, is total real. But then K is not equivalent to Z. and W 
has degree m over K and obviously cyclic. 

The field Wg, is the composite of W and K,; by Lemma 2. But W is the 
composite of Z and K contained in K,; so that Wg, is the composite of Z and 
K,, = (K, F,,). It is therefore evident that Wg; is the composite of Zp; over 
F,, and K,,; over F>;. 

The field Zp; is assumed to have degree m while K,; has degree one or two. 


* Journal fiir Mathematik, vol. 169 (1933), pp. 103-107. We have here used his Theorem 
3withe, = 1, f, = m, so that the p; remain prime ideals in Z and hence have relative order 
land relative degree m. But then Z has px degree m since in fact the ps-degree of Z is ex- fx. 

a Cf. my paper on Cyclic fields of degree eight, transactions of the American Mathematical 
Society, vol. 35 (1933), pp. 949-964. 
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By Lemma 1 Wg; has degree m or s over K according as Zp; does not or does 


have a quadratic sub-field equivalent to K,;. When n is odd, m = n and Zp; 
has no quadratic sub-field. In this case W has z;-degree m and splits A = D 
by Lemma 3. When n is even, then m = 2n so that W has z;-degree at least 
n and W is again a splitting field of D. 

Lemma 7. The field W contains a total real cyclic sub-field X of degree m over F 
such that W = (X,K). 

For Z is cyclic of degree m over the total real field F, and must contain its com- 
plex conjugate field Z. Hence there is an automorphism T' of Z such that 
27) = 2 for every complex number z of Z. Then 2 = Z = z for every z of Z. 
Thus the automorphism T has order one or two. 

If T has order one then z = z for every z of Z and Z = X is total real. 
When 7 has order 2, then m is even so that n is even, m = 2n. But the auto- 
morphism group of Z is cyclic and the only automorphism of Z of order two is 
S*, S a generating automorphism of Z. Hence T = 8S". 

I have shown" that Z = F(x) such that Z, = F(z’) is cyclic of degree n over 


F,2? = —2,x2® = Bx with Bin F(2*). But then = —z, so that Z is a total 
pure imaginary extension of the total real field Z,.. 
We may write K = F(q), @ =u <0, % = —gq, and define X = F(a), 


xo = qx. Then % = x and X is total real. Moreover, X is cyclic of degree 
m over F with generating automorphism S given by 2 = gx = gBx = Bax, 
Bin F(a?) = F(x?) when xz; = w2?. This proves Lemma 7 since evidently W 
is the composite of X and K when X is defined as above. 

Since W splits A, it is isomorphic to a cyclic field of degree min A. Then A is 
a cyclic algebra and we have proved 

THEOREM 3. Let D be a normal division algebra of degree n over K, a total pure 
imaginary quadratic extension of a total real algebraic field F, and let D = A, 

= n,orD = A X M2,m = 2n, according as n is odd or even. Then A has a 
basis 


(55) ry (i,j = 0,1, ---,m—1) 


where x satisfies an equation ¢(x) = 0 which has degree m, coefficients in F, and the 
cyclic group for both F and K. The roots of ¢(x) = 0 are 6*(x) in F(x) and A 
has the multiplication table 


(56) = y"™" = 
with y in K. 

We next prove 

TuorreM 4. Let n = 2np = 2m, m odd, let D be a normal division algebra of 
degree n over K, so that D” = M X Q, where M is a total matric algebra and Qa 
division algebra of degree two. Suppose that Q = Qo X K where 


(57) Qo = (1, 1, ju = —1j, Qa, F = 8 


| 
| Q 
I 


a of 
Qa 


RIEMANN MATRICES 511 


and a, 8 are total positive quantities of F. Then the conclusion of Theorem 3 holds 
withA = D. 

We define m, --- , 7, and py, --- , p, as before, and let p,41, --- , pe be any 
additional prime spots for which Qo has p-index 2. Since F(i) is a total real 
field, the algebra Qop has index one for every infinite prime spot p of F, and the 
primes p:, --- , px are all finite prime ideals. We may then use Lemma 3 to 
define Z as before and, by the use of Lemma 7, will have Theorem 4 if we can 
prove that W = (Z, K) splits D = A. 

The field Z has p,-degree n so that its quadratic sub-field Z, evidently has 
p-degree two. But then Z:2 splits Qo by Lemma 3. Hence the composite W» of 
Z, and K is a splitting field of Q = Qo. X K. By Lemma 3 the z,-degrees of 
W- are all two for the primes 7; for which Q has 7 ;-index two. Moreover these 
primes are precisely the primes 7; for which D has index 2’n2, nz a divisor of 
no, v given by (54). 

We now consider the z;-degrees of W. As in the proof of Lemma 6, the z;- 
degrees of W are either n = 2’n or 2’-'n, and these integers are multiples of 
the z,-indices of D except possibly where these z;-indices are 2’n2, ne a divisor 
of m. But for these latter primes 7; we have proved that W: has z;-degree 2. 

The field W has z;-degree 2’-'n if, and only if, the corresponding field (Z, 
F,,) has a quadratic sub-field equivalent to K,;. But this quadratic sub-field is 
(Z,-F,;) and is equivalent to K,; if, and only if, the composite of (Z2, F,;) and 
K,; has degree unity over K,;. This latter composite is evidently the com- 
posite of W. = (Zs, K) and K,; and has degree two over K,; by our above 
assumption on the ,,-degree of We. 

Hence W has z,-degree 2’np at all the prime spots 7; of K for which D has 
index 2’n2, and has z,-degree divisible by the z,-index of D at all the z;. 
By Lemma 3 the field W splits D. We have proved Theorem 4. 


6. Riemann matrices of the second kind. Let w be a pure Riemann matrix 
of the second kind, and D its multiplication algebra. Then D is a normal 
division algebra of degree n over its centrum K. The field K is then known to 
be an abstract total pure imaginary quadratic extension of a total real field F. 
Moreover, if w has genus g then g is divisible by nt, t the degree of F over R. 

By Theorem 3, the algebra % = D or YX = D X Mz is a cyclic algebra defined 
by (55), (56). If 4 = D X Mz we put 


8) 


and it is well known that wo is a Riemann matrix with % as multiplication 
algebra. If Y = D put w = o. 

let F = R(s),X> = R(z, 8). The field is eyclic over F(s) and may always 
be chosen so that R(x) = R(x, s). Assume that r = mt and that &, --- , & 
are the algebraic number roots of the minimum equation of z. The &; are evi- 
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dently all real, and I have proved'* that we may then choose a principal matrix 
C of w so that x is a symmetric multiplication of wo. In fact, if x is given by 
vwo = woN then we may take w of genus g, 


£1 (mgo) 0 
(mgo) 
(59) v= = 
0 £,I(mgo) 
T1 0 
0 Tr 
£, I(2mgo) 0 
= 
0 I(2mg,) 
and C such that 
ré,) 0 0 
0 r(é,) 0 ir, 


so that CA’C—! = A. 
If b is any multiplication Bwo = wo B of wo, then B* = CB’C— defines a new 
multiplication b* of w) with the properties 


for every b, bi, be, of A and » of R(s). In particular, yx = 6(x)y where @(z) isin 
R(x) and hence [6(x)]* = 6(r). We compute (yx)* = xy* = y*6(x) and 
yy*-O(2) = yry* = 0(x)-yy*. The quantity d = yy* is commutative with a 
generating element 6(x) of a maximal sub-field K(x) of % and, as is well known, 
isin K(x). Moreover d* = d, so that d isin R(z). 

Let y be given by nw. = w Y. Then y* = y~'d(z) so that 


(62) Y* = CY’C = Y-"d(N), 
and hence 
(63) YCY’ = d(N)C. 


16 Palermo Rendiconti, vol. 55 (1931), pp. 57-115, p. 73. 
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The matrix 7 is a non-singular matrix and iw) (4, is positive definite so that 
itis 
(4) = = = d(v)ion Cag, 
where Y’ = Y’ since Y is a rational matrix. By (59)-(61) 
Ay 0 
(65) d(v)iw = 
0 d(é,)H, 


where H; = 17; T(é)7; is a principal minor of iw)Ca, and must be positive 
definite. Similarly d(¢;)H; must be positive definite. Hence d(é;) > 0 and d(z) 
is a total positive quantity of the total real field R(z). 

We have proved that y* = y'd(z), y* = (y*)™ = d(a)]" = Nzjr(d)y" 
where F = R(s), Z = F(x). Henceify = y:1 + yeq then 


(66) vy* = — = Nzar(d). 


We have proved 

Lemma 8. The multiplication algebra of wo is an algebra X of Theorem 2. 

We let W = K(x), S be the automorphism of W carrying x to (x), as above, 
n = 2n;. The field F(x) contains a cyclic sub-field X, of degree four over F 
which is a total real field, and we define W, to be the composite of X, and K. 
Write the cyclic algebra &% = (W, S,y). It is well known that then 


= M X (Ws, S, 7) 


where M is a total matric algebra. Now %, = (W,, S, y) is a cyclic algebra of 
degree four over K , and has index two since %{ has index n = 2m. Moreover if 
+ then — = Nxsyr(ds) where dy = Nz;x,(d) is also total posi- 
tive. Hence %{, is an algebra of Theorem 2. 

By Theorem 2 there exists a Riemann matrix w, with %, as multiplication 
algebra. Algebra %, = M. X Q where Q isa division algebra of degree two over 
K, and M; is a total matric algebra. The Riemann matrix w, is then impure 
and is in fact necessarily isomorphic to a matrix 


where w: is a pure Riemann matrix with Q as multiplication algebra. It is evi- 
dent that Q is the algebra of Theorem 4. 
_ Thave proved” that Q must have the form of Theorem 4, and hence that D 
isa cyclic algebra of that theorem. Our proof of Lemma 8 implies that D is 


Loe. cit. (4). 
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then an algebra of Theorem 2. If n is odd, then this is already implied by 
Lemma 8. We have proved the 

FUNDAMENTAL THEOREM. The multiplication algebra of any pure Riemann 
matrix of the second kind is an algebra U defined by (19)-(29). Conversely every 
division algebra % defined by (19)-(29) is the multiplication algebra of a pure 
Riemann matrix of the second kind. 


7. The existence of division algebras. The multiplication algebra D of a 
Riemann matrix w of the second kind is a normal division algebra of degree n over 
its centrum K of degree 2t. We have proved that D is necessarily an algebra YX, 
but have not yet shown the existence of division algebras A with arbitrary n and t. 

We let p be any rational prime and p; ¥ p be a prime of the form x} + 2x3p 
where 2; and 22 are rational integers. Write 1» = — p, 


A = R(u!). 


The integer p; does not divide p and hence is not the square of a prime ideal of A. 
But pi = where = + = — Hence the principal ideal 
(x) is a prime ideal not equal to the principal prime ideal (7). 

By Grunwald’s existence theorem (loc. cit.) there exists a cyclic field of degree 
2nt over R in which (p;) is a prime ideal.'® This cyclic field contains a total 
real sub-field Z of degree n over a total real sub-field F. The field F has degree 
t over R, Z is cyclic over F, and (p:) is a prime ideal of Z and F. 

We let K be the composite of A and F, W be the composite of Zand K. Evi- 
dently W is a quadratic extension of Z and the prime ideal p; of Z factors in W 
into (1) -(a#) where (7) and (#) are prime ideals of W but are not necessarily dis- 
tinct. If (7) = (#), then # isin (7) so that # = az where a is an integer of W. 
But then t” = Ny/,(a)r™ = Br™ where B is an integer of A. The prime ideal 
(x) of A does not divide (#)"', a contradiction. 

We now define the cyclic algebra % of (19)—(29) with W as given here, but with 


y= =pi>Qd, 


so that yy = (ri)" = Nz;r(pi) and (29) is satisfied. The algebra & so defined 
will be a division algebra if no power of y less than the n** power is the norm of 
any quantity of W. 

Let then y7 = Nw;x(8) where Bisin W,0 <r<n. Wemay write B = 7° Bo 
where is in W and is prime” to the prime ideal (7). Then 


Nwjx(8) = = 76 
where 6 is in K and is prime to z, 


18 Cf. (14) for this application. 
19 By this we imply that both numerator and denominator of fj are prime to (7). 
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Ife < 0, then (x) divides 6 contrary to our hypothesis that (7) is prime to 6. 
Hence ¢ = 0. But e ¥ O since zw divides y’. Hence e > 0 and (r)" divides 
7), But this is impossible since r < n, (7) is a prime ideal and not a 
divisor of (#)"-». 

TueorEM 5. There exist division algebras U of (19)—(29) with arbitrary n and t. 
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THE TRANSFORMATIONS EFFECTING THE REDUCTION OF 
POSITIVE QUATERNARY QUADRATIC FORMS 


By Burton W. JoNES 
(Received March 27, 1933) 


1. Introduction. Two quadratic forms are said to be equivalent if one may 
be taken into the other by a linear transformation with integral coefficients and 
of determinant unity, i.e., a unimodular transformation. All forms equivalent 
to one form are said to form a “class” of equivalent forms. Since two equivalent 
forms have many properties in common it becomes of prime importance to have 
some means of selecting a so-called “reduced form” which is representative of 
the class. Eisenstein’s! reduction for positive ternary quadratic forms is well 
known. The author? has completed the reduction for positive ternary quadratic 
forms using Selling’s reduction. Though certain general methods of reduction 
exist? there has been found no set of inequalities defining a reduced positive 
quaternary quadratic form unique in its class; that is, such that there is one and 
only one reduced form in each class. This paper makes accessible the reduction 
of positive quaternary quadratic forms and develops certain methods that show 
some promise of applicability to forms of more than four variables. 

Before defining more precisely the problem of this paper we shall make for n 
variables certain definitions and transformations used by Charve‘ for n = 3 
and 4. 


n 
Inf = (Ay = a) replace x; by — and have 
n+1 
a;(x; — 2;)*, 
l=i<j 
where 


n 
Gini = — >, i, i= 1,2;---,n4+1. 


It should be noted that f and ¢ represent the same numbers for integral values of 
the variables. 


1 Dickson, Studies in the Theory of Numbers, pp. 155-180. 

2 Amer. Jour. of Math., vol. 54 (1932), pp. 14-34. 

* Hermite, Jour. fiir Math., vol. 40 (1850), p. 281. Minkowski, Jour. fiir Math., vol. 129 
(1905), p. 228. 

* Annales del’Ec. Norm. Sup. (2), Vols. 9, 11 (1880, 1882). 
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Suppose the transformation x = ¢’X, integral and of determinant +1 takes f 
into F = b A;; X; X;._ Then the substitution of X; — X,4; for X; gives 


i, 7=1 


n+1 
b= — >) — 
1=i<j 
where 
Ain = — >, Aus t= 1,2,---,n+1, 
j=1 


Now the transformation r = tX takes ¢ into @ if t, = tis (i,j S n), 


7=1 

It is to be noted that subtracting a number from every element of any column 
of T leaves ® unaltered. 

Throughout this paper, without further remark, T refers to an integral trans- 
formation for which the sum of the elements in each row is the same and where 
1, —1 or 0 is the value of the determinant of the matrix T’ found by subtracting 
the bottom element of each column of T' from all the elements of that column and 
then suppressing the last column and row. If the determinant is zero T is said to 
be “degenerate.”’ We call two T' matrices equal and, in listing the transforma- 
tions, consider them as the same matrix, if their 7’ matrices obtained in the above 
way are identical. In other words, the T matrices T, = (a;;) and T, = (bj) are 
equal if and only if a;; — bi = 7; for 7,7 = 1, --- ,n + 1, where7; is an integer 
(positive, negative or zero) depending on j but not on 7. Furthermore, we shall 
not distinguish between a matrix T and —T. It may quickly be established that 
(T, T,)' = and that T, = and T; = in the above sense implies 
that (T.7T,)’ = (T.Ta)’. It is also interesting to note that the class of T 
matrices is closed under addition and multiplication as well as the operation of 
adding or subtracting integers from columns. Finally note that with each 
transformation T’ of determinant + 1 are associated numerous matrices 7’ and 
with each T is associated one T’. 


n+1 
Let s = (3) pe w= pd ai; > 0, where the second equality follows from 
i=1 i<j 
pee definition of the a’s. Under the transformation T we have 2; — 2 = 
n n+1 
(tix — tj.)X, and the coefficient of Xj in is — ai; (tix — Thus 
we i<j 
As = 8s’ —s = — ij, 
n+1 
where 2c; = >) (tie — — 2 and i,j = 1,2,---,n +41 with <j. 
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Define cj; = ci; but leave c;; undefined. We regard c;; and c;; as two names for 
the same thing. 

Now the last sum is always even and thus ci < 0 only if the two rows 
are identical and the matrix therefore degenerate; c;; = 0 if and only if the 
differences between corresponding elements of the 7‘* and j** rows are 
1, — 1, 0, 0, --- , 0 in some order. 

Selling® for three variables and Charve‘ for three and four called a form f 
reduced if s is a minimum, that is, if for every transformation T (non- 


degenerate), 
n+1 


As = — CijQij = 0. 
t<7 
Since it seems preferable to consider a reduced form to be equivalent to no 
other reduced form, we shall call a form f semi-reduced when s is a minimum. 

In this connection three problems arise: first, what are the conditions on the 
coefficients of a form f so that it shall be semi-reduced ; second, for any given semi- 
reduced form, what transformations T leave s unaltered; third, given a class of 
equivalent semi-reduced forms, what further restrictions may be put on the coeffi- 
cients in order to define a unique form representative of the class. We shall call 
this unique form reduced. Every form is thus equivalent to some reduced form and 
no two reduced forms are equivalent. 

The first of the three problems above was considered for quaternaries by 
Charve but though the results were correct (if given the proper interpretation) 
his proofs are at times sketchy. This is here put on a sound basis and the 
second problem is completely solved for quaternaries. In fact, every trans- 
formation T leaving the s of a semi-reduced form unaltered is shown to be one of 
four types multiplied on the left by an automorph unless just one a,; > 0 in 
which case there are seven types. From the theory of this paper one can 
immediately write down the transformations T leaving unaltered the s of any 
given semi-reduced form f. In order to write down these transformations it is 
necessary merely to know what a’s vanish or satisfy the conditions in Funda- 
mental Theorems 3 and 2. These transformations include necessarily all the 
automorphs of f. The complete reduction for quarternaries should follow from 
this and will be developed in a later paper. 

Some of the parts of the reduction are easily extended to n variables but others 
berome increasingly complex when applied to more than four variables. 


2. We shall find it useful to obtain an expansion for d, the symmetric deter- 
minant | a,;| = 1, 2, --- , n) in terms of a, (i < j;7,j7 = 1, 2,---,n+1). 


5 Jour. de Math. (3), Vol. 3 (1877). 

® After this paper was submitted for publication a paper entitled ‘“‘Verallgemeinerung der 
Sellingschen Reduktionstheorie” by N. Hofreiter appeared in Monatshefte fiir Mathe- 
maitk and Physik, vol. 40 (1933), pp. 393-406, in which Charve’s errors were corrected. But 
Hofreiter was concerned only with the form reduced in the Selling sense. 
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Thus the second form of the determinant is the same as the first except for 
the elements a;; along the principal diagonal, these being replaced, according 
to earlier definitions, by —Za,; the sum being over j = 1, 2, --- ,n + 1 with 
j#i. Since ai; = a;; we note that any element a;;(i + 7) in the second form 
of the determinant occurs by itself in the j** row and 7** column as well as in 
the i” row and j** column and, as a member of a sum, in the principal diagonal 
in the 7** and j** rows. In the expansion of d in terms of the second set of a’s 
consider the coefficient of r = --- wherek <n+1. All the terms 
in these a’s occur in the first k rows and columns of d which we shall call d,. 
Using Laplace’s expansion we see that the coefficient of r in d is the 
complementary minor of d, multiplied by the coefficient of r in dy. We 
prove that this latter coefficient is zero. Suppose a2 comes from the second 
row, first column and as; from the third row, third column. Then ag, 
comes from the fourth row, fourth column, etc., a,; from the first row 
and first column which cannot be. Similar reasoning shows that every 
term r is obtained either by multiplying elements of the principal diago- 
nal or elements none of which are in the principal diagonal. The 
coefficient of this term in the principal diagonal is 2(—1)*, for if a2 comes 
from the first row, ay, must come from the k*, a;, from the j** and so forth, 
while if a2 comes from the second row, d23 must come from the third and so 
forth. Consider next the terms 2(—1)* aj2@23 --- a1, products no element of 
which is taken from the principal diagonal, 7 being the total number of inver- 
sions in rows and columns. Reasoning as above we see that the sum contains 
two terms for each of which i = k — 1. Thus the coefficient of r in d is zero. 
We call r a k-cycle; that is, any product of k elements which may be written 
with subscripts in cyclic order. From reasoning similar to that above it may 
be seen that there is no k-cycle involving a subscript n + 1. Thus, in the ex- 
pansion of d all terms containing a i-eyele vanish,O <k <n-+1. 

We prove that any product of a;;’s (i < 7) every a of which is not taken from 
the principal diagonal has, in the expansion of d, the coefficient zero. Consider 
the term 7 = where is the term in the row and 
column of d. Suppose in n — k of these i = j andr = ip P, 
where P is the product of elements in the principal diagonal and i, --- , 7, and 
jy +++ jx are each permutations of a certain set of k numbers and therefore 
containing a t-cycle where t S$ k. Thus the coefficient of this term in the expan- 
sion of d is zero. 

Finally we prove d = (—1)"Zayj,@2j. --- nj, Where the summation extends 
over all sets of values of j; to j, taken from the numbers 1, 2, --- , n + 1 (some 
may be repeated) no term of which contains a k-cycle, k < n. From the above 


it follows that d = (— (ais + Giz + + — — N where N is 


the sum of all the terms éuittintling a cycle. Reordering the subscripts so that 
the first indicates the row we see that all such terms as indicated at the begin- 
ning of the paragraph occur. Consider the term r = 41j;42j2 «++ Qnjq) in the 
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expansion of d above. To complete the proof we show that unless every first 
subseript indicates the row from which the a is taken, the term contains a cycle, 
Suppose a;,, came from the j:‘" row; then one of the other elements must come 


from the first row and thus 1 = one of js, js, --- , jn. Permute subscripts if 
necessary and take j2 = 1. Then 2 = one of js, --- , jn. Cail it js; so con- 
tinuing we find that ji, jo, --- , jn is some permutation of 1, 2, --- , n and the 


term contains a cycle. In other words, the coefficient of any r in d is (—1)* 
unless it contains a cycle. 

Coro.uary 1. = 0 if n(n — 1)/2 +1 of the ay (i < 9) ave zero, for the 
number of these a’s is n(n + 1)/2 and every product of n distinct a’s will vanish if 
n(n + 1)/2 — n+ 1 vanish. Also d will vanish if all products of n a’s vanish 
except those containing a cycle. 

Coronuary 2. From the form of the determinant it is apparent that if for any 
i, ai; = O sor every j # i, thend = 0. Note that ay S 0 for any i implies that f 
is not positive. 


3. Definitions. Define 


1-15 


0000 0. 


and similarly J_,;,; as the matrix formed by subtracting 1 from each element of 
the j** column of the identity matrix and then changing the signs of all the 
elements of the 7** row. J_,;,; is a matrix of type T and it may be seen that if 
any matrix 7’, every element of whose j** row vanishes, is multiplied on the 
left by I_,;,;, the resulting matrix is T with the signs of the elements of the 7” 
row changed. As for I_1,5 is —2(di2 + diz + a4). 

Define similarly J_;;,, and note a similar effect. For I_:, As is —2(ai, + 
Gis + Aj + aj.) where 7, j, k, r, sis a permutation of 1, 2, 3, 4, 5. Transfor- 
mations I_,;, ; or I_.;,, are called transformations of the type J_. 

Define I,, where p is any substitution group on five or less numbers, to be 
that matrix obtained by permuting the rows of the identity matrix according 
to the plan p. For instance, 


0 
0 
O | = Lips, 4s. 
1 
0 


Multiplication of any matrix T by J, on the left permutes the rows of T' by p 
and multiplication on the right permutes the columns of T by p™. 
A transformation T is said to be permissible for f if the ai; (i # j) of ¢ are 


| 
-1000 1 

| 0 100 

| 0 010 

0 001 
0010 
1000 
0100 

| 0000 
| 0001 | 
| 


are 
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such that the As of Tis zero. A transformation T; is said to be permissible for 
T if the As of 7, contains no a,; not in the As of T. 


4. Various lemmas. 

Lemma 1. Jf the first three rows of a matrix T are 1 —1000, -10100 
and tsitsatsstsatss, of the fourth or fifth row is zero and tf ci; = C23 = 0, the matrix 
is degenerate. 

Proor: Since (te: — tsi)? S 1 = (tu — ts1)*, tex = 0. If tse = 0, then c13 = 0 
implies ts; = ts4 = tss = 0. Thus the third row is 0 —1100, it is a linear 
combination of the other two and the matrix is degenerate. 

Lemma 2. Jf the first two rows of a non-degenerate transformation T are 
1-1000 and tertootestestes, tf Ciz = 0 and tf one of the last three rows is zero, 
then, after multiplying by I_2,1 (if necessary) we can make the second row one of 
0-labc, 10 —a —b —c, 1 —1labe, where in the first two cases a, b, c are 
1,0, 0 in some order and in the third 1, —1, 0 in some order, where the signs of 
these three elements may be changed at will, e.g., by multiplication by I_2,, one may 
change 1 -11—10to 1 —1—110. Multiplication by I_23, will have the 
same effect. 

Proor: Subtract 1 from the elements of the first column of T and add 1 to 
theelements of the second. The new second row iste: — 1, te2 + 1, tes, tes, 25 and, 
by changing the sign of the second row and permuting the last three elements if 
necessary we can make it one of —11000, —10100,01-—-100,001-—10 
yielding the three possibilities mentioned above, since the ¢; are not all zero. 

Lemma 3. Given a non-degenerate transformation T having the following prop- 
erties 

1. 1 < = for all j. 

2. 0 for all j, k, l, m. 

3. At least four c’s vanish. 

4. If just four c’s vanish, three of the four are not of the form Cij, Cjky Chi 
Then there exist I_’s such that --- I'’I'I'T = T’ where I is permissible for T, 
I" for IT, etc., and As’ (the As of T’) either contains one less c4; than the As of 
T or every cx; of As’ is S$ 1. Throughout the statement of this lemma i, j, k, l, m 
is a permutation of 1, 2, 3, 4, 5. 

Note that if, for instance, I_;,, is permissible for a transformation T, the 
only c’s in J_;,57' different from the corresponding c’s in T' are Cis, C13, C14 Which 
are all contained in the As of T due to the fact that J_1,; is permissible for T. 
Thus, if any Z_ is permissible for a transformation 7’, the As of J_T has no c’s in 
it which did not occur in the As of T. It follows that if a ¢ occurs in the As of 
T which does not occur in the As of I_T,, the latter contains at least one less c 
than the former. 

First, if cis = cos = 0 and the matrix is non-degenerate there is an J_ for which 
Ci2 = 0 where is the of the matrix I_T. If ey = co; = Owithj = 4 or 5, 
make the jt row zero and see by lemma 1 that the matrix is degenerate. 
Otherwise write 7 with the third row zero and take as the first two rows 


le. 
ne 
if 
n- 
he 
he 
a 
sh 
ny 
tf 
of 
he 
if 
he | 
jth 
ng 


522 BURTON W. JONES 


1 —1000and01—100. If ciscis A O where z = 1 or 2 use I_;3 to make 
cy 2= 0. If cucis = 0 = take Cig = O = Cos CisCo4 and use to make 
C12 = Ounless cy; = 0. There remains the typical case cy = 0 = 25 = cy; ¥ 
CisCo4. Write the first three rows of T as 00000, —12 —100, —11000 
and using hypothesis 1 of the lemma see that there are the following possibilities 
for the fourth row: —10010,010—10,00 —110. Since ce; = 0, > 1. 
Since T is not degenerate, ts; ~ 0. Thus, since c4s = 0, the fourth row is 
010-10. Ifts. = 2 the fifth rowis020 —1 0. If ts: = 
the fifth row is —110 —11o0r01 —1 —1 1 and ¥ 0. 

Second: Cig = C14 = Cop = C35 = 0+ C15 C23 Coa. If C23 > i Cos = C35 = 0 
implies = 2 and multiplication by makes = 0. Thus cy = 1 
remains and the second, third and fifth rows may be written 1 —11 —1 0, 
00000,1—1000. cs = c35 = 0 implies c15 = 1 or 2. 

a) If cis = 1 we can use J_2,; if necessary to make ciz = 1 and have as the 
first row 0 0 1 0 —1 and then the only possible c’s = 1 are Ces, C45 and c34._ If 
C34C4s * O, use lemma 2 with J_4,; and see that the fourth row may be taken 
to be 011 —1 —1 or101 —1 —1; in the latter case all c;; S 1 while in the 
former the multiplication by I_14, 3 wd I_s,5 in succession makes all c;; < 1. If 
Cys = O and c3, = Co4 the hypotheses of the theorem with subscripts 1 and 2 
replaced by 3 and 4 are satisfied and the first case above with ce; replaced by 
C14 supplies the proof. If cs; = 0 and cz, < co, we have a similar proof since 
Cos = Cop = 0. If c34 = O F 45 use T_14, 3 to make Cas = 0 unless the matrix is 
degenerate. 

b) If cis = 2, lemma 1 shows that the matrix is degenerate unless c,; # 0. 
If cys use 3 to make Cis = 0. 

Third: ci3 = Cos = O A €14C15C23 C25 and two of ¢34¢35C45 Vanish. From sym- 
metry we take c3; = 0 and write the first, third and fifth rows as follows: 
1 —1000,00000,00 1 —10. If =0+ C45, T_24, 3 can make Ci4 OT C45 
vanish. If cs, = 0 = c45, I_1, 3 can make cy vanish unless the fourth row is 
0010 —1; write the matrix with the fourth row zero and see that J_», , makes 
C23 OF C25 vanish unless the matrix is degenerate. If ci; = 0 © Css write the 
matrix with the fifth row zero and see that J_2s,; makes cs, vanish unless 
ty3 = tay = 0. The non-degeneracy of the matrix implies tats. = 0 and we may 
take as the fourth row 1000 —1. Then write T with the fourth row zero 
and see that there is trouble only when the new second row is0 —1100. In 
this case multiplication by I_13,; and then J_;, 3 reduces 7 to one in which 
every ci; S 1. 

Finally we show that the above include all the typical cases. If c1; = c2; = 9 
for any j = 3, 4 or 5 the first case disposes of it. If ci; = ci, = Cis = 0 where 
7 = 1or2 then by symmetry take 7 = 1 and, since hypothesis 2 implies that some 
ec with a subscript 2 vanishes, this reduces to the first case. If c;3 = cia = Cis = 0 
is not true fori = 1 ori = 2 but ¢; = cx = 0 for some i = 1 or 2 where j and 
k are two of 3, 4, 5, from symmetry take e143 = cu = 0 ¥ cis. If this is not to 
be included in the first case we have also c2; = 0 ¥ €23¢24. The second case 
covers this possibility when c;; = 0. Treatment for ci; = 0 is the same. If 


‘ud 
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however Cas 0, the only c’s which vanish are ¢14 and possibly cs, which 
isruled out by hypothesis 4. Lastly, if c; = cx = 0 for noi = 1 or 2 and j,k 
two of 3, 4, 5 we may from symmetry take Cis = Con = O F C14 C15 C3 C25 ANA 
hypothesis 3 implies that at least two of c34, ¢35, C4; must vanish. This is covered 
by the third case. 

Lemma 4. Any non-degenerate transformation T satisfying hypotheses 2, 3 and 
4 of lemma 3 can be reduced by a multiplication on the left by permissible I “s (as in 
lenma 3) to a transformation in which every ci S 1. 

From lemma 3, if any ci; > 1, there are transformations J_ yielding in the 
manner prescribed a transformation T’ where As’ contains no non-vanishing c;, 
which did not occur in the As of 7, and either every c; ; = 1 or As’ contains 
one less c;;. Since As contains no more than six non-vanishing c’s, after a few 
repetitions of the process we have a matrix T’ having every ci; < 1. 

Lemma 5. A non-degenerate transformation T satisfying hypotheses 2, 3 and 4 
of lemma 3 and whose every ci; S 1, is either equal to + I, or equal to plus or 
minus a matrix T whose every row is —1 —1 0 0 0 in some order. 

If c;; < 1 a subtraction of a largest element of each column from every ele- 


ment of that column yields a matrix whose terms are all 0 or —1. Since, in 


5 

any matrix T’, ‘> (t;; — tkj) = 0 for every 7 and k, the number of —1’s in each 
i=1 

row must be the same. If less than two elements of each row are zero, 1 may 

be added to every element of the matrix, the matrix multiplied by —1 and a 

matrix obtained in which three or more elements of every row are zero and the 

others —1. 

Lemma 6. Every non-degenerate matrix whose every row is —1 —1000 in 
some order may be obtained by permuting the rows and the columns of the four trans- 
formations A, B,C, D below. Note that this method is applicable for n variables. 

A picture of each such transformation may be made as follows. Draw a circle 
with the points 1, 2, 3, 4, 5 marked on it. If the first row of Tis —1 —1000 
draw a line from point 1 to point 2 and label it 1 and so proceed. A permutation 
of the rows (columns) of a matrix permutes the numbers on the lines (points) of 
the figure and vice versa. We will thus have five lines connecting five points, 
each point being the end point of at least one line since the matrix is non-degen- 
erate. No point can be an end-point of more than four lines. The possible 
rencoagaaan of ten end-points among five points are 4 2211,33211,322 21, 

2222. 
We have the following typical figures and transformations. 
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2 
3 —-1 0 O 0 
0 -1 0 —-1 O 
0 0 -1 =Bsin; —As = ag, + ay + ay, 
+ 
cx 
2 > 
-1 0 O 0 
0 ot. = —As = 
0 -1 0 13 + + O45 + Ay. 
4 Le 8 
2 inks 
0 -1 0O 0 
0 0 0 Passi = 
0 0 + + O45 + O53 + 
5 


The other diagram for the distribution 3 2 22 1 yields a degenerate matrix. 

Define A ;;, to be that matrix obtained from A3i2 by permuting the rows and 
columns according to the plan 

1 
Proceed similarly for B, C and D. 

It is easily verified that the only permutation of rows which leaves —As for 
Azi2 unaltered is (32) and Asi2 = Aois; —As for Bzi24 is left unaltered only by 
the permutation of rows (34)(12) and Bsies = Basis; —As for C134, 52 is left 
unaltered only by the permutation (52) of rows and C134, 52 = Cis4, 25. How- 
ever the As for Dy.453 is left unaltered by every permutation of rows which 
leaves the cycle (12453) unaltered. Each such permutation of rows and 


the corresponding columns alters D according to the following laws: 
Dijtam = Imeing and = Djrimi- 


5. Viewing transformations A and B we see 

THEOREM 1. For any positive quaternary quadratic form f there is a trans- 
formation T decreasing — Lai; sum over = 1, 2, 3, 4, 5; 7 <j) unless the 
following inequalities hold: 
(1) ax 0, 


(2) Qji + Aik + On Ss 0 for every 1, j; k, l four of 1, 2, 3, 4, 5. 


| 
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TueorEM 2. If a positive quadratic quaternary form f has coefficients satisfying 
(1) and (2), Ii, 3 or I_i;, x is an automorph if it is permissible for f. 

Proor: Suppose I_;,5 is permissible, that is, ai2 + ais + a4 = 0. This 
implies (a2 + @13) + (Qi2 + Gis) + (Qi3 + a) = 0. From (1) therefore, 
ayy + 3 = Ae + Qy4 = Gs + Gy = O and ay = ay3 = ay = 0. Thus 
f = ays(%1 — 5)? + Zai,(x; — 2;)? is left unaltered by J, 5, the sum being over 
alli and j for which 5 27 > 7 2 2. 

Suppose J_12,5 is permissible. Then a;3 + ais + + doy = 0 and from 
(1) ais + Qi4 = Gis + 23 = Aig + Gea = A23 + G24 = O while (2) implies 
a3 + Gog + Gog = O = ay and thus a3 = ay = d23 = dey = O and f is left 
unaltered. 

First FUNDAMENTAL THEOREM: If in the ¢ of a positive quaternary quadratic 
form f every ay < 0, the form f is semi-reduced and the non-degenerate trans- 
formations T leaving s unaltered in value are all and only the transformations 
obtained by permuting the columns of the following matrices: permissible (for f) 
transformations of the types A, B, C, D (that is, whose As’s contain only those a’s 
of f which vanish) multiplied on the left by I and by transformations of the types 
[_ permissible for f. 

Proor: It follows from the first paragraph of the proof of lemma 3 that all the 
transformations J_ permissible for the transformations at the various stages must 
be permissible for f if ‘7’ is. Since for every transformations 7’, c = 0 its As 
cannot be negative if every a;; < 0. Thus the form is semi-reduced. For the 
As of a transformation T to vanish every a;; which it contains must vanish and 
thus 7 must satisfy the conditions imposed in the second, third and fourth 
hypotheses of lemma 3. Lemmas 4, 5 and 6 then apply to prove the theorem. 

CoroLuary: Aside from a reordering of the variables all forms equivalent to a 
semi-reduced form f and whose s is equal to the s of f may be found by applying to f 
permissible transformations of the types A, B, C and D. 

EXAMPLE: Suppose aj2 = @i5 = G23 = Qo, = O and all the other aj; (i ¥ j) 
are negative. The transformations are A215, A123, A121, A324, Boies, Boi2s, Cs12, 34, 
I_,,; and the product of each on the left by J_2,s. It may be noted that 
diagrams are of some assistance in this connection. 


6. We consider the case: a. > 0 and (1) and (2) true. Note 
As = + Cis + Cra + Cis + Cos + Cos + Co5)Qi2 — Cij(i2 + ais) 
— — C45Q45 — Where 2 = 1, 2;7 = 3, 4, 5. 
As = (—¢i2 + Cis + C14 + Cis + C23 + Cos + C25) 
+ + cis + Cra + C35 + C32 + + Cas) — Caz + Ase + iy) 
— 2 cis(Qi2 + ais) — J cjs(Asa + ajs), Where 7 = 1, 2;7 = 3, 4. 


In the first equation, if ai. > 0 and 34, 435, 245 S O, (1) implies that all terms 
but the first are positive or zero and therefore that As is positive if the coeffi- 
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cient of ai is positive. Similarly in the second equation if a,2, a3, > 0, (1) and 
(2) imply that As is positive if the coefficient of a;2 and of as, is positive. Thus 
we seek the transformations T' for which 


(3) = Cis + Cia + Cis + Cox + Cos + Cos. 


Throughout the section up to the second fundamental theorem 7 = 1 or 2; 
j = 3,4o0r5;k = 1,2,3,40r5. (3) holdsif and only if 


(tue — tus)? =D) (tn — — 10. 


Write y(k) = — (tu — + (tin — — 2. 


We prove that no non-degenerate oni T contains a column k for which W(k) <0 
and find for what columns Y(k) = 0. Fix k, write di; = tik — t,x, note 


(4) tir — tor = dy — do; 


and have 


Wk) = >) {—(dy; — + + — 2 


= (di; + + (dj; + dz ;)/3 — 2. 


First if Y S 0, nod is greater than 1. For, if two d’s were greater than 1, 
the second sum is greater than 2; while if dj; > 1 and dj, < 1, for example, 
the first sum would, from (4), be = 1. 

Second, if ti, = tex, from (4), di; = de;. Then at least four d’s vanish if 
y <0. If all the d’s vanish, all elements in the kt" column are equal and the 
matrix is degenerate. If all but two vanish, Y = 0 and by subtracting ty 
from each element of the column and multiplying by —1 if necessary we have 
a column U; whose element in the j** row is 1 and whose other elements are 
all zero. 

Third, if t:, — t2, = +1, just three d’s vanish and y = 0. If three d’s witha 
subscript in common vanish, we have as above U;. Otherwise we have Ui 
whose elements in the 7** and j** columns are 1 and whose other elements 
vanish. 

Finally, if ti, — to, = + 2 then dj = + 1, do; = += 1 and we have U1: 
+1+1000. 

Thus, the inequality in (3) holds for no transformation T and the equality 
sign holds only when T can be put into a form such that each column is one of 
U;, U;, Uy, Ure or its negative. From lemmas 5 and 6 every transformation 
whose every column is +U;, +U; or +U;,; is of the form A, B, C or D. 

Note that, since a). > 0 and (1) implies that a;; < 0 and see that of the 
transformations A, B, C, D we need consider in this connection only those 
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whose As contains a2 and those whose As contains no a with a subscript 1 or 2 
or contains some positive a. 

It remains to consider the matrices T containing a column Uj. Note, from 
the proof of lemma 5, that the number of non-vanishing elements in each of the 
five rows is of the same parity and see that, aside from the order, the possible 
combinations of the U’s are UU U pmU py 
UU U gU imU a Where 7, p is a permutation of 1, 2 and 1, m, 7 is a permutation 
of 3,4, 5. Giving the subscripts particular values, fixing the sign of one U ar- 
bitrarily and determining the signs of the others so that the sum of the elements 
in each row is the same (that is, so that when one row is made to vanish the 
sum of the elements in each of the others is zero) we have the following typical 
transformations: 


T_1,3Aas, 
UU 2U 23U 15 = I sCs21, 34) 
= I sBusa, 


1 1 —1 -1 

0-1 0 0 
= 10 0 O 0 = 345 

00 0 -1 0 


For —As = + + + Now As = 0 when (1) holds only 
if = = = In this case trial shows that is an automorph. 
Finding As for each of the transformations above we have 
Tue SeconD FUNDAMENTAL THEOREM: If a,; > 0, if (1) and (2) hold and if 
Api, Apm ANd Aym S 0, a quaternary quadratic form f is semi-reduced’ and the trans- 
formations leaving s unaltered are obtained by permuting the columns of the follow- 
ing where i, j, p, l, m is a permutation of 1, 2, 3, 4, 5: 


Condition Transformation 
1. apt = Apm = 0 Aipm 
2. aij = —Qip Ajip 
3. a+ = 0= Apl By 
4. Aj + djn = 0 = Amp = Omi C sim, pl 
5. ay = —Aip = —Aim .42 Ants 
6. ay = = —Aim = —Ajl T_ 3,1 Cus, pm 
8. = Aip = Ait = Aim E ptm (automorph). 


, " By a proof which is not long, f may be shown under these conditions to be positive if 
its determinant is not zero. 
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Tue THirD FUNDAMENTAL THEOREM: If a4j, Qim > 0 and (1) and (2) hold, a 
quaternary quadratic form f* is semi-reduced and the transformations leaving s un- 
altered are permutations of the columns of the following where i, j, l, m, p isa 
permutation of 1, 2, 3, 4, 5: 


Condition Transformation 
1. + = 0 Ajip 
2. Qim + Ap = 0 Aas 
3. aij + Qim + ay = 0 Bjitm 


5, 6 and 8 above do not occur here because one of @j1, 41, Gim, jm is equal to 
—a,; in each of these and (1) and (2) imply that ai # —ai; ¥ dim. 4 and 7 do 
not occur since here no a;; can be zero. 

Thus from the three fundamental theorems we can write down the transforma- 
tions which leave the s of any semi-reduced form unaltered and these are one of 
four types multiplied on the left by certain automorphs if every a;; is non- 
positive. 


7. A test for equivalence. It may easily be established that if ¢ is semi- 
reduced, permissible transformations A, B, C and D permute the non-vanishing 
coefficients of g when no coefficient is positive and the transformations listed in 
paragraph 6 change, except in order, not more than six? non-vanishing coeffi- 
cients of y. To test the equivalence of the forms f and f’ use transformations 
A and B to make them semi-reduced. Call ¢ and ¢’ the ¢ functions of their 
semi-reduced equivalents. ¢ and gy’ can be equivalent only if the following are 
all true: 

1. The s of gis equal to the s of 9’. 

2. The number of positive coefficients of yg is the same as the number of positive 
coefficients of ¢’. 

3a. If no coefficient of ¢ is positive, the coefficients of ¢ are the coefficients of ¢’ 
in some order. 

3b. All but six of the coefficients of ¢ are, in some order, all but six of the 
coefficients of ¢’. 

If 1, 2 and 8 all hc!d, one can use fundamental theorems 1, 2 and 3 to establish 
or disestablish equivalence. 


CorRNELL UNIVERSITY. 


§ By a proof which is not long f may be shown to be, under these conditions, positive if 
its determinant is not zero. 

* The transformations change not more than four except when a;;, dim > 0 and condi- 
tion 3 holds. 


» a 


a 


AynaLs OF MATHEMATICS 
Vol, 35, No. 3, July, 1934 


PROOF BY CASES IN FORMAL LOGIC 
By C. 
(Received May 8, 1933, Revised March 28, 1934) 


1. Introduction. By a logic or system of formal logic we shall mean the 
totality of formulas consisting of the formulas of a given set (the formal axioms) 
and all the formulas derivable from them by the use of certain formal rules (the 
rules of procedure). The formulas of the logic shall be said to be true or provable. 

We are concerned primarily with the case in which the formal axioms and the 
rules of procedure are those proposed by A. Church in these annals.' In the 
development of this system the question arises of whether there is any process of 
formal proof analogous to the intuitive method of proof by cases. (The answer 
is not immediate, since there is no evident means for proving the implication 
F(x) D, G(x) between two functions F and G, except when =x-F(x) can be 
proved. Consequently direct application of Axiom 25 is not in general 
available for effecting a proof by cases.) An affirmative answer can be given 
from the considerations of this paper. 

Only certain of the axioms listed by Church are required for our results. 
When studying the logic based on those axioms only, the provability of formulas 
in systems obtained by adding other formal axioms is relevant, in view of 
Theorem I and Corollaries,? and like theorems below. Church’s terminology 
and rules of procedure do not lend themselves to a statement and proof of 
theorems about the provability of formulas in such a form that they apply to 
all such systems. Hence we introduce slight changes. ‘ 

Formal symbol was defined by Church.? The term expression or formula we 
make precise by defining it to denote a finite sequence of formal symbols. One 
expression shall be said to occur in, be contained in, or be a part of another, if the 
symbols of the one sequence occur in the same order and contiguously in the 
other. If the expression N occurs one or more times in M, we may use the term 
occurrence to denote a particular part of M of the form N. When T denotes a 
particular part of M, we may say that T is in M. 

Any formal symbol other than {, }, (, ), A, [, ] shall be a proper symbol. 


‘ A. Church, A set of postulates for the foundation of logic, Vol. 33 (1932), pp. 346-366, and 
hg 34 (1933) pp. 839-864. Arabic numerals will be used to refer to the axioms listed on p. 

1, 1933. 

* Church, 1932, p. 358 and p. 366. These are examples of metamathematical theorems or 
a about the logic, as distinguished from formal theorems or proved formulas of the 
ogic. 

* 1932, p. 351. 
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A formula will be called well-formed, and an occurrence of a proper symbol 
in a formula will be said to be an occurrence as a free symbol, in accordance with 
the following rules, and those only: (1) a formula consisting of a single proper 
symbol x is well-formed, and the occurrence of x in the formula x is an occurrence 
as a free symbol, (2) if M and N are well-formed, {M}(N) is well-formed, and 
the occurrences of proper symbols as free symbols in M and in N are occurrences 
as free symbols in {M}(N), (3) if R is well-formed, and x occurs as a free 
symbol in R, Ax[R] is well-formed, and the occurrences of proper symbols other 
than x as free symbols in R are occurrences as free symbols in \x[R]. An 
occurrence of a proper symbol in a formula which is not an occurrence as a free 
symbol will be called an occurrence as a bound symbol. By free a (bound) 
symbol of K, we shall mean a proper symbol which occurs as a free (bound) 
symbol in K. 

The axioms of Church’s list are well-formed. 

Our rules of procedure shall be with “well-formed,” “free’’ and “bound” 
read in the present sense, “variable” replaced by “proper symbol,” and “occur- 
rence of SyM | in J” in III replaced by “occurrence of Sy M | in J not im- 
mediately following an occurrence of }.” 

A proper symbol shall be a constant symbol if it is a free symbol of an axiom; 
otherwise it shall be a variable. 

Each theorem shall be valid for any logic whose rules of procedure are I-V and 
whose formal axioms are well-formed and include 1, 3-11, 14-16. 

This program will be satisfied for metamathematical theorems if their proofs 
are phrased with reference to any logic of the sort indicated. (Then if variables 
are employed, letters must be used to represent them ambiguously, since the 
axiom list is not explicit.) The program will be satisfied for formal theorems if 
they are shown to be provable when the axioms are 1, 3-11, 14-16. 

It is easily shown that, when the axioms are well-formed, the effect of the 
changes in the rules of procedure is the addition of II, =, &, ~, «and A to the 
set of symbols which may be used as bound symbols in the statement of prov- 
able propositions.® Theorem I and its corollaries remain true under the new 
terminology and generality of interpretation. 


2. Well-formed expressions.6 We take note of certain laws concerning 
the relations among the signs of inclusion in expressions generated by repeated 
operations of association; and apply them to the well-formed expressions. 


4 Church, 1932, p. 355-6. The Roman numerals I-V will henceforth be used to refer to 
the modified forms of these rules which we are now adopting. 

° There is also the change resulting from the fact that an occurrence of a proper symbol 
x in a part Ax[M] of a well-formed expression K is now not necessarily an occurrence in K 
as a bound symbol, unless the brackets about M “belong together’ in a certain sense, 
which is secured by the condition that M be well-formed; and the specified change in Rule 
III. These two changes merely correct misstatements of what was previously intended. 

6 Some theorems concerning well-formed expressions, similar to theorems of this section, 
were presented by Church in a course of lectures at Princeton, Nov. 1931. 
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Given a linear series of elements (points) of any sort, we designate by the term 
interval a subset of the elements consisting of all elements between and including 
agiven pair (the left and right endpoints). 

91. Given two sets of m points, a; and b;, all distinct, in a linear series, if it is 
possible to pair the a; one-to-one with the b; as left and right endpoints, respec- 
tively, of a set of intervals such that the pairs of endpoints of each two intervals do 
not separate each other, then it is possible in only one way. 

The theorem is trivial ifm = 1. Assuming it true for sets of p points, it fol- 
lows for sets of p + 1 points thus: In the given set of p + 1 intervals, there must 
exist an interval (a, b;) which contains no other. This interval must belong 
to any other like set which can be constructed from the two sets of p + 1 
points, for if a, were paired with some other point b, (r ¥ 1), then there would 
exist no ds, With which b; could be paired, such that (a,, b;) and (ax, b,) do not 
separate each other. Since (ax, b;) thus belongs to both sets of p + 1 inter- 
vals, the sets of p points a,(t ~ k) and b,(u ¥ 1) come under the hypothesis of the 
induction, and hence the two sets of p + 1 intervals are identical. 

21. If an interval in the set of a; and bj, as well as the whole set, admits a 
pairing of the type considered in 21, then the pairing in the interval is a part of the 
pairing in the whole set. 

This may be established in the same manner as 21. 

2111. In a well-formed expression K, there exists a unique pairing (1) of the 
occurrences of the symbols { with the occurrences of the symbols }, (2) ( with ), (3) 
{ with ), (4) \ with[, (5) [ with ], (6) X with ], (7) { and X collectively with ) and | 
collectively, etc., as left and right signs of inclusion, respectively, of parts of K such 
that each two parts are either non-overlapping or nested one in the other. Moreover, 
if such a pairing exists in a part of K, it is a part of the pairing in K. 

Liss the occurrences of (1) { and }, (2) ( and), --- , as a; and bj, respec- © 
tively. The “known” construction of K from proper symbols, which exists 
according to the definition of well-formed, leads us to one pairing of a; and b; 
in which no two pairs separate each other. Then 2I and 2II apply. An a; 
and 6; thus paired will be termed corresponding. 

21V. If K is well-formed, a necessary and sufficient condition that a part N of K 
which occurs between { and }, or (and ), or d and [, or [ and ], or begins with | 
and terminates with ), or begins with \ and terminates with |, be well-formed is that 
the { and }, or ( and ), or X and [, or [ and ], or { and ), or d and ], as the case 
may be, correspond. 

The case of braces is typical. If N is well-formed, there is a correspondence 
of braces in N. Hence there is a correspondence of braces in the part {.N}, of 
Kin which a and b correspond. The sufficiency of the condition follows from 
the known construction of K as a well-formed expression, since each pair of cor- 
responding braces when introduced encloses a well-formed expression. 

2V. A well-formed part N of a well-formed expression M either is M, or is a 
i caf symbol enclosed between d and [, or occurs enclosed by braces, parentheses or 

rackets, 
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Each well-formed part of M which is a single symbol enters in the known 
construction of M in one of the situations listed by the theorem. If N consists 
of more than one symbol, then by the definition of a well-formed expression, N 
either begins with { and ends with ), or begins with \ and ends with ]. Then, 
by 2IV, this { and ), or \ and J, correspond; and in the known construction of 
the correspondence of {’s and )’s, and of )’s and ]’s, in M, each corresponding 
pair interior to M is enclosed by braces, parentheses, or brackets. 

2VI. If {M}(N) and either M or N is well-formed, then both M and N are well- 
formed. 

2VII. A well-formed expression can be of the form {M}(N), where M (or N) is 
well-formed, in only one way. 

Proofs. If M is well-formed, we suppose {.M},(N) also written {,.M’},-(N’) 
where M’ is well-formed. Then there is a correspondence of braces in {,M}, in 
which a and 6 correspond, and in {.M’}, in which a, b’ correspond. Hence } 
and b’ are the same occurrence of }; and M and M’, also N and N’, are iden- 
tical. Similarly, if N is well-formed. But from the definition, we know that a 
well-formed expression whose first symbol is { is of the form {M}(N) where both 
M and N are well-formed. 

2VIII. If K, P, and Q are well-formed, and P and Q are parts of K, then either 
P is in Q, or Q is in P, or P and Q have no part in common. 

21X. Two distinct occurrences of a well-formed expression P in a well-formed 
expression K have no part in common. 

2X. If M, N, and P are well-formed, and P is a part of {M} (N), then either 
P is {M}(N), or P is in M, or Pis inN. 

Proofs. If P and Q had a part in common without either containing the 
other, then they would each have more than one symbol, and hence begin with 
a { or \ and end with a corresponding ) or ], contradicting the property of the 
correspondence 2III (7) that pairs of corresponding symbols do not separate 
each other. Thus 2VIII is established. 2IX and 2X are corollaries. 

2XI. If \x [R] and either x or R are well-formed, then both x and R are well- 
formed, and x occurs in M as a free symbol. ~ 

2XII. Jf dx [R], R (or x), and P are well-formed, and P occurs in dx [R], then 
either P is \x [R], or P is x, or P occurs in R. 

2XIII. An occurrence of a proper symbol x in a ne expression K is an 
occurrence as a bound symbol, or as a free symbol, according as it is, or ts not, an 
occurrence in a well-formed part of K of the form dx [R]. 

2XIV. If L is well-formed, if the proper symbol x does not occur in L as a free 
symbol, and if the proper symbol y does not occur in L, then S¥ L | is well-formed, and 
L and SFL | have the same free symbols. 

2XV. If M and N are well-formed, if the proper symbol x occurs in M, and if 
the bound symbols of M are distinct both from x and from the free symbols of N, 
then Sy M | and {dx-M}(N) are well-formed and have the same free symbols. 

The proofs of 2XI and 2XII are similar to those of 2VI and 2X, respectively. 
To establish 2XIII, we infer from the definition of bownd that if an occurrence 
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ofx in K is an occurrence as a bound symbol, then in every construction of K 
from proper symbols as a well-formed expression, there must enter a well-formed 
part x [R] containing the occurrence of x. Moreover, were there any part of 
K of the latter form which did not enter in the course of every such construction, 
the correspondence of )’s and ]’s in that part would not be a part of the corre- 
spondence in K, contradicting 2111(6). 2XIV and 2XV are corollaries. 

QXVI. If J, X, and X’ are well-formed, and if X and X’ have the same free 
symbols, then J’, the expression obtained by substituting X’ for a particular occurrence 
of X in J not immediately following an occurrence of d, is well-formed. 

The occurrence of X in question in 2X VI enters in the course of the known 
construction of J (otherwise by utilizing 2V and 21V we could contradict the 
last clause of 2III). X’ can be constructed and introduced instead of X, and a 
construction of J’ then completed by steps similar to those of the remainder of 
the construction of J. 

2XVII. Every provable formula is well-formed. 

We are admitting only well-formed expressions as axioms. An application of 
IV or V to well-formed expressions yields a well-formed expression; and the same 
is true of I, by 2XIV, 2XIII and 2V (by which, if x occurs in L, L does not occur 
in J immediately following \), and 2X VI; and of II and III, by 2XV, 2V and 
2XVI. 

A part P of K shall be termed free if each occurrence of a proper symbol in 
P as a free symbol is an occurrence in K as a free symbol; otherwise P shall be 
bound. If P is a proper symbol, this definition reduces to the one of §1. 

We may without ambiguity generalize the substitution notation of Church’ 
by using S$ U | to represent the expression which is obtained by replacing each 
occurrence (if any) of Xin U by Y, when X, Y and U are any well-formed ex- 
pressions. (Cf. 21X.) S¥ ... | ..- | may be abbreviated #U |. 

2XVIII. An occurrence of a well-formed expression X in a well-formed expres- 
sion K is an occurrence as a bound expression, or as a free expression, according 
as it is, or is not, an occurrence in a well-formed part of K of the form dx [R] where 
x occurs in X as a free symbol. 

2XIX. If K, X, and X’ are well-formed, then K’, the expression obtained from 
K by substituting X’ for a particular occurrence of X in K as a free expression, is 
well-formed. 

2XX. If M, X, and N are well-formed, and X does not occur in M as a bound 
expression, then S% M | is well-formed. 

Theorem 2XVIII is a corollary of 2XIII. 2XIX is obtained in the same man- 
her as 2X VI; and 2XX isa corollary of 2XIX. 


3. Abbreviation of formulas. We reserve the heavy-type letters to repre- 
sent undetermined formulas in metamathematical discussions; and adopt the 
conventions that, henceforth, (1) each heavy-type letter shall represent a well- 


7 1932, p. 350. 
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formed expression, and (2) each set of symbols standing apart which contains a 
heavy-type letter shall represent a well-formed expression. Our operations with 
heavy-type letters under these conventions involve tacit use of the theorems 
of §2. 

For example, if \x [R] is mentioned, it is supposed, in accordance with (1) and 
(2), that x, R, and \x[R] represent well-formed expressions. It follows by 2XI 
that x represents a proper symbol occurring in the expression represented by R 
as a free symbol. Similarly, when mentioning M > ,N (ie. { {II} (Ax [M])} 
(Ax [N])), we suppose that M, x, N, and M > ,N “are” well-formed. It follows, 
by means of 2III and 21V, that Ax [M] and \x[N] are well-formed; and hence, 
by 2XI, that x is a free symbol of both M and N. 

We also employ specific abbreviations, including those of Church, 1932, §6. 
The discussion of formulas represented by abbreviations is facilitated by impos- 
ing the restriction on our methods of specific abbreviation that (3) each occurrence 
of a free symbol other than Il, 2, & ~, «, A in the formula shall be represented by 
an occurrence of that symbol in the abbreviation, unless the abbreviation contains 
a heavy-type letter. Our rules of abbreviation make it easy to determine from 
an abbreviation whether a given part which represents a proper symbol repre- 
sents a set of free occurrences, or a set of bound occurrences, of the symbol. 

In applying the conventions concerning omission of braces and brackets, we 
shall sometimes treat heavy-type letters as though they were single proper 
symbols. 

The symbol “— >” indicating definition may be read “stands for,”’ “stand for,” 
“to stand for,” etc., according to the context. We use the definition of = given 
by Church (1933, p. 844). German letters are used for more or less temporary 
definitions. 

The abbreviation of \x; [ --- Ax, [R] --- ] to Ax, --- Ax,-R will be carried 
further to Ax; --- xX,-R. Similarly, =x, --- 2x,-M will be shortened to 
X,-M; ete. 

[[P] [Q]] [R] will be abbreviated further to [P][Q][R]. Similarly in the case 
of products and sums of other sorts. 


4. The symbol |-.2 “P,Q,R, --- | T” shall mean that T is derivable from 
P, Q, R, --- by zero or more applications of our rules of procedure (I-V). To 
this definition we add a convention which makes the meaning of | depend also 
on the set of formal axioms: such of P, Q, R, --- in “P,Q, R, --- | T” as are 
provable may be omitted. 

Thus M,N, --- | T is the assertion that T is provable as a consequence of 
M,N, --- in the sense that T could be made provable by adding M,N, --- to 
the list of axioms;? and L- T is the assertion that T is provable. (The symbol |- 
in the phrase “{- T” will often be omitted.° However “T”’ standing by itself 


§ Our definition of this symbol was suggested by that of J. B. Rosser. 
* Cf. Church, 1932, p. 357. 
10 Cf. Church, 1932, p. 350. 
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sometimes means merely that M, N, --- - T, where M, N, --- have been 
previously “assumed.” “ }” may be read “‘yields.’’) 

Various obvious relations involving | will be used tacitly. 

In view of Axioms 14-16, if Ai, --- , A, | C, then A, --- A, | C, and con- 
versely; and if Ay, --- ,An (i = 1, --- , m), then Ay, --- , A, --- By. 

We have arranged that the theorems in which | appears should contain no 
other terms whose definition is relative to the logic except variable. Accordingly, 
in view of the program announced in §1, we have the following rule: 

Each theorem in which | appears remains valid when “|-” is replaced by 
“XY, --- +,” and “variable” by “variable distinct from the free variables of 

We may apply this rule to Theorem I and its corollaries, supposing them stated 
in the | notation. 


5. Conversion, notes. We employ the terms conversion and convertible with 
the understanding that I-III represent the new Rules I-III.!' “Mis convertible 
into N” will be abbreviated to “M conv N.” 

We use tacitly the reflexive, symmetric, and transitive properties of the rela- 
tion M conv N, and the property that if M conv N and J’ is the result of sub- 
stituting N for an occurrence of M in J not immediately following \, J conv J’. 

51. Suppose that x occurs in P as a free symbol, and let P’ denote the expression 
obtained by substituting Q for the free occurrences of xin P. If the resulting occur- 
rences of Q in P’ are free, then {Ax-P}(Q) conv P’. 

For, under these conditions, it is possible by applications of Rule I to convert 
P and P’ into expressions R and R’, respectively, such that {Ax-R}(Q) yields R’ 
by an application of Rule II. 

M’ shall be a normal form of M, if M conv M’ and M’ contains no part of the 
form {Ax-R}(S). The assertion ‘““M conv N” can often be verified by converting 
M into a normal form M’, and N into a normal form N’, by applications of I 
and II, and finding that M’ and N’, if not identical, can be made so by appli- 
cations of I. 

If M conv M’, then M | M’ and M’}|-M. Hence it is sufficient for the 
proof that Ma, --- , M, | N to show that Mj, --- ,M’, | N’, where M{ conv 
M,, --- , M’, conv M,, and N’ conv N. We often use this principle tacitly. 
For example, we may pass from m > , n, and the result M of substituting X for 
the free occurrences of x in m, to the result N of substituting X for the free oc- 
currences of x in n, when the resulting occurrences of X in M and in N are free 
(ef. 5I and Rule V). 

SII. If X occurs in M as a free expression, then M |- E(X) (and E(M) | E(&)). 

For, by successive applications of 51, M conv {Ax-M’}(X), conv {Af-f(X)} 
(\x-M’), for suitably chosen x, M’ and f. From the last expression, by IV, 
>f-£(X); and thence, by conversion, E(X). 

SII. If --- ,x, are variables, Xn-M} (Xi, --- , Xn) 2x Xn-M. 


" Church, 1932, p. 357. 


sa 
ith 
ms 
nd 
XI 
!)} 
VS, 
ce, 
‘6. 
we 
by 
ns 
m 
e- 
ve 
er 
ry 
| 
| = 
‘0 | | 
0 
of 


536 Ss. C. KLEENE 


5IV. If the set of the variables x, --- , Xn which occur in N as free symbols is 
Xe.) Xn, then {AX Xn-M}(Ki, , Xn), MD x, 
Xn*N}(Xz,, Xo, » Xn). 

For it can be shown by induction with respect to n that =x, --- x,-M can be 
derived from {Ax; --- Xn-M}(Xi, --- , X,) by conversions (using I and 51) and 
applications of IV; and that {x., --- Xn-N}(X.,, --+ , Xn) can be derived from 
{\x, Xn-M}(Xi, --- , X,) and M>,,...,,-N by conversions and applications 
of IV and V. 

5V. If P,Q, --- | T, and x occurs in T as a free variable, then x occurs in at 
least one of P, Q, --- as a free variable. 

Corotiary. No provable formula contains free variables. 

5VI. If B conv C, then B and C have the same free symbols. 

For an application of one of the rules I-V to an expression A (expressions A 
and B) yields an expression C whose free symbols (other than in the case of 
IV) are included among those of A (A and B). Hence the free symbols of T are 
included among those of P, Q, --- and the axioms (2 is a free symbol of the 
axioms) ; and the free symbols of C are included among those of B, and vice versa. 


6. Combinations. We adopt the definitions 
dz-2, J drwryz-w(x, w(z, y)); 


and define combination by complete induction thus: (1) J, J, and proper symbols 
are combinations. (2) If M and N are combinations, then {M}(N) is a com- 
bination. 

61. A combination is well-formed. 

6II. If M(N) is a combination, then M and N are combinations. (Cf. 2VII.) 

By a term of a combination C, we shall mean a free occurrence of J, J, ora 
proper symbol, in C. 

6III. A combination C of k terms consists of a unique linear series of its k terms, 
interspersed with braces and parentheses. 

For by definition, C can be constructed from J, J, and proper symbols in a 
manner which shows that C consists of a certain linear series of terms of C, 
interspersed with braces and parentheses. It follows from 2VIII that either 
every term of C occurs in this series, or some term of C is a part, not the whole, 
of another term. The latter is impossible, since any term composed of more 
than one symbol is either an I or a J, and hence has no free part except itself. 

6IV. If the last term of a combination be replaced by A, and the others (if any) 
by I, the resulting expression is convertible into A. 

This theorem is provable by induction with respect to the number of terms of 
the given combination, using the following facts: In view of the definitions, a 
combination C of n + 1 terms is of the form C,(C2) where C; and C2 are com- 
binations. Then, by 6III, the series of terms of C is the series of terms of C: 
followed by that of C2. J(A) conv A. 


. 

( 
d 
l 
| 

| 

Bai 


Ns 


FORMAL LOGIC 537 


The theory of combinatory logic, developed by M. Schénfinkel and H. B. 
Curry, has been brought into relation to the theory of the present system by 
J.B. Rosser.!2 The following two theorems result from Rosser’s work: 

6V. Given M, a combination M’ can be found such that M’ conv M. 

6VI. If Ki, --- , Kn, and L are combinations, and L is derivable from Ky, --- , Kn 
by Rules I-V, then L is derivable from Ky, --- , K, and certain provable combina- 
tions Uy, «++ » Was by means of the following rules: 

R1. If I(f, g) and f(p), then g(p). 
R2. If £(p), then =(f). 
R3. If I(p), then p. 
R4. If p, then I(p). 
R5. If f(I(p, q)), then £(p(q)). 
R6. If £(p(q)), then q)). 
R7. If £(J(p, 4, s)), then £(p(q, p(s, r))). 
R8. If f(p(q, p(s, r))), then £(J(p, q, s)). 
All the formulas occurring in this derivation are combinations. 

The last clause is a consequence of 6II. 

6VII. If Ai, --- , An contain no free symbols, then there can be found expressions 
C,,--- , Ca, H such that C(I) conv A; and H(C,) conv I (i = 1, --- , n). 

By 6V, A; is convertible into a combination B;. Let the number of terms of 
B; be m;, and let m be any integer = the m numbers m, --- , m,. Let Bj 
represent the combination J( --- 7(B;) --- ) of m terms, bi, --- , Dim. By 
6III, we can without ambiguity define B; to be the expression obtained from 
B, by substituting b,, --- ,bm for bi, --- , Dim, respectively. Let C; — 
«++ Di, , Dim). We infer from 5VI, the definition of term, 
and the hypothesis that A; contains no free symbols, that b;, (r = 1, --- , m) 
is either an J or aJ. Now C,(I) conv {Abi bm-Bz} (Da, Dim), Conv 
Bi, conv B;, conv A; Let H — Ap: p(drab; I, I, I), 
ba(I, I, I, 1))). I, I, I) conv I, since both I(J, J, TI) and J(, I, I, 
are convertible into J. Hence H(C;) conv - By} (ball, I,I,I),-- 
bin(Z, I, I, I)), conv bm-By} (I, J), conv "By |, conv ‘I 
(by 6IV). 


See M. Schénfinkel, Uber die Bausteine der mathematischen Logik, Math. Annalen, 
Vol. 92 (1924), pp. 305-316; H. B. Curry, An analysis of logical substitution, Am. Journal 
of Math., Vol. 51 (1929), pp. 363-384; Grundlagen der kombinatorischen Logik, Am. Journal 
of Math., Vol. 52 (1930), pp. 509-536, 789-834; Some additions to the theory of combinators, 
Am. Journal of Math., Vol. 54 (1982), pp. 551-558; J. B. Rosser, A mathematical logic with- 
out variables, forthcoming i in these Annals. 

Under Ress" s definitions, J and J are not abbreviations, but undefined symbols of the 
logic; and there is a difference between the present notation, and the notation used in 
Rosser’s work, for the application of a function to an argument. But there is a one-to-one 
correspondence between his combinations and the combinations in the present sense, which 
enables us to apply his theory to our combinations. 
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7. The formulas 1 and 2. We use the definitions 
 2— 


of Church." 

71. If Ai and Az have the same free symbols, then there can be found a formula 
L such that L(1) conv A; and L(2) conv Ao. 

Let the free symbols of A; be 21, ,Zm. Then dz; Zm-A; (¢ = 1, 2) has 
no free symbols; and hence, by 6VII, there can be found formulas C;, H such 
that C,(J) conv Az, «++ Zm-A; and H(C;) conv J. By 5VI, C; and H contain 
no free symbols. Let n be a proper symbol distinct from Z;, --- , Zm, and let 
L— An-n(Apq-q(p(db- C:))), Af-H(f(Ci), Ci), I, I, Zi,***y Zm). Then L(1) 
conv C2)))} Of-H(f(Ci), C,), I, I, Zi, Zm) (using the 
definition of 1), conv (Aq: q(H(H (CG, C2), C;))} I, Zm); conv 
{Agq-q(Ci)} I, 21, «++ Zm) (using the conversions of H(C,) and into 
I), conv 21, +++, Zm), Conv +++ Zm-Ai} (Zi, Zm), conv Aj. 
Similarly, L(2) conv L(jfx-f(f(x))), C:)))} 
C»)))} (f-H(f(Ci), C,)), I, I, Zm); conv 
{Apq-q(p(rb-H(b, Cz)))} (Aq-q(Ci), +++ Zm), conv {dq-q(H(Ci, C2))} 
I, Zi, Zm), conv {Aq-q(C2)} I, conv Ap. 

Let 


M — du-$(1)¢(2) D 


Let A be any formal axiom. By 7I there exists an F such that F(1) conv 
F(2) conv A. Then F(1)F(2), and consequently 2¢-¢(1)¢(2), is provable. 
Moreover, assuming ¢(1)¢(2), we can prove both ¢(1) and ¢(2) as conse- 
quences. Hence,according to Theorem I, ¢(1)¢(2) D 4¢(1) and $(1)¢(2) > 44(2) 
are provable. The last two formulas are convertible into M(1) and M(2), 
respectively. Thus we establish the theorems 


7.1. + M(1). 
7.2. + M(2). 


We adopt the convention that when an italicized letter is being used to represent 
the number one (the number two), the letter in heavy-type shall represent the formula 
1 (the formula 2). 


8. Representation of a proof by an implication. In this section we prove 

8I. Let x be any variable distinct from the free variables of M. If M(1) N 
and M(2) EN, then there can be found expressions M*, 1*, 2*, T, N*, & such that 
M*(&) conv M, 1*(®) conv 1, 2*() conv 2, | T (&), N*(&) conv N, E(M) + 
M*(x, 1*(x))T(x) D ,N*(x), and E(M) |- M*(x, 2*(x))T(x) D ,N*(x). 

Throughout the proof of this theorem, the index j shall take the values 1 and 2, 
the convention of §7 will be employed, and, furthermore, when j represents 
1 (2), j* shall represent 1* (2*). 


13 1933, p. 863. 
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According to the hypothesis, a proof of N as a consequence of M(j) can be 
found. Let Aj, +--+ » Aj; be a list of the formal axioms used in this proof. 
According to 6V, combinations B, j’, B,;: (i = 2, --- , n; + 1), N’ can be found 
such that B conv M, j’ conv j, Bj conv A;,;.,N’ conv N. From these conver- 
sions and the derivation of N from M(j), An, --- , Aj; by Rules I-V, we can 
discover a derivation of N’ from B(I(j’)), Bj, --- , Byy;41 by I-V. It follows, 
by 6VI, that a derivation of N’ from B(J(j’)), Bj, --- , Bj,,;41 and certain 
provable combinations %4, --- , %s by Rules R1-R8 can be found. Every 
formula occurring in this derivation isa combination. Let B; be the combination 
I(j’); Ba be the combination B(B,); and denote the combinations %,, --- , %s 
by Bj, » By aj+17, respectively. Then 


(1) — B(B;), BconvM, B;convj; 
and, since Aj, --+ , Aj;, 2a, +++ , Mis are provable, 
(2) By G = 2,---,% +417). 


Moreover, we may list all the other combinations occurring in the last mentioned 
derivation as B;, ;+18, Bye; (6; > 1; + 17) in such a manner that 


(3) foreach (y; + 18 S$ 7 S either there exist and »;;, both < 7, such 
that B;; results from an application of R1 to B;,;;, B;,;;, or there exists uj; <7 such 
that B;; results from an application of a certain one of R2-R8 to B;,,;; and 


(4) N’, N’convN. 


Let the terms of B be bj, ---, b,; of B; be by, ---, Dbj-;; of By be 
bia, , (@@ = 1, --- , 6). Since B; is I(j’), 7; > 1. By 6III and (1), 
bi, ,b,, ba, , and --- , are the same series of terms, and 
t+7;= Let B’, B;, and B;; be the expressions obtained from B, B;, and 
Bi, respectively, by the substitution of --- , tr; h, ty +++ for 
the terms by, --- , by; ba, , Dj, , respectively. By 71, there 
exists a G such that G(1) conv At, --- t,-B’ and G(2) conv d & et; --- t,w-e()- 
e(t,)-u. Similarly, there exists a G; such that G;(1) conv At; -- - t,;-B,; 
and G;(2) conv d & et; --+ t,;-e(th) --+ -e(t,;) (since 7; > 1, & is a free symbol 
of -e(t,;)) ;and a G;; (¢ = 2, --- , such that G;,(1) conv 
B;; and G,,(2) conv d & et; --- -e(ts;;). Let Mi ----t2- 
tei), and H, ; — t,x -a(Gji, (i = 2, 

» (i 1, 6), N*— RK Ay-y(1), and hy-y(2, &, E). 
For i > 1, our choice of B* , was governed only by the form of B;;. According 


* Our discussion does not apply verbatim to the case in which this derivation is of zero 
eps. But then we can use instead the derivation consisting of an application of R4 to 
N’, followed by an application of R3 to the resulting expression /(N’). 
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to (4), Bi, and Boys, are both the expression N’. Hence we may suppose that 
B?,, was chosen to be the same expression as Bi,,- Then 


(5) 50; is N*. 

M*() conv R(G, bi, --- , b,), conv G(1, bi, --- , by), conv B, conv M. Thus 
(6) M*(&) conv M. 

Similarly, 

(7) j*(®) conv j, 


and B¥ ;(&) conv B;; (¢ = 2, --- , 6;). Since both B*, (X) and M*(X, j*(X)) are 
convertible into X(G, bi, --- , br, X(Gj, Dj, , Dj-;)) 


(8) for any X, B;,(X) conv M*(X, j*(X)). 


Hence B*,(®) conv M*(&, j*(®)), conv B(B;), which is By. Thus, by cases 
G@>1,7 = 1), 


(9) conv B;; (i = 1,---, 6). 
From (9) and (2) follows 
(10) = 2, +++, +17); 
and from (9) and (4) follows 
(11) N*(®) conv N. 

conv G(2, &, bju, - Dir, G (2, &, conv 
+++ + Also, for = 2, --- , Gj, 


;(2) conv G;;(2, &, E, Djirji); conv E(I)- E(b;i1) 
Hence 


(12) B; ;(2) conv E(1) - E(b;i1) eee E (bj (i = 1, eee, 6;). 


Any axiom A is convertible into I, A, I). Hence, by 5II, E(1), and also, 
if b;;,(1 S r S 7;;) isan J ora J, then + E(b;i,). If b;;, is a constant symbol, 
then, by 5II and the definition of constant symbol, E(b;;,) can be inferred from 
some one of the axioms. It follows from 5VI, (1), and the definition of j 
(j = 1, 2), that the free symbols of By; are the free symbols of M. By 5V Cor- 
ollary and (2), B;; (¢ = 2, --- , n; + 17) contains no free variables. Since R1- 
R8 are rules the application of which introduces no new free symbols other than 
x, we conclude from (3) that the free variables of B;; (i = 7; + 18, --- , 6) are 
included among the free variables of Bj, --- , B;, ,,+17, and hence among those of 
M. Thus if the term b;;, of the combination B;; (i = 1, --- , 6;) is a variable, 
it is a free variable of M. In this case, by 511, E(M) | E(bji,). But bjir 
since a term of a combination, is either an J, a J, a constant symbol, or a vari- 
able. Hence, if H(M) is assumed, we can prove E(b;i-) (r = 1, «++ , 7s), and 
also H(I). It follows, using (12), that 
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113) E(M) | (i = 1, , 6). 

Supposing now that 7; + 18S t S 6;, we distinguish cases in accordance with 
the possibilities under (8). 

Case 1: B,; results from an application of R1 to B;,;;, B;,;;. Then Bj,;;, Bj,;:, 
B,, must be of the forms TI g*), f*(p*), g’*(p*), respectively, where by 6II the 
parts f, p* are combinations. Let the sequence of terms of be f7', ..- , f2 
ofgébe gi’, --- By 6III, (i) I, --- 

bji, , respectively, are the same series of 
expressions. Let fi, --+ , fajiy Bi, » Bazin Pty » Pr be a set of variables 
distinct from each other and from x. Let f be the expression obtained from f' 
by the substitution of fi, --- , fa; for the terms fj‘, --- , £/, respectively; and 
define similarly p. Let Bi,,,, B,;;, By be the expressions II (f*, *), f#(p*), 
respectively. 

By Rule V, LB. [2(x) D -2(z)]- is an example of 
a provable formula of the form II(f, g)-f(p). (It is provable, since any axiom A 
is convertible into J(A). Thence, by an application of Rule IV, =(J); by a 
second application of Rule IV, 2(2); and by conversion, {Ar-Z(x)}(Z). Thence 
Sz-Z(r) is provable by IV. Also =(x) | Z(a). Hence, by Theorem I, 
X(r) D By 61V, [Z(x) D is convertible into 


wn’. Bi BS , which yields, by 


Hence, by a corollary of Theorem I, (ii) 


Now let 
and 


Note that H;,(s = uj, »;;), Hj; contain no free symbols. 

Similarly to (9), B‘*() conv Bi, and BY conv Hence from (ii) 
follows (iii) + 

Similarly to (12), we have B}* ,(@) conv [Z(I) -E(fi) --- 
E(g:) «++ «++ -E(@y;), and BF ,(@) conv 
E(I)-E(g;) --+ -E(a;,)-E(p:) --+ -E(py,,)- Since the factors of the latter logical 
product are included among those of the former, [| 


-E(D]-E(D -E(1) (2 + + Tiny: factors) is provable, 
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and convertible into {Af, - - , +++ , I), which by 
yields =f, - .Bi ; Hence, by a corollary of Theorem I, 
(iv) + Cy). 

It follows from (i) by applications of 5I that Bj, conv 
+ (£1’, ---, and Bj,(x) conv {Agi -- - p,,,-BY,(x)} 
(gi‘, ... , pii). Hence, by SIV, (v) C(x), BY,,,(x) BY,(x). 

_ Cases 2-8: B;; results from an application of R2-R8, respectively, to B; = 
For each of these cases, a function C;; can be defined and shown to have the 
properties (iii), (iv), and (v’) Cy(x), B Fay) | r B*,(x) in the same manner as in 
Case 1. B},,, |- Bj in Case 2 by application of Rule IV, and in Cases 3-8 by 
conversions, utilizing the definitions of Jand J. Examples of provable formulas 
of the forms occurring in the hypotheses of R2-R8 are Z(2), I(=(z)), 
I(I(z, I(2(2)), I, 2, I(2, =))), respectively. In Case 2, 


Cj: > Ax- (x) D BY ,(x). 

Thus it is shown by cases one iain exist functions C;; such that 
(14) = nj + 18, --- , 4), 
(15) Ci(2) 


(16) C(x), BF By,,,(x)) Bu(x) foracertain <i “ 


Expressions M*, j*, N*, & have been defined and shown to possess the prop- 
erties (6), (7), (11). To complete the proof of 8I, we must define T and show 
that the conditions and E(M) M*(x, j > ,N*(x) are satisfied. 
Let Tj dx-Byo(x) and T — dx-T,(x)T,(x). 
It follows from the definition of BY; (i = 1, , 9;), and the previously noted 
fact that the only variables among the bji, are ion variables of M, that x does 
not occur in B¥, as a free variable. Cj: (i = ; + 18, --- , 6;) contains no free 
variables. Hence, for any X, T;(X) conv B¥%,(X) --- Cin (X) , T(X) conv 
T,(X)T.(X), and B¥,(X)T(X) conv {\x-B¥,(x)T(x) } (X). “Using the first two of 
these conversions, E T(R) follows from (10) and (14). 

Assume E(M). According to (13), B7,(@), --- , are provable as 
consequences; and, according to (15), 4+18(2), Cio, (2) are provable. We 
can infer B;,(2)T(®), and thence, by conversion and Rule IV, =x-Bj,(x)T(x). 

Assume B},(x)T(x). Thence we can infer B 710K), Bg, C i, ny 

Cjo,(x). According to we sie prove from C; , and 


a one or two of B,(x), -- then (if n; + 18 < 6;) prove 
Bj, from and a one or two of B},(x), --- , 
and so on. Thus Bj, Bio,(x) are provable as conse- 


quences of B¥,(x)T(x). 
We have now shown that >x-B},(x)T(x), and B},(x)T(x) + Bie, (x). 
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Hence, by Theorem I (i.e., by Theorem I with “+” replaced by “E(M) L,” and 
“variable” by “variable distinct from the free variables of E(M)”),’® E(M) + 
By,(x) T(x) xBjo,(x). Using (8) and (5), it follows that 


E(M) | M*(q, j*(x)) T(x) D .N*(x). 


9. Proof by cases. 

IfB = 1} CandB = 2/C, then M(B)LC. 

Let x be a variable distinct from the free variables of B. Then from the 
hypothesis it follows that {Ax-B = x}(j) + C (j = 1, 2)..° Hence, according 
to 8I, there exist expressions F, j*, T, C*, R such that F(®) conv \Ax-B = x, j*(®) 
conv T(®), C*(®) conv C, and E(\x-B = x) L F(x, j*(x)) T(x) D ,C*(x). 

From 5VI, the fact j*(R) conv j, and the definition of j, it follows that 
j*(®), and hence j*, contains no free symbols. Hence, by 7I, there exists a J 
such that J(j) conv j*. 

Assume M(B). Then, by 5II, E(B). From this formula and Theorem 1, 
Church, 1933, p. 844, we obtain, by conversion and Rule V, the formula B = B. 
Thence, by conversion, {Ax-B = x} (B); and, by 5II, E(\x-B = x). Hence 
F(x, j*(x)) T(x) D ,C*(x); and by conversion, (1) F(x, J(j, x))T(x) D ,C*(x). 
M(B)is convertible into x(1)x(2) D ,x(B). From this implication, and the logical 
product of the two formulas (1), we infer (2) F(x, J(B, x))T(x) D ,C*(x) by Rule 
V and conversion. 

In view of 7.1, 7.2, 511, and Theorem 1, j = j is provable. j = j conv 
j= j*(R), conv j = J(j, R). Hence 1 = J(1, R)-2 = J(2, R) is provable; and, 
using M(B), we can infer B = J(B, ) by Rule V and conversion. B = J(B, &) 
conv {Ax-B = x}(J(B, &)), conv F(R, J(B, &)). From (2), and the logical 
product of F(R, J(B, &)) and the provable formula T(), we infer C*(R) by V 
and conversion. C*(@) conv C. Thus, under the hypothesis of the theorem, 
C is shown to be provable from M(B). 


10. Reductio ad absurdum. 

101. If the free variables of C are yi,---, ym (m = 0), then 1 = 2, 
E(y;) E(ym) C. 

If the free symbols of C are z;, --- , Zn, by 71 there is an L such that L(1) 
conv E(&)E(z;) --- E(Z,) and L(2) conv C-E(&). Then E(y:) --- E(ym) | L(1). 
1 = 2 conv $(1) D 4¢(2), which with L(1) yields L(2). L(2) | C. 

1011. If B= 1} C andB = 2} D =1, then M(B), D= C. (Simi- 
larly, interchanging B = 1 and B = 2, or (and) D = landD = 2.) 

Since B = 1 — C, the free variables, yi, --- , Ym, of C are included among 
those of B = 1 (by 5V), and hence among those of B = 2. Hence, by 5Il, 
B=2|- E(y:) --- E(ym). By hypothesis, B = 2} D = 1. In view of 


Cf. §4. The rule stated in §4 will sometimes be used tacitly. 
“In the present proof we employ j under the same conventions as in §8. 
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1933, p. 845,D = 1,D = 2+ 1 =2. Hence B = 2, 
-- - E(ym). It follows by 101 that B = 2,D = 2! ¢. 


9I (with replaced by ‘“D= 2 we may conclude that M (B), 
=2+C. 
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THE CRITICAL POINT THEORY UNDER GENERAL BOUNDARY 
CONDITIONS 


By Marston Morse anp GEorGE Bootu ScHAACK 


(Received February 2, 1934) 


1. Introduction. The present paper has two purposes. The first is to 
simplify as far as possible the treatment of the critical points of non-degenerate 
functions of n real variables. The second is to extend the earlier treatment of 
Morse to the case of general boundary conditions. 

A method has been devised by means of which the given function f can be 
replaced without loss of generality by a new function g whose Taylor’s expansion 
neighboring each critical point ends with terms of the second order. The orthog- 
onal trajectories to the contour manifolds of f neighboring the critical points 
would in general require a somewhat difficult analysis. But in the case of the 
function ¢ the major part of these difficulties disappears. 

The sections on the critical points of f under general boundary conditions are 
entirely new. Theorem 10, however, was stated in the reference Morse (10) 
given at theend of the paper. Itis hoped that the present paper may serve as an 
introduction to the theory of critical points of a function of n variables. For 
that reason the difficult case of degenerate critical loci has not been taken up. 
Different methods would be required for the analysis of the degenerate case. 
See, for example, Morse (12), Chapter VI. The general degenerate case under 
general boundary conditions has been treated by the authors and the results will 
be published shortly. 


FORMULATION OF THE PROBLEM 


2. The region R and the function f. Let R be an open, n-dimensional 
region, lying in a bounded part of a euclidean space of n-dimensions of coordi- 
nates (x1, %2, --- ,2n). In R let there be defined a real, single-valued function 
f(t, v2, +++ , an) of elass'C’’. A point at which all of the first partial derivatives 
of f vanish will be called a critical point of f, and the value of f at such a point, a 
critical value of f. All other points of R will be called ordinary points of f. We 
shall assume that the critical points of f are non-degenerate, that is, that the 
determinant 


(2.1) | fos a; | 0 (i,j =1, +++, 7) 


at a critical point. A function all of whose critical points are non-degenerate 


‘A function is said to be of class C™) if it is continuous together with all of its deriva- 
tives up to and including those of the m* order. 
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will be called a non-degenerate function. It follows from condition (2.1) that the 
critical points of f areisolated. For by the theory of implicit functions, the equa- 
tions f,; = 0, @ = 1, --- , n) will then have in the neighborhood of any solu- 
tion only that solution. 

Moreover, in any closed region S all of whose points are points of R, there is at 
most a finite number of critical points of f. Suppose there were an infinite set 
of such pointsin S. This set would have at least one cluster point, P. Since § 
is closed P would be a point of S. Since the derivatives f are continuous and 
since they all vanish on the set in question, they would all vanish at P. Thus P 
would be a non-isolated critical point of f, contrary to the result obtained above. 

Where there is no ambiguity we shall write f(a, --- , tn) as f(x). Through- 
out the paper we shall use the convention that the repetition of a subscript indi- 
cates summation with respect to that subscript. With this understood we now 
define the index of a critical point. Let (#°) be a critical point of f. For con- 
venience let (x°) be the origin. Suppose f(0) = 0. Then there exists a real, 
non-singular, linear, homogeneous transformation of the variables (x) into 
variables (y) under which 


where k is one of the integers 0,1, --- ,m. Theinteger k is called the index of 
the critical point. It is independent of the particular linear transformation by 
means of which the above reduction is made. At a critical point of index zero f 
has a relative minimum, and at one of index n a relative maximum. 


3. The boundary conditions a. Before proceeding further it is convenient 
to define the boundary conditions a. These conditions are as follows: 
Ia. There shall exist a closed subdomain S of R which contains all the critical 
points of f in its interior. 
Ila. The boundary A of S shall be identical with a locus f = M, a constant. 
IIIa. The value M of f on A shall be greater than the value of f at any interior 
point of S. 
We shall refer to these conditions more explicitly as the boundary conditions a 
on f relative to S. 


4. The complex of points satisfying f < c. Let c be any ordinary value of 
f at most equal to the absolute maximum M of fin S. Then, as Cairns (4) 
has shown, the set of points of S satisfying the condition f S cis an n-dimen- 
sional complex in the technical sense of analysis situs. Its boundary consists 
of the points of S which satisfy f = c. | 

We shall denote the connectivity numbers, modulo 2, of an n-dimensional com- 
plex by Ro, Ri, --- , R,. We take these numbers in the sense of Alexander (1) 
and Lefschetz (8). The numbers R;, --- , R, as defined by Veblen (15) are one 
larger than those used by Alexander and Lefschetz. See also Tucker (14). 

It is the purpose of the first part of this paper to derive the relations which 
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exist between the numbers, M;, of the critical points of index k of f in S and the 
connectivity numbers of the complex S. 


5. Related functions. The relations which we shall derive depend merely 
upon the connectivities of S together with the critical points of f and their 
indices. ‘Two functions f and ¢ which are of class C’’ in R, whose critical points 
are non-degenerate and are the same in position and index will be termed related. 
If two functions f and ¢ are related and both satisfy the boundary conditions a 
relative to the same region S the relations between their critical points and the 
connectivities of S will be the same. 

We are led to the following lemma. 

Lemma 1. There exists a function ¢ which is related to f, which satisfies the 
boundary conditions a relative to the domain S, whose Taylor’s expansion neighbor- 
ing each critical point consists merely of a constant plus a quadratic form, and which 
takes on distinct critical values at distinct critical points. 

Let (x) be an arbitrary critical point of f. For simplicity we take (2°) as the 
origin. Suppose f(0) = 0. Let h(z) be any function of class C’’, 0 S z, such 
that 


h(z) = 1, 4, 
0 < A(z) 4, 
h(z) = 0, 


Let be the sum 2; 2;. Let e bea positive constant. We shall suitably restrict 
ein size during the course of the proof. 
We define a function g(x) by the following identity: 


ate) = ste) + — | 
where 
aig = fr; 2;(0) (i,j =1,---,n). 


The function ¢ is defined in R. 
We seek the critical points of g. We take e so small that the origin is the 
only critical point of f for which r < 2e. Now 


r 2 2e. 


Hence on and outside of the sphere of radius 2e with center at the origin ¢ has 
critical points which are the same in position and index as those of f. On and 
within the sphere of radius e with center at the origin we have 


VX; 


2 
It follows from the definition of a;; and from (2.1) that the origin is the only 


G,j= 1, ,n). 
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critical point of g on or within this sphere, and that it is non-degenerate. Fur- 
ther, its index as a critical point of ¢ is the same as its index as a critica] 


point of f. 
Finally we shall show that for e sufficiently small and for r between e and 2e, 
? has no critical points. It will be sufficient to prove that the sum @,; 2,, does 


not vanish for such values of r and e. 
By Taylor’s formula there exists a neighborhood of the origin, say r < 1, in 


which 
f(a) = + =1, ---,n), 


where 7(z) is an infinitesimal of order greater than two with respect to r. Choose 
2e Wethen have 


g(x) = f(x) — h(r?/e) n(x), r< 2%. 


Hence for r < 2e 


» 
G2; = fa — 2 — = aj — e) j = |, 


where 


€) = — — 25 
We can write 
n(x) = r&(x), 


where é(x) is an infinitesimal of order greater than one with respect to r. Let 
H be the maximum absolute value of h’(z). Then 


2 
S | + 25 S| +8H r<2e<r 


Thus we can write 


| e)| r0,(zx), 
where 
lim 6;(z) = 0. 
r—0 
We set 
Li = Yiyi= 4. 
Then 
and 


(5.1) Pay ZV? Yj Yj — Zr? | Yj | + 


; 
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The form 


K = Yj Y; 
is positive definite since a4 ¥; vanishes only when (y) = (0). For y; y; = 1 the 
form K has a positive lower bound, say m. But if r is less than a sufficiently 
small positive constant, say 71 < 70, 


| Yj | Os m/2. 
Hence for r < 2e < 7; it follows from (5.1) that 


Gx; Px, = 3 


Consequently for r < 2e < 7m, the set of equations ¢,; = 0 (¢ = 1, --- , n) is 
satisfied only when r = 0. 

The discussion of the critical points of g is complete. 

It follows at once from its definition that the function @ is of class C’’ in R. 
We see then that gis a function related to f. It is clear that if e is chosen suffi- 
ciently small g is less than M at interior points of S and equals M on A. 
Hence @ satisfies the boundary conditions a relative to the domain S. 

If (2°) were the only critical point of f the function g would satisfy the lemma, 
except possibly for the last clause. The function ¢ has been obtained from f 
by adding a suitable function neighboring (2°). By adding similar functions 
for each of a set of non-overlapping spherical neighborhoods of the remaining 
critical points a function ¢ is obtained which does satisfy the lemma, except 
possibly for the last clause. 

We shall now define the function ¢ demanded in the lemma. The function ¢ 
shall be identically equal to g except near a critical point. Near such a point we 
set 


+ ch(r*/e), 


where h, r, and e have the meanings given above, and c is an arbitrarily small 
positive constant. Thus 


rse, 
g=%, r 


The function ¢ has critical points which are the same as those of ¢ in position 
and index, except possibly when r is between e and 2e. But for such values of 
", for ¢ sufficiently small and for c equal to zero, the sum ¢,; ¢z; does not vanish. 
The same must be true for ¢ sufficiently small but positive. The number of 
critical points of f is finite. Hence it is clear that for each critical point we can 
choose a constant ¢ as above such that ¢ assumes distinct critical values at 
distinct critical points. 

The function ¢ is a function related to f. When the c’s are chosen sufficiently 
small y satisfies the boundary conditions a relative to the domain S. The proof of 
the lemma is complete. 
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Throughout the rest of this part of the paper we shall assume that the function 
fisa function which is related to the given function and satisfies Lemma 1. 


ORDINARY VALUES OF f 


6. The trajectories orthogonal to the loci, f = const. Let (x) = (b) be 
an ordinary point of f. Neighboring this point the trajectories orthogonal to 
the loci f = const. will be represented by solutions of the differential equations 


(6.1) 


In a sufficiently small neighborhood of (6) the denominator of the quotient in the 
right-hand members of (6.1) is not zero. In such a neighborhood these right- 
hand members possess continuous partial derivatives with respect to each of the 
x’s. Further these right-hand members do not involve 7 at all. It follows from 
the fundamental existence theorems of ordinary differential equations that there 
exists a positive constant e so small that for any point (x) = (a) in the e neigh- 
borhood of (b) and for any constant 7) whatsoever, and range of 7+ within e of 
ro, there exist functions 


(6.2) = hi(ai, , Qn, T — To) (i =1,---,n) 


which give for constant values of (a:, --- , dn) and for a variation of 7, a solu- 
tion of (6.1) that passes through (a) when 7 = 7 and is the only such solution 
of (6.1). Further, for the above described domain the right-hand members of 
(6.2) possess continuous partial derivatives of at least the first order with re- 
spect to each of their arguments. 


(i,j 1, n). 


Along any trajectory 


that is, 7 = f + const. But the arbitrariness of 7) in (6.2) makes it possible to 
choose 7 arbitrarily at any one point of the trajectory. Hence we can make 
7 = f along the trajectory. 


7. Topological equivalence of the complexes f < a,f < b. Our first theorem 
is the following. 

THEorEM 1. Let a and b (a < b) be two ordinary values of f in S such that the 
interval between a and b contains only ordinary values of f. Then the set of points in 
S satisfying 


(7.1) fsa 


can be put into one-to-one continuous correspondence with the set of points in S 
satisfying 


(7.2) f<b. 
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The number of critical values of f is finite. Hence we can choose an ordinary 
value a of f which is smaller than a, such that there are no critical values of f 
between aanda. Let H bea set of orthogonal trajectories in which there is just 
one trajectory passing through each point of the locus 


(7.3) f=a. 


Let these trajectories be represented in the form described in §6 in which the 
value of the parameter 7 at each point equals the value of f at that point. 

The constants a and b are ordinary values of f between which there is no 
critical value of f. Hence each trajectory that starts from a point of (7.3) can 
be continued through an are corresponding to a range of values of 7 from a to b. 
On these arcs the parameter values 7 = a and 7 = b lie on the loci f = a and 
f = b, respectively. Moreover, through each point (x) = (c) which satisfies 
the condition 


(7.4) 


there will pass just one of these ares. For through each such point there passes 
an orthogonal trajectory. On this trajectory 7 has the value f(c) at (c). A 
point tracing this trajectory from the point (c) in the sense of decreasing + must 
reach a point at which r = a. Such a point is on (7.3). Hence the trajectory 
through it isa member of H. Finally it follows from the fundamental existence 
theorem cited in §6 that there is not more than one of these trajectories through 
each point satisfying (7.4). 

The correspondence whose existence is affirmed in the theorem can now be set 
up. Observe that the points satisfying (7.1) consist of the sum of the points 
satisfying 


(7.5) fsa 
and those satisfying 
(7.6) a<fsa, 


while the points satisfying (7.2) consist of the points satisfying (7.5) together 
with the points satisfying 


(7.7) a<f<b. 


To set up the required correspondence the points satisfying (7.5) are first 
made to correspond to themselves. The points satisfying (7.6) are then put into 
correspondence with those satisfying (7.7) by requiring that any point P satis- 
fying (7.6) that arises on the trajectory T through P from a value of 7 that 
divides the closed interval (a, a) in a certain ratio shall correspond to that point 
satisfying (7.7) that lies on 7 and arises from a value of 7 that divides the closed 
interval (a, b) in the same ratio. 

That the latter correspondence is one-to-one follows from the fact that the 
trajectories concerned pass through each of the points concerned with one and 
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only one trajectory through each point. That this correspondence is continuous 
follows from the nature of the dependence of the points of the trajectories on 
r and on their initial points on (7.3). Further the correspondence of the points 
satisfying (7.5) with themselves clearly joins up in a continuous manner with the 
correspondence of the points satisfying (7.6) with those satisfying (7.7). Thus 
the theorem is proved. 


CRITICAL POINTS OF INDEX ZERO 


8. The connectivity numbers of the complex f < m + ec’, where m is the 
absolute minimum of f. Let e be a positive constant so small that m is the 
only critical value of f less than or equal to m + e?. Under the boundary 
conditions a and our assumption regarding the function f made at the end of 
§5, f will take on its absolute minimum at just one interior point P of §. 
Suppose P is the origin of the space of the variables (x). Neighboring (x) = 
(0), f — m equals a non-degenerate quadratic form of index zero. Accordingly 
a suitable non-singular, homogeneous, linear transformation from the variables 
(x) to variables (y) will bring f — m to the form 


+ 


Hence for a sufficiently small positive constant e the points in the neighborhood 
of P which satisfy 


f(z) Sm+e 


will correspond in a one-to-one continuous manner to the points which satisfy 


These points are the points interior to and on an (n — 1)-sphere in n-dimensional 
space. Such a set of points constitutes, in the terms of analysis situs, an n-cell 
and its boundary. Noting the definitions of the connectivity numbers we have 
the following theorem. 

THEOREM 2. If m is the absolute minimum of f in S, then for a sufficiently 
small positive constant e the set of points in S satisfying 


fim+2 


makes up an n-dimensional complex with the connectivity numbers Ro = 1, Ri = 9, 


-9. A critical point of index zero at which f is not equal to its absolute 
minimum. Let us suppose now that P is a critical point of f of index zero, at 
which f does not assume its absolute minimum. Let f = cat P. Let aandb 
(a < b) be two ordinary values of f between which c is the only critical value. 
Exactly as in the proof of Theorem 2 we can conclude that for a sufficiently 
small positive constant e the points of S neighboring P which satisfy 
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(9.1) fsc+eé 


constitute an n-cell a, and its boundary. And if e is chosen small enough this 
n-cell and its boundary will be distinct from the remaining points, say C,, which 
satisfy (9.1). | 

We shall choose eso small thatc + e <b. Thence + eis an ordinary value of 
f, and c is the only critical value of f between a and c + ¢*. It follows that the 
points of C, which satisfy 


asfsc+é 


are ordinary points of f. For under our assumption regarding f, P is the only 
critical point at which f = c. Using the orthogonal trajectories as in the proof 
of Theorem 1 we could show that C, and the complex f < a are homeomorphic. 
Consequently the connectivity numbers of C, and of the complex f < a are 
identical. 

If we add the closure of the n-cell a, to C, we obtain the entire set of points 
satisfying (9.1). The connectivity numbers of the domain (9.1) differ from 
those of C, only in that the zero*® connectivity number Ry of the domain (9.1) 
is one greater than that of C,. Finally, since both c + e? and b are ordinary 
values of f between which there are no critical values, it follows from Theorem 1 
that the complex f S$ c + e? is homeomorphic with the complex f S b. 

We have proved the following theorem. 

THEOREM 3. If aandb (a < b) are any two ordinary values of f between which 
there is just one critical value of f, say c, taken on at a critical point of index zero 
the connectivity numbers R; (i = 0,1, --- , n) of the set of points in S which satisfy 


f(z) 
differ from the connectivity numbers R;, of the set of points in S which satisfy 
f(z) Sa 
only in that 
Ro = Ry +1. 


CRITICAL POINTS OF INDEX l, 2, --- , 


10. Outline of the method to be followed. In §§10-13 we shall deal with 
a critical point of f of index k, where k is one of the integers 1, 2, --- ,m — 1. 
We can suppose that the critical value assumed by f at this point is zero. We 
shall suppose that e is so small a positive constant that there is no critical value 
of f other than zero on the closed interval (—e?, e2). We shall determine the 
difference between the connectivity numbers of the complex of points in S 
satisfying 


(10.1) fs -é 
and the complex of points in S satisfying 
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(10.2) Js #. 


To that end we first show that the complex (10.1) can be put into one-to-one 
continuous correspondence with the complex (10.2) provided we exclude a 
properly chosen neighborhood of the given critical point. This will be accom- 
plished with the aid of the orthogonal trajectories already used in §7. The prob- 
lem will then be resolved into one of determining the difference between the con- 
nectivities of the complex (10.2) and of the complex (10.2) with this neighbor- 
hood excluded. 


11. A new choice of coordinates. We suppose the critical point under con- 
sideration is the origin. Let a non-singular, linear, homogeneous transformation 
from our variables (x) to variables (y) be made of such a character that in a 
neighborhood WN of the origin 


In the space (y) the trajectories orthogonal to the loci f = const. will be defined 
by the differential equations 


(11.2) = 1,---,n) 
On N the equations (11.2) have the form 

dy = —2y; i=1,---,k) 
(11.3) : 

= (j=k+1,---,n). 
We set 


2 
(11.4) Pp + (on N) 


where p? and ¢’ are defined only on N. Let a and e (a < e) be two arbitrarily 
small positive constants. We shall be concerned with sets of points A, and E, 
in S which satisfy the following conditions: 


-@<fse 


Where p* is not defined the inequality p? > a? will be considered as satisfied 
vacuously. The point-set A, + E, is the complex f < ¢é with a suitable set 
of points in the neighborhood of the origin excluded. 


12. The topological equivalence of the complexes A, and A, + E,. We 
shall prove the following lemma. 
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Lemma 2. For a sufficiently small positive constant e the complexes A, and 
A, + En are homeomorphic. 

One restriction on ¢ has already been made in $10. It will be convenient in the 
proof to restrict ¢ still further. To prove Lemma 2, Lemmas A, B, C, D and E 
will first be established. Observe that the boundary of Z, is the sum of the three 


following point-sets: 


B;: f = 


We suppose e so small, with a < e, that B2 defines a closed point-set interior to 
an open neighborhood in which (11.1) holds. 

Lemma A. Inthe space (y) an orthogonal trajectory which enters E, by crossing 
B, intersects the boundary of E,, again for the first time on B3. 

Let (y) = (b) be an arbitrary point of Bz. Then (6) is an ordinary point of f. 
Hence there is a unique orthogonal trajectory T through (b). It will appear in 
the course of the proof that 7’ actually crosses Bs. If we choose e sufficiently 
small the differential equations of 7 will admit the representation (11.3), at 
least neighboring (b). Hence near (b) the finite equations of T are 


¥i= ¢ = 1,--- ,k), 
y; = bje* (j=k+1,---,n), 


where we have taken t = 0 at (b). 
Ast decreases from zero T enters E,. For on T near (b) 


Hence at (b) 
k 
dp? 2 
= 4a? < 0. 
That is, as ¢ decreases from zero p? increases from a?. Further, on T near (b) 


(12.1) of = > 0 (¢ = 1,---,n). 
Hence as ¢ decreases from zero f decreases. But at (b),f < ¢, and we see that 
as t decreases from zero T actually enters En. 

Suppose now that 7’ has the representation in which the value of the parameter 
7 at any point of 7 is equal to the value of f at that point. It follows from 
(12.1) that 7 is decreasing with ¢ at (b). Let 7 be traced in the sense of de- 
creasing 7. We note the following. 


ne 
a 
n- 
“4 
n- 
By: f > a’, 
Bifse, 

on 
a 
ad 
k) 

k 

i=1 
ly 

ad 


556 MARSTON MORSE AND GEORGE BOOTH VAN SCHAACK 


(i) The trajectory 7 does not return to Bz. For suppose T intersected 8, 
again, say at Q. At Q the parameter ¢ would be well defined. Since 7 is de- 
creasing ¢ would be decreasing at @. We would then have an orthogonal 
trajectory leaving EL, with decreasing t. This would be a contradiction of the 
result just obtained. 

(ii) The trajectory 7 cannot intersect B,. For on B, the parameter value ; 
would be ¢?. But at (b), 7 S e’, and 7 decreases along T. Hence statement (ji) 
is true. 

(iii) As r decreases 7 must eventually leave E,. The value of e has been 
chosen so small that zero is the only critical value of f on the closed interval 
(—e®, e?). Moreover the only critical point at which f = 0 is the origin. But 
the origin is not a point of H,. Hence we can continue T' in the sense of de- 
creasing 7 until 7 < —e?. It follows from the definition of #, that T will then 
have left E,. 

The combination of (i), (ii) and (iii) proves the lemma. 

A similar lemma is the following. 

Lemma B. Every orthogonal trajectory which enters E,, by crossing B, intersects 
the boundary of E, again for the first time on B3. 


Let Q be an arbitrary point of B;. Then Qisan ordinary point of f. Through 


Q there will be a unique trajectory T. At Q,f = e’, while at interior points of 
E,,f < e. Hence as 7 decreases T enters FE, at Q. We see as in the proof of 
Lemma A that 7 cannot return to B, nor intersect B,. But 7’ eventually 
leaves E, and hence intersects B; as stated. 

Lemma C. Lvery orthogonal trajectory which enters E,, by crossing B; intersects 
the boundary of E,, again for the first time on B, or Bo. 

The proof of this lemma is similar to that of Lemma A. 

Lemma D. There exists a one-to-one continuous correspondence between the 


points P on B; and the points Q on B, + Bz in which corresponding points lie on the _ 


same orthogonal trajectory T. 

Lemmas A, B and C establish the truth of this lemma except for the continuity 
of the correspondence. Let Qo be any point on B, + Bz. The trajectory T 
through Qo intersects B; in Po, the correspondent of Qo on B3. In the neighbor- 
hood of Q there is no critical point of f. Hence if Q is any point in this neighbor- 
hood it follows from the fundamental existence theorems for differential equa- 
tions that a point on the trajectory through Q varies continuously with Q and the 
value of a parameter 7 = f on this trajectory. In particular Q may vary con- 
tinuously on B; + By and 7 may be taken as —e?. The resulting point P on T 
will vary continuously on B3. 

Conversely Q will vary continuously on B, + Bz as P varies continuously on 
B;. This fact is a consequence of the following theorem. If there exists a one- 
to-one correspondence between a closed set of points Q and a set of points P in 
which P varies continuously with Q then Q varies continuously with P. See 
v. Kerékjart6 (7) p. 34. The lemma is proved. 

We conclude with the following lemma. 


V 
t 
n 


| 
P 


CRITICAL POINTS 557 


Lemma E. The arcs of the trajectories T of Lemma D which join points P and Q 
on B; and B, + Bs, respectively, include one and only one arc through each point 
0 E,. 

M be any interior point of E,. Then through M there is one and only one 

orthogonal trajectory T’. The parameter value 7 on T’ at M lies between —e 
and e. A point tracing 7’ from M in the sense of decreasing 7 must reach a 
point P; on Bs, and in the sense of increasing 7 a point Q, on B, + Bz. It 
follows from Lemma D that P; and Q; correspond in the sense of that lemma. 
The lemma is proved. 

Proof of Lemma 2. Wecan now set up the homeomorphism of Lemma 2. Let 
a be an ordinary value of f which is smaller than —e? and such that no critical 
value of f lies between a and —e®?. Observe that the complex A, consists of the 
points which satisfy 


(12.2) fsa 
and the set G, of points which satisfy 
a<fs 


To set up the required correspondence the domain f < a is first made to 
correspond with itself. ‘The domain G, can be put into correspondence with the 
domain G, + #, in the following manner. Let P and Q be points on B; and 
B, + Bs, respectively, which lie on the same trajectory T. Let T be continued 
in the sense of decreasing 7. Let R be the point on T at which r = a. Let 
the are of the trajectory 7 between R and Q be denoted by T’. It is readily 
seen that Lemmas D and E hold if the points R and Q and domain G, + E, 
replace the points P and Q and the domain E, of these lemmas, respectively. 
The value of rt on T’ at P is —e?. Let the value of 7 on T’ at Q be denoted 
by 7’. The required correspondence shall be one in which a point on T’ at 
which 7 divides the closed interval (a, —e*) in a certain ratio corresponds to 
that point on 7” at which 7 divides the closed interval (a, 7’) in the same ratio. 

The correspondence between G, and G,, + E, joins on continuously with the 
correspondence of f < with itself. It follows asin the proofs of Lemmas E 
and D that our correspondence is one-to-one and continuous. 

The proof of Lemma 2 is complete. 


13. Incidence relations between D, and the complex f < ¢’ with the new 
points of D,, excluded. Let D, denote the set of points which satisfy 


psa, 


where e, p, and a have the same meanings as in the last section. We shall show 
that the points of D, constitute an n-cell and its boundary. We shall also deter- 
mine the incidence relations between D, and the closure of the complex f < é 
with D, excluded. 
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Let (c) = (c1, --- , ¢n) be the coordinates of a variable point on the unit 
(n — 1)-sphere S,_; with center at the point (y) = (0). By the methods of ele- 
mentary analytical geometry it can readily be shown that the ray y joining the 
origin to the point (c) intersects the boundary of D, in a unique point (y) which 
varies continuously with (c). Moreover, the distance from the origin to the 
point (y), namely r = +/y; y;, is a continuous function of (c). 

The points interior to and on S,_; constitute an n-cell and its boundary. We 
shall show that the points of D, constitute an n-cell and its boundary by setting 
up a homeomorphism between the points of D, and the points interior to and on 
S,-1. Let an arbitrary ray 7 from the origin intersect the boundary of D, in the 
point (y), and S,_; in the point (c),. Let y’ and y”’ be the segments of y which 
lead from the origin to the points (y), and (c), respectively. 

The correspondence shall be one in which points on y’ and y’’ correspond 
which divide y’ and y’’ respectively in the same ratio. It follows from the re- 
marks made above that the correspondence is a homeomorphism. 

It is convenient to think of each point as having two sets of identical coordi- 
nates (y) and (z). We set 


2 2 
+--+ 
v 2 2 


The following lemma can be established by methods similar to those indicated 
above. 
Lemma 3. There exists a homeomorphism between the points (y) of D, and the 


points (z) satisfying 

(13. 1) ws a, 

where b? = a? + e?, in which points on the boundary of D, which satisfy 

(13 . 2) fse,° 

correspond to points on the boundary of the domain (13.1) which satisfy 

while points on the boundary of D, which satisfy 

(13.3) f= 

correspond to points on the boundary of the domain (13.1) which satisfy 
v = uw <a’. 

We observe that the points (y) of D, satisfy 
(13.4) 


and are separated from the remaining points (y) which satisfy (13.4) by those 
boundary points of D, which satisfy (13.2). These boundary points of D, will 


( 
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be termed the old boundary points of D,, while the remaining boundary points of 
D,, namely those which satisfy (13.3), will be termed the new boundary points of 
D,. The set of all points of D, other than the old boundary points will be 
called the new points of Dn. 

The points (z) which satisfy (13.1) may be represented by a pair of points 
(P,Q) of which P is a point in a k-dimensional space with coordinates 
(1, +++ , 2x) Satisfying wu? S a’, and Q is a point in an (n — k)-dimensional 
space with coordinates (zz41, --+ , Zn) satisfying v? < b*. Let the (k — 1)- 
sphere u? = a? in the space of the points P be denoted by Si1, and the 
(n — k — 1)-sphere v? = 6? in the space of the points Q be denoted by S,—x—1. 
With the above conventions the results of Lemma 3 may be translated into the 
following lemma. 

Lemma 4. The points of D, make up an n-cell and its boundary. The set D, 
can be put into one-to-one continuous correspondence with the set of pairs of points 
(P,Q) obtained by combining an arbitrary point P interior to or on a (k — 1)-sphere 
S,1 with an arbitrary point Q interior to or on an (n — k — 1)-sphere Spx. In 
this correspondence points on the old boundary of D,, correspond to those pairs (P, Q) 
that are obtained by combining an arbitrary point P on S;-1 with an arbitrary point 
Q interior to or on Syn_x-1, while the points on the new boundary of D, correspond to 
those pairs (P, Q) that are obtained by combining an arbitrary point P interior to 
S,1 with an arbitrary point Q on Sp_x-1. 

We can now complete Lemma 2 as follows. 

Lemma 5. If e is a sufficiently small positive constant the complex f S —e? can 
be put into one-to-one continuous correspondence with the complex, say C ’, which 
consists of the points satisfying f < e with the new points of D, excluded. The 
remaining points of D,, namely the points on the old boundary of Dp, are on the 
boundary of 


14. Differences between the connectivity numbers of the complex f < —ée’ 
and the complex f < ¢. At this point the reader is referred to the original 
paper of which this paper is an extension. See Morse (9). Sections 14, 15, and 
16 of that paper can be read without any change except for the numbering of 
the lemmas and for the observation that in that paper Veblen’s definition of 
the connectivity numbers is used. 

We combine the theorems of §§15 and 16 of the earlier paper in the following 
theorem. 

TroreM 4. Let c be a critical value assumed by f at a critical point of index 
k,0 <k S n; then for a sufficiently small positive constant e the differences 
AR; = Ri — R, (i = 0,1, --- , n) between the connectivity numbers R; of the 
complex f S ¢ + e and the connectivity numbers R’; of the complex f < c — e are 
all zero, except that either 


Case AR; = 1 


or else 


> 
y 
> 
1 
‘> 
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Case Il. = 


If k = n, Case II always occurs. 

We shall term a critical point of index k (k = 0,1, ---,m) for which 
AR, = 1, a critical point of index k of increasing type, and one for which 
AR. = —1, a critical point of index k of decreasing type. For k = 1,... , 
n — 1it can be shown by simple examples that both of these types are possible. 


GENERAL RELATIONS BETWEEN ALL THE CRITICAL POINTS 


15. In this section we shall derive the relations between the numbers M; of 
the critical points of index 7 of f in S, (¢ = 0, 1, --- , 2) and the connectivity 
numbers of S, = 0,1, --- , 

We first prove the following theorem. 

TurorEM 5. If mt and m; are the total numbers of critical points of index i of 
f in S of increasing and decreasing types respectively, and if R; is the j*” connec- 
tivity number of S, then under the boundary conditions a 


fe 
Ry = mM; — (¢ = 0,1, --- , n), 


where M4, = 0. 

It will be convenient to say that the null complex has null connectivity num- 
bers. Let co < ci < --- < c¢, be the complete set of critical values of f in S. 
For convenience let c,,; be the absolute maximum M of f in S. It is possible 
to choose a positive constant e so small that no two of the closed intervals 


+ — (j = 0,1, ---,7) 


contain a common value. None of these closed intervals contains a critical 
value of f. Hence it follows from Theorem 1 that the connectivity numbers of 
the complexes f S cj; — e? and f S c; + e are identical. The same is true for 
the complexes f < c¢,1, and f S c, + e. Further, on each of the closed 
intervals 


(c; — &, + (j = 0, 1, --- ,1) 
c; is the only critical value of f. Hence as c takes on the successive values 
(15.1) Co — é, Co + é, Cy + Cr + e, Cri 


the only changes in the connectivity numbers of the complexes f S ¢ occur as ¢ 
passes from c; — e? toc; + e, (j = 0,1, ---, 7). 

The differences between the connectivity numbers of the complex f S$ ¢ + @ 
and the connectivity numbers of the complex f < c; — & (j = 0,1, --- , 7) are 
given in Theorems 2, 3 and 4. It is now immediately verifiable that the sums 
of these changes as c passes through the values (15.1) from co — é? to ¢,4: are 
given by the equations of the theorem. 

The following theorem gives the answer to one of the fundamental questions 
with which this paper is concerned. 


2 
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TurorEM 6. If M; (i = 0,1, --- , n) ts the number of critical points of index 
iof f inS, and if R; j = 0,1, --+ , n) ts the j connectivity number of S, then 
under the boundary conditions « the following relations hold: 

Ro = Mo 
Ro — Ry 2 Mo — M,; 


Ro — hi + Re S Mo — Mi+ Me 


Ro — Ry + Re + (—1)"R, = My — M,+ M2 (—1)"M,. 
It follows from the definition of mt and m7; that 
M;=mi+m;, = 0,1, ---,n). 


The numbers mt and m; are all positive integers or zero. In particular 
m, =m, = 0. The proof of Theorem 6 consists merely of verifying that the 
relations of the theorem follow from the equations of Theorem 5. 

CoroLLtary. Under the hypotheses of the theorem 


M;2R; (i = 0,1, --- , n). 
There are then at least 


Ro + Ry + + Rk, 
critical points of f in S. 

The preceding theory can equally well be developed for the case of functions 
defined on closed regular manifolds locally representable in terms of n parameters 
(x). The degeneracy of a critical point or its index will be invariant of non- 
singular changes of parameters. In Theorem 4, Case II can now occur when 
k=n. There are, of course, no boundary conditions. The proof of Theorem 6 
goes through essentially as before. See Morse (12) Chapter VI. 


THE GENERAL CASE fy > 0 


16. The boundary conditions 8. We shall now replace the boundary condi- 
tions a by a set of boundary conditions which we shall term boundary 
conditions 

Let = be any open n-dimensional region whose closure = lies on the open 
region R of §2. The boundary B of = consists of a bounded closed set of 
points lying in the space of the variables (1, --- , tn). The boundary condi- 
tions 8 are the following: 

Is. The points on B in the neighborhood of any particular point (x°) on B 
shall satisfy a relation of the form 


(x1, » Zu) 0, 


where ®(x) is a real, single-valued function of (x1, +++ , Xn) of class C’"’ 
neighboring (x°), at least one of whose first partial derivatives does not 
vanish at (x°). 
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IIgs. The domain > shall contain all the critical points of f. 

IIIs. At each point of B the directional derivative fy of f(x) along the normal to 
B in the sense that leads from points on 2 to points not on > shall be 
positive. 

We shall refer to these conditions more explicitly as the boundary conditions 

B on f relative to =. 


17. New coordinates neighboring B. It will be convenient to introduce 
new coordinates for the points of R neighboring B. We make the following defi- 
nitions. If a transformation from the coordinates (x) to coordinates (£) is 
defined neighboring a point (x°) by functions é;(x) which are of class C’’ and if 
the jacobian of the transformation does not vanish at (7°) the coordinates (£) 
will be termed admissible neighboring (x°). An (m — 1)-parameter family of 
straight lines will be said to form a field neighboring a point (2°) if there is one 
and only one straight line of the family through each point of a sufficiently 
small neighborhood of (z’). We shall prove the following lemma. 

Lemma 6. Let (x°) be an arbitrary point on B. The normals to B neighboring 
(x°) form a field neighboring (x°). 

It follows from I¢ that one of the derivatives ®,; isnot zero at (x°). Suppose 
this derivative is $,,. Then in a neighborhood of (2°) the equation (rz) = 0 
can be solved for x, in the form 


tn = g(21, Saxads 


where g is a function of class C’’’.. Upon setting 


= Uj, = Uj (j =1,---,n-J) 
we see that B can be represented neighboring (x°) in the form 
(17.1) = gilt, +++ Una) (i = 1,---,n), 


where the matrix of the first partial derivatives of the functions g; has the rank 
n — 1 at the point (u°). Since B is a bounded closed set of points it follows 
from the Heine-Borel theorem that B can be covered with a finite set of neigh- 
borhoods in each of which B has a representation of the form (17.1). 

Let b;.(u) be the determinant obtained from the matrix 


agi G=1,-:- , n) 
du; (j= 1,-+-,n-D 
by deleting the row. Then the set (—1)* b,(u) = 1, --- ,m) is a set of 


direction numbers of the normal to B at the point (uw). The direction cosines 
of the exterior normal are 


(17.2) 


e bi(u) 
Vb;(u) b;(u) 
where ¢ is taken as 1 or —1 according as the set (— 1)‘ b;(u) gives direction num- 


bers of the exterior or interior normal. The equations of the normal to B at 
(u) are 


= (i,j 


at 
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(17.3) = (u, 8) = gi(u) + sa;(u) =1,---,n), 


where s is the are-length along the normal measured from B. For points on = 
we see that s < 0. 

To prove the lemma it will be sufficient to show that the jacobian of the right- 
hand members of (17.3) with respect to the variables (u, s) is not zero when 
(u,s) = (u°, 0). This jacobian is the determinant 


(17.4) J= 
OUn-1 (u) = (u®) 


The matrix of the first nm — 1 columns of J has the rank n — 1. Hence the van- 
ishing of J would imply the dependence of the last column upon the other 
columns. But the last column gives the direction cosines of the normal to B at 
(u°), while the other columns give direction numbers of n — 1 linearly inde- 
pendent directions tangent to B at (u°®). The normal direction is not depend- 
ent upon the tangent directions. Hence J does not vanish. The proof of 
Lemma 6 is complete. 

The equations (17.3) define an admissible change of coordinates from the 
coordinates (x) neighboring (z°) to coordinates (u, s) neighboring (w°, 0). We 
shall further transform the coordinates (u, s) neighboring (u°, 0) into coordi- 
nates (u, v) such that 


(17.5) 
v= fix(u, s)] f[(x(u, 0)). 


This transformation is of class C’’. One verifies the fact that for s = 0 
ov 
fy > 0. 


From this fact it follows that the jacobian of this transformation is not zero at 
the point (u°) on B. The parameters (u, v) thus form an admissible set of 
coordinates neighboring the point (2°). 

Corresponding to the point (u°) on B there exists a positive constant » and 
on B a neighborhood N of (u°) such that the normals to B at the points of N 
have the following properties. The segments of these normals on which | v| < 1 
cover a neighborhood N* of (x°) in a one-to-one manner while at each point of 
N* the equations (17.3) and (17.5) define a transformation with non-vanish- 
ing jacobian. Sets (u, v) for which (u) lies on N and | v | S 7 may thus be re- 
garded as admissible coordinates for the neighborhood N*. It follows from 
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the Heine-Borel theorem that B can be covered with a finite number of neigh- 
borhoods 


(17.6) Ni, Nu 


such as N, and that accordingly one choice of the constants 7 can be made for all 
of these neighborhoods. It follows from the definition of 7 that f has no critica] 
points on any of the neighborhoods N* corresponding to the neighborhoods 
(17.6). 

18. Redefinition of the function f. Let ¢, e2, es be three constants such 
that —n < e < e: < e3 < 0. The points on the normals to B at which »v has 
the values ¢1, é2, es constitute three loci 71, T2, T's, respectively. Let N be any 
one of the neighborhoods (17.6) and let the corresponding set of parameters on 
Bbe(u). Let F(u) be the value of f at the point (wu) on B. 

At the points between 7 and B we define a function ¥(w, «++ , Uns, v) as fol- 
lows. Let G be a constant greater than the absolute maximum of f on 3. Let 
H(u, «++ , Uns) be the function defined by the equation 


(18.1) F(u) + e3 + H(u) [es — e2]4 = G. 

The function H(u) is of classC’’on N. Wenow set 
y(u, v) = F(u) + 2, <u Sey, 
v) = F(u) + » + A(u) [v — e],4 ee <v<0. 


The function y is of class C’’.. On 73, v = e3 and by virtue of (18.1), y = G. 
We observe that H(u) is positive. Hence y, is positive. Thus y has no criti- 
cal points. 

We now redefine the function fon =. Let the new function be L(a, --+ , 2n). 
The function L(z) shall be identically equal to f(x) on 2 except at the points (x) 
at which e, <v <0. At each of the latter points L(z) shall be equal to the value 
of y at the corresponding point (u, v). It follows from the properties of that 
L(x) is of class C’’ on >. 


19. The relation between the critical points of f and the connectivi- 
ties of >. The function L(x) defined in the preceding section is a function 
related to f in the sense of §5, provided we restrict f to its values on 2. Let 8 
denote the closed domain of points (x) which satisfy the condition 


L(x) S G. 


The domain S is bounded by 7’. 

We state the following lemma. 

Lemma 7. The domain S is homeomorphic with 3. 

This lemma is readily proved by using the normals to B in the way in which 
the orthogonal trajectories were used in the proof of Theorem 1. 

We summarize the preceding results in the following theorem. 


igh- 


ich 
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TuzorEM 7. Suppose f(x) satisfies the boundary conditions B relative to the 
region 2. Then there exists a function L(x) related to f(x) on = and a sub-domain S 
of 2 homeomorphic with = such that L(x) satisfies the boundary conditions « rela- 
tive to S. 

Since S is homeomorphiec with 5 the connectivity numbers of S and 5 are the 
same. Hence Theorems 6 and 7 combine to give the following theorem. 

TueorEM 8. Under the boundary conditions B the relations between the num- 
bers M; of critical points of index i of f on = and the connectivity numbers R; of 
3 (i,j = 0,1, --+ , m) are the same as those in Theorem 6. 

We state the following theorem.? No proof will be given in this place. 

ToEoREM 9. Let there be given a set of integers M; and Rj, positive or zero, 
satisfying the relations of Theorem 6 with Ro 2 1. In euclidean n-space there 
exists a bounded, open region R and on R a non-degenerate function f of class 
("', together with a constant M, such that the domain of points f < M is closed and 
interior to R, contains exactly M; critical points of f of index 1, and possesses a 
connectivity number Rj. 

Accordingly, under the type of boundary conditions we have admitted there 
are in general no relations other than those of Theorem 6 between the integers 
M; and R;. 


GENERAL BOUNDARY CONDITIONS 


20. The boundary conditions 7. We come to the general boundary condi- 
tions. Let the region 2 and its boundary B be defined as in $16. 

Under boundary conditions y we retain conditions I8 and IIB of boundary condi- 
tions B. 

Let P be any point on B. It follows from boundary condition If that B can 
be represented neighboring P in the form 


gi(u, Un—1) (i = 1, ,n), 


where the functions g; are of class C’’’ neighboring the point (u°) that deter- 
mines P, and where the matrix of the first partial derivatives of the functions 
giis of rank n — 1 at (u°). Parameters (wu) in such a local representation of B 
will be termed admissible. Let ¢ be the function defined by f on B. We shall 
represent ¢ in terms of local parameters of B, using however only those param- 
eters of B which we have termed admissible. The condition that ¢ have a 
critical point and that that critical point be non-degenerate of index k will be 
independent of the particular set of admissible parameters used locally to repre- 
sent B. 


* The theory of critical points and its applications was studied by the seminar in the 
University of Géttingen in 1932-33. Dr. John of this seminar independently obtained 
results similar to those of Theorem 9. See John (6). 

The reader who compares the definition of the region D, of §13 with the definition given 
by Morse in the earlier paper will notice that in the present paper a < e, and in the earlier 
papere <a. This simplification was suggested by Herr Wittmeyer of this same seminar. 
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Under boundary conditions y the third condition is as follows. 

Illy. The boundary function ¢ defined by f on B shall be non-degenerate. 

Let fy be the directional derivative of f along the normal to B in the sense 
that leads from points within = to points not within 2. The set gf points on B 
at which fy < 0 will be termed the negative boundary of =. 


21. A modification of f neighboring B. Let (wu) be an admissible coordi- 
nate system on B covering a neighborhood N of a point (u°) on B. Let (x) be 
the point on B determined by (u°). Neighboring the point (x) we make 
a transformation of the form (17.3) from the coordinates (x) to coordi- 
nates (wu, s). The new coordinates (u, s) will form an admissible coordinate 
system for a neighborhood N* of (2°). A particular choice of N* is the 
domain (u, s) for which (w) is on N and | s| is at most a sufficiently small 
positive constant s;. We observe that s; can be chosen independently of the 
point (z°) on B and the particular admissible set of coordinates (u) used to 
cover the neighborhood N on B. In particular s,; can be chosen so small that f 
has no critical points on any of the corresponding neighborhoods N*, and such 
that the points on the normals to B for which 0 < s S s; are all points of R. 
We term such a choice of s, admissible. 

Let so < 8; be an arbitrarily small positive constant. Let 2» denote the points 
of = together with the points neighboring B for which 0 S s < s. Let 3, 
denote the points of = together with the points neighboring B for which 
0< s <8; Let By be the boundary of 2p. 

Let F(u, s) be the value of f(x) at the point (u, s) determined by the point (z) 
neighboring (x°). Let M be a positive constant greater than the absolute value 
of the directional derivative of f on the normals to B at points on these normals 
for which 0 S$ s S s;. At the points (u, s) for which 0 S s < 5; we set 
(21.1) s) = s) + 

3 85 
The function y is of class C’’. 

The normals to B are also normals to Bo. On Bo, s = 8. Hence from (21.1) 

we see that 


(21.2)  =fv+M>0 


on Bo. 

On 2; we replace the function f(x) by a function W(x) defined as follows. 
On > the function W shall be identically equal to f. On each neighborhood N* 
of a point (x°) on B representable by admissible coordinates (u, s), at points for 
which 0 S s < s, we set 


(21.3) V(x) = s) 


where y (u, s) has just been defined. It follows from (21.2) that the normal 
derivative Vy of Y on By is positive without exception. 


ie 


L.1) 
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99. The critical points of Y. It follows from the definition of the function 
¥ that on 5 the function W has the same critical points as f with the same in- 
dices. The nature of the critical points of VW at the remaining points of =, will 
be described in Lemma 9 below. 

We shall first establish the following lemma. 

Lemma 8. At a critical point P of the boundary function ¢, fy # 0. 

Let a neighborhood of P be referred to admissible coordinates (uw, s) as in the 
preceding section. Since P isa critical point of ¢ we know that 


(22.1) ¢y = F,, = 0 =1,---,n—1) 
at P. It follows from the nature of the coordinate s that 
F ty 


at P. Hence the vanishing of fy at P would imply that P were a critical point of 
feontrary to boundary condition IIy. The lemma follows directly. 
Let 


(22.2) Py, --- 


be the critical points of g on the “‘negative boundary” of 2. With the point P; 
we associate a neighborhood N; of P; on B admissibly represented by param- 
eters (u). We suppose the neighborhoods N; are so small that their closures 
are distinct. In the preceding section we have termed certain values of s; admis- 
sible. Let s,; be an arbitrary one of these values and let N{ be the domain of 
points (u, s) for which (u) is on N; and 0 S s < s,. The domains Nj are dis- 
tinct. 

We continue with the following lemma. 

Lemma 9. If the preceding constant s; and the positive constant 8 < 8, are 
chosen sufficiently small the critical points of the function V on the subdomain of 2, 
for which 0 < s < forma set 


Ki, , Ky 


of non-degenerate critical points of which K; lies on N?; and has the same index as Pi. 
In terms of the coordinates (u, s) representing the domain N7 a critical point 
of Yon N? must satisfy the equations . 


(22.3) Yur (U, s) = Fy (u, 8) = 0 (h 1, 1). 


By virtue of (22.1) the equations (22.3) have an initial solution at P;. Let the 
Jacobian of the functions y,, be denoted by An (u, s). We have 


(22.4) 8) = | | = | Pusu; | (h,j — 1). 


The critical points of g are non-degenerate. Hence A,-:(u, s) does not vanish at 
P;. It follows from the implicit function theorems that for s; sufficiently small 
= solutions of equations (22.3) in N% consist of the points on a curve g; of 
the form 
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u, = uf*(s) (h =1,---,n—-1), 


where the functions u{ *? (s) are single-valued and of class C’ for0 < s < s,. The 
curve g; issues from the point P;. It is independent of the constant s) and of 
the constant s, except for the fact that s; determines the interval on which the 
functions uf * (s) are defined. 

The only critical points of Y on N¥ are on g;. Let Q; be the point in which 9: 
meets Bo, that is, the point on g; at which s = so. We shall show that for s, 
sufficiently small VY has just one critical point on g; and that this point lies be- 
tween P; and Q;. To this end we set 


6;(s) = ¥,[w(s), s]. 


The function V has a critical point on g; when and only when 6;(s) = 0. 

We continue the proof with the following statement. 

If so is sufficiently small the function 0;(s) vanishes once and only once on the 
interval 0 < s < 8s and does not vanish on the interval s Ss < 8. 

Observe that 


(22.5) = F,[w(s), s] + Ms?/s}. 


Recall that so is a positive constant less than s;._ Let r be a positive constant less 
unity. For s on the interval 


(22.6) 05s 
we see that 
6:(s) F, [u(s), s] + 


Accordingly for s) on the interval 0 < s < s, there exists a choice of r independent 
of so so small that 


(22.7) 6(s) < 0, 0<s rH. 
Recall that 0;(so) > 0. We see that 6;(s) vanishes at least once on the interval 
< 8 < Sp. 


We note that 6;(s) depends upon s only through the term 2Ms/s?. Accordingly 
for a further suitable diminution of s» (r fixed) 


(22.8) 6’(s) > 0, rs < 


It follows from (22.7) and (22.8) that 6;(s) vanishes at most once on the inter- 
val 0 < s < sq Hence @;(s) vanishes just once on the interval 0 < s < %. 
From the fact that 6;(s) > 0 and from (22.8) it follows that 6;(s) does not 
vanish on the interval s) S s < s. 

We see then that W has just one critical point K;on N*. To prove that Ki 
is a non-degenerate critical point it will be sufficient to show that the hessian 
of y does not vanish at K;. This hessian is the bordered determinant: 


— 


the 


ess 
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where A,-1(u, 8) is the jacobian (22.4). The only element of H(u, s) which 
depends upon 8» is Ys. The critical point K; is determined by a value of s 
between 7's and Ss where r is a positive constant independent of s. It thus 
follows from (21.1) that s) can be chosen so small that y,, will be positive at 
K;, and in fact will be so large that the term A,_,¥,, will dominate the value of 
H(u, s) at Ki, making H(u, s) different from zero there. Hence K; will be a 
non-degenerate critical point of W. 

To determine the index of K; we employ the theory of indices of quadratic 
forms. See Dickson (5) pp. 81-88. Consider the sequence of determinants: 


(22.10) Ag = | Yury; | (hj =1,---,q;q¢=0,1,---,n—1) 
where Ap = 1. Since A,_, ¥ 0 at P; it follows from the theory of indices that 
we can number the variables uw, --- , uw»; in such a way that in the sequence 


(22.10) no two consecutive terms are zero. If this is done the index k; of P; 
as a critical point of ¢ will equal the number of changes in sign in the sequence 
(22.10) evaluated at P;. None of the terms of (22.10) depends upon s. Hence 
we can choose sp so small, and consequently K; so near P;, that at K, the 
sequence (22.10) will still have exactly k; changes of sign. We have seen that 
when s is sufficiently small the signs of A,_,; and H(u, s) are the same at K,. 
Hence for a proper choice of so the number of changes of sign in the sequence 
Ao, Ai, --+ , Ant, H(u, 8), evaluated at K,;, will be exactly k;. It follows that 
k; is the index of K;,. 

We wish finally to show that for further suitable restrictions on the constant 
s, the function WY has no critical points on the subdomain of >, for which 
0 <s < s, other than those lying on the domains N+. Let B’ denote the closure 
of the set of points of B exclusive of the points on the neighborhoods N;. With 
each point Q on B’ let there be associated an arbitrarily small open neighbor- 
hood U of Q on B admissibly represented by parameters (u). Let U* denote 
the domain of points (u, s) for which (uv) ison U and0 S s < 5. 

If Q is not a critical point of the boundary function ¢ at least one of the partial 
derivatives y,,, does not vanish at Q. The derivatives y,,, are independent of s» 
and s Accordingly the neighborhood U of Q and the constant s; can be 
chosen so small that at least one of the derivatives y,,, does not vanish on the 
corresponding domain U*. 

If Q is a critical point of g on B’ it follows from Lemma 8 that ¥, = fy > 0 
at Q. Now y, depends upon s only through the term Ms?/s}. Hence a diminu- 
tion of s) merely increases the value of y,. Accordingly the neighborhood U of 
Q and the constant s, can be chosen so small that y, will not vanish on the corre- 
sponding domain U*, 

It now follows from the Heine-Borel theorem that B’ can be covered with a 
finite number of open neighborhoods. 
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U; (j = 1,... 


for each of which a choice of s, can be made such that on the corresponding 
domains UF at least one of the partial derivatives of y does not vanish. The 
function ¥ hes no critical points on these domains U}. 

We make a final choice of s; as the least of the values 8, used in defining the 
respective domains 


* *, * * 


Observe that these domains cover the subdomain of 2; for which 0 < s < g,. 
The proof of Lemma 9 is complete. 


23. Relations between the critical points of f and the connectivities of }, 
The preceding function W(x) is of class C’’ on 2;. The region Xp is a subregion 
of 2, bounded by By. The manifold Bo is of class C’’ and in general not of 
class C’’’.. Were Bo of class C’’’ the function V(x) would satisfy the boundary 
conditions 6 relative to Y» and we could apply Theorem 8 to V(x). To meet 
this difficulty we introduce the following lemma. 

Lemma 10. There exists a one-to-one transformation T* of class C'’ which 
carries into a sub-domain =* and carries Xo into 

Let the positive constant s; have the value chosen at the end of the preceding 
section. Let ¢(s) be any real, single-valued function of s which is of class C’’ for 
—s, < s S s, and which satisfies the following conditions: 


= 8, <s —&, 
(23.1) £(80) 
Ss, 
¢"(s) > 0, 


One can readily establish the existence of such a function. Set ¢(s:) = s*. Let 
=* denote the points of = together with the points neighboring B for which 
OSs < s*. 

On each normal to B the equation s’ = ¢(s) defines a transformation of the 
points (wu, s) for which — s; < s S s, into the points (u, s’) for which —s; < s’ S s*. 
The transformation thus defined neighboring B is one-to-one and of class C”. 
Let it be denoted by T. Let T* be the transformation of 2; into =* in which 
points of 2, for which — s, < s < s; are transformed under T' and in which the 
remaining points of 2; are transformed by the identity. The transformation T* 
is one-to-one and of class C’’.. Under T* the region 2» is transformed into the 
region >. 

The proof of the lemma is complete. 

The relations between the critical points of f and the connectivity numbers 
of = under general boundary conditions are given in the following theorem. 


ich 
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TueorEM 10. Let M; (i = 0,1, --- , ») be the total number of critical points of 
index i of f on and of ¢ on the negative boundary of and let R; (j = 0,1, --- , n) 
be the j** connectivity number of =. Then under the boundary conditions y the 
relations between the numbers M ; and It; are the same as those in Theorem 6. 

Let ¥(r) be the function defined in §21. Let the point (x) on =* and the 
point (x’) on 2; correspond under the transformation T*. On =* we define a 
function L(x) by the identity: 

L(x) = V(x’). 


It follows from the properties of 7* and ¥ that L(x) is of class C’’ and non- 
degenerate. Recalling that Vy > 0 on By and that ¢’(s) > 0 in (23.1) we see 
that Ly > 0on B. Each critical point of f(x) is a critical point of L(x) and as 
a critical point of Z(a) has the same index. In addition to these critical points 
L(x) has one and only one critical point corresponding to each critical point of 
the boundary function ¢ on the negative boundary of Y. The latter critical 
points lie on the neighborhood of B for which — s, < s <0. Each of these 
critical points has an index equal to that of the corresponding critical point of 
the boundary function ¢. 

We see then that L(x) satisfies the boundary conditions 6 relative to 2. On 
applying Theorem 8 to L(x) we obtain Theorem 10. 
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A THEOREM ON FIXED POINTS FOR PERIODIC TRANSFORMATIONS 


By P. A. Smita 
(Received April 1, 1934) 


Tueorem. Let K be a point set in a cartesian S,, and A a topological trans- 
formation of K into itself of finite period p. If every continuous single-valued 
image in K of every sphere of dimension S pm — m — 1 ts deformable in K toa 
point, then A leaves fixed at least one point. 

The proof will be based on a use of Brouwer’s looping coefficients and an 
exploitation of the symmetry! arising from the periodicity of A. 


1. Let II be an orthogonal linear transformation of period p operating in a 
cartesian S, and leaving fixed only the origin O. Weshall denote the transforms 
of a set A in S, under successive powers of II by AY, A®, ... , A®@”, 

Let U,-1 be a definitely chosen (n — 1)-sphere in S, with center at 0. 
Since II is linear and transforms U,-; into itself, there is no difficulty in 
defining a simplicial subdivision U of Un: which will be preserved under I; 
and since II leaves fixed no point of Un1z, we may assume further that no ceil of 
U is transformed into itself by II. It is clear that the k-cells of such a sub- 
division can be so named that their closures will be represented without repeti- 
tion by 


Let b}_, be the boundary? of e} and let 
U, = Lex + + + (k = 0,---,n—2). 


U; is thus the sum of the closures of all the k-cells of U; hence Us C U1C ---C 
Un. Since e?,, and (e%,,) have at most boundary points in common, the sets 


are non-overlapping; their sum is Uz4; — U,. Hence if w is an arbitrary point 
of Uzi — Ux, there is a unique point wu in Lez,,; — Db, and a unique integer /, 
(0 p— 1)suchthatw = u., 


2. Let TU,_; consistently denote a continuous single-valued image (or merely, 
an image) of U,;1inS,—O. IfA © Un4, TA is the image induced by T, acting 
only on A. If SA is a second image of A, we shall write 7A = SA if Ta = Sa 
for every ae A; also, TA = A if Ta = a,ae A. 


1 In this respect our methods are somewhat similar to those used by Newman in a paper 
entitled, A theorem on periodic transformations of spaces, Quart. Journ., vol. 2 (1931), 1-8. 
* That is, the closure of the boundary of the cell of which e} is the closure. 
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We shall denote by T,A(0 S t S 1) a deformation of TA depending continu- 
ously on a parameter ¢ in the interval (0, 1] and such that T)A = TA. It will 
be understood always that the successive images of a deformation are to lie in 
S, — O. The relation T,A = S,A will mean: T,a = S,a for every ¢ « [0, 1] and 
aeA. 

If Tu = fori = 1, --- , p — 1 and every u we shall say that 
TU,-1 is invariant; to say that 7,U,_: is invariant will mean that all its suc- 
cessive images are invariant. 

In the following lemmas it will often be convenient to denote TA by T"!A, say; 
we then agree that the deformations represented by the symbols 7!!*"! A and 
T'*! A are not necessarily related, except of course that Ti'*") A = 
=TA. 


3. Let exu1, (O S & S n — 2) bean arbitrary closed (k + 1)-cell of the set 
e.,,, and b, its boundary; then for every deformation T'*! b, of T™ b, there 
exists a e,,, such that b, = T'*! by. 

Proor. Think of e.,: as composed of a family b’ (0 S 6 S 2) of “‘concentric’”’ 
k-manifolds homeomorphic to k-spheres and depending continuously on 6 in 
such a way that b° isa point and b? Let Su (0 < wu, 6 S 2) be the 
transformation which carries an arbitrary point of 6° into the similarly located 
point of b*; in addition, let Sp b° = 6°. The required T'**! e,,, can be defined by 


f0)=0, f(2-?t) = 2) 


where f and g are linear. It will be seen that since the successive images of 
T'*! b, lie in S, — O, so do those of T!#*"! e,,,. 


pp = 


4. Let S (0 S k S n — 8) be an image of such that b, = 
there is an S; such that S; b, = by and S, = 

Proor. Denoting the i** coordinate of a point by a subscript, define 
8; Ck41 by 


(S, = t(u; — (Su);) + (Su); (we = 1, +--+, 0). 


The points of = b, remain fixed as desired, since Su = u for ue > by. Moreover, 
Sid = There is of course no guarantee that the successive images 
of S, = e.41 all lie in S, — O. It may in fact happen that the manifold o of 
linear segments along which the deformation takes place, contains 0. How- 
ever, by assumption neither of the end images S > ex41, 2 e+: contains O; more- 
over, ¢ is an image of a complex of k + 2 dimensions. Since k + 2 < n — 1, 
¢ can be modified near O without disturbing S 2 e4; or = ex4:, and in such a 
way that it will no longer contain O. The deformation across the modified 
manifold is of the required type. 
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5. Suppose TU,. is invariant. Then if there is an invariant 7") [, 
(0 < k <n — 8) such that 7! U; = U;, the same is true for the dimension 
k+1. 

Proor. By §3, we have for \ = 1, --- , Xx a TIF*"! eX, such that 
= T'*! These deformations taken together define a T'!*?!  ¢,., 
such that T''*"! > b, = T# J by. By a change of parameter, let the range of 
t for be reduced to [0, 3] and let = ex41 so that 


Sth = = Zh. 


By §4, there is an S, = such that S, 2b, = SZ bz and 8, = 
Now define for the interval 1] by 


We thus obtain a T!**"! 5 e.,, (0 S t S 1) with the properties: 
StS 1). 
We now extend the definition of 7'*"! to the whole of U, simply by defining 
TU, = THU. OStS);=UG Sts 


Since T'*! U, is invariant, so is T'**!! U,. Next we extend the definition of 
T'**1) to the whole of Uj4; by defining 


(1) Tyo = = 


for we — dy. Since every w in — U; is uniquely expressible in 
the form u®, (0S p— 1, we — Tx) (see §1) (1) defines a unique 
image for every w in Uj4,; — U,. Hence T'***) w is uniquely defined for every 
win Ux. Obviously T'**!! is invariant and satisfies the condition T'**"! U; = 
T'*! U,. We still have to verify the continuity of T'**"! for a fixed t.3 Suppose 
w is an arbitrary point of (e?)® = e® so that w = u®, wee. Then 


yo — (TH+ yo, 


The second equality holds for u « e — b on account of the invariance of 
U,; and for wu eb by virtue of (1). Now since 7!!*"! u is a continuous 
function of u for u e, sois hence w is continuous for w « e. 
Since e® is an arbitrary closed cell of Uj the continuity of is 
established. 


6. If is invariant, there is an invariant such that = 
Proor. Choose for \ = 1, --- , oa T!?)e such that T'?! e} = e} and let 
(e})® = (T'e})® = 1,---,p — 1). We obtain thus an invariant 


’ Continuity with respect to ¢ is readily verified. 
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T°] Up such that T° Uo = Uo. Now apply §5 n — 2 successive times and 
obtain an invariant T'*-*) U,_. such that T'"~*! U,_. = Un-s. By §3, there is 
definition of T'"~1! to the whole of U,-2 by defining U,_. = then 
to the whole of by defining = (TP u)® = 1, ,p — 1) 
for ue €n-1 — There is thus defined, by the argument of §5a U,,_, 
with the desired properties. 


7. Toan image TU,_, there can be attached an integer which denotes the num- 
ber of times that TU,_; “‘loops’”’ O. We shall review briefly the definition and 
properties of this looping coefficient.’ 

Let definite orientations be chosen for U,; and S, and let E® (A = 1, --- a) 
be the (n — 1)-cells, positively oriented, of a simplicial subdivision V of U,,. 
If the vertices of E* are ay, by, --- , cx, named in an order corresponding to the 
orientation of E®, we write EX = a by --- &. Let the oriented flat simplex 
F* (possibly degenerate) determined by the same vertices named in the same 
order, be denoted by {a, 6, --- @}. If the subdivision V is sufficiently fine, O 
will not be contained in any F*; hence F® subtends at O a solid angle of measure 
[F‘]; we agree to include a + or — in the symbol [F) according as the orienta- 
tion of O.F is positive or negative.’ The cycle = F* is a simplicial approxima- 
tion to U,_; and if V is fine enough, =[F‘] = +-u where yu is the solid angle 
subtended by U,1,—that is, the (n — 1)-volume of an (n — 1)-sphere of unit 
radius. In the same way the simplex F} = {Ta, Tb, --- Tc,} subtends a solid 
angle of measure [F>] and the quantity >[F}] is independent of the subdivision 
V (provided only that its mesh is sufficiently small) and hence can be denoted 
by [TU,]. Its value is Nu where | N | ,—the looping coefficient mentioned 
above,—is zero or an integer. If 7,U,_, fails to meet O for any t,—and this is 
the only case considered, [7:U,-:] is a continuous function of ¢, and since it only 
assumes discreet values, it is constant. 


8. We shall now prove that if TU,_, is invariant, then [TU,.] # 0. First, 
we may assume that TU,_2 = Un_2; for by §6, this situation can be obtained 
by a deformation, and as we have just remarked, the value of [TU,_:] is not 
thereby changed. We shall now take for V a subdivision of U so chosen, that 
V, like U, is preserved under II. Let the (n — 1)-cells of V be so named that 
those in Ze,1, positively oriented, are H', -.- , H*. Then the totality of posi- 
tively oriented (n — 1)-cells are 


(mE); 5 (A= 1,---,A) 


where 7; is +1 or —1 according as the transformation u — u preserves or re- 
verses the orientation of U,_;. Since the orientation of S, is influenced by this 


; ‘For details, see Brouwer, On looping coefficients, Amsterdam proceedings, 15 (1912) 
13-122. 


*0-F* denotes the oriented simplex {Oa by «++ en}. 
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transformation in the same way as that of U,-1, it follows that for each \ and 
i, (0-9: F*)® is® concordant with O-F*. Now (0-9; and (0-7; F)® are 
concordant or not according as O- n; F* and O- 7; F} are or are not; hence, as 0. F* 
and O.F> are or are not. Since O-F® and (0-7; F*) are concordant, it follows 
that O-F} and F})® = O-(n: F?)® are concordant; hence and [n; F>]® 
are of same sign. Since II is orthogonal, the measures of the angles subtended 
by F} and (;F})© are numerically equal; it follows that 


(2) [Fr] = 
The flat cell determined by is nita,b, --- Hence that de- 
termined by (n;E*)® and T is :{Ta, --- Te,}, which can be written 


ni (Ta,)® (Te,)} since T is invariant; this cell is precisely = 
(n; F*)®. Thus the flat cells used in evaluating TU,_; are 


FD; (mF); Fr)? (A= 
and accordingly, 
Hence by (2) 
(3) = p2lF 7] = = --- = 
If for the moment we suppose that TU»; = Un_1, we obtain 
(4) ty = = = --- = 


Consider now the image SU,_; defined by 
Su= Tu for were; =u for ue 4... 4 
The single-valuedness and continuity of S follow from the relation 
TUn-2 = Un_2. 
Clearly 


But since [SU,_;] = M where | M | is zero or an integer, it follows that =[F>] # 0. 
Hence by (3), [TU,-1] ¥ 0. 


9. Let 


6{Oab --- c}“ is the simplex {0% a® --- = O-{a® ... e@)}, 
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be an arbitrary point of a cartesian Sp» and let J, = {x XxX +--+ X a}? 
Let n = pm — mand take S, to be a flat subspace of S,,,, orthogonal to I, and 
intersecting J, at the single point O. The transformation 


(5) (x Xz)’ X2zXz2) 


of Spm is of period p; it is also linear and orthogonal and leaves fixed only the 
points of Im; consequently it transforms S, into itself linearly and orthogonally, 
leaving fixed only the point O. If P(x X y X --- X z) denotes the orthogonal 
projection of x X y X --- X zon S,, then 


Pie XyX--- = (Pe XyX--- X2z))’ 


on account of the orthogonality of (5). 
Consider now a topological transformation of period p: 


where K satisfies the conditions of the theorem. The space 
is homeomorphic to K, and is transformed into itself by (5) since 
(xX K K = ae) Kz 
= & (2@)@-» = a point of r. 
The existence of a fixed point for A will be established if we show that I meets 


I,; for, a point KX a K K of Tis on only if = 
We shall construct in T an image rU,_; such that 
(6) = ((=1,---,p—1). 


forevery win Let (A = 1, --- Xo) be arbitrary distinct points in 
then let 


(er) @ = (7 (A = 1). 


We thus obtain a r°U, invariant in the sense (6). Since I is homeomorphic to 
K, every image in I’ of a k-sphere, k < pm — m — 1 = n — 1, is deformable 
in T to a point, hence is the boundary of a singular (k + 1)-cell in T. Hence 
in particular there is for \ = 1, --- A, a re} such that rb} = 7b}. Now 
define 


obtaining thus a 7!"1U, invariant in the sense (6). It is clear that this is the 
first step of a process which can be continued until we obtain the desired 
(= 


"In this § we use {} to denote the totality of points of the enclosed type. 
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Now let = TUn-1 is invariant since 
Tu® = P(ru®) = P(ru)® = (P(ru))® = (ue 
Let 7,U,n-. be a deformation in T such that 7,U,1 is a point. Let 


T,Un+1 = P(r,U,-1). Then for some to(0 S tf S 1) T;,Un-1 contains O. For 
if not, then [7 U,-1] = [TUn-a] (0 S t S 1) by §7, and [TU,1] ¥ 0 by §8; but 
[T,U,4] = 0 since T;U,_1 is a point. Since the only points of S,,, which pro- 
ject onto O are those of I,,, it follows that J, is intersected by 7;,U,-1 and hence 
by I which finally proves our theorem. 

Remark. An example shows that the integer pm — m — 1 can not be re- 
placed by a smaller one. Let K be an (m — 1)-sphere in S,,, and let A be a 
reflection of K across its center, so that p = 2. Every image in K of every 
sphere of dimension S m — 2 = pm — m — 2s deformable in K to a point, 
but A admits no fixed points. 

APPLICATION. Suppose the points of K are the elements of a group with 
continuous multiplication. If the group K admits an element of finite period p, 
then for some integer k < pm — m — 1 there is in K an image of a k-sphere 
which is not deformable to a point. For suppose that d? = e = the identity. 
Then the transformation 


xr — ax (x S) 


is of period p and if our assertion is false, it admits an invariant point say 2, so 
that xo = axo; this, however, would imply a = e. 
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ON THE TRIANGULATION OF REGULAR LOCI 
By Stewart S. Cairns 
(Received June 3, 1932) 


1. Introduction. In an earlier paper,’ the writer presented a method for 
dividing a closed n-dimensional region with certain regularity restrictions on its 
boundary into the cells of a topological complex. Triangulation theorems for 
analytic varieties have been discussed by van der Waerden,* Lefschetz,* Koopman 
and Brown.’ In the present paper, new methods are employed to extend the 
known results to a large class of loci, subject to light regularity conditions. 


2. Regular manifolds and loci. Let (y) = (ym, --- , yn) be coordinates in 
an n-space, and let (uw) = (uw, --- , u,) be rectangular cartesian coordinates in 
an auxiliary euclidean r-space (r S n). An r-cell, open or closed,* in the n-space 
will be called regular if it can be defined analytically by a homeomorphism 
(2.1) i= fi(u) (¢ = 1,---,n) 
with some open or closed convex polyhedral r-cell, s,, where (1) the f’s are of 
class’ C’ on s, and (2) the matrix (#) is of rank r on s,.. Such a homeo- 

i 
morphism will be called a defining homeomorphism of the cell. 

An interior point of an r-dimensional set, S,, will mean a point one of whose 
neighborhoods on S, is an r-cell. A boundary point will mean a point, P, one 
of whose neighborhoods on S, is a closed r-cell with P on its boundary. An 
interior or boundary point will be called regular if one of its neighborhoods on 
S, is an open or closed regular r-cell. 

By an r-manifold we mean a compact connected r-dimensional point set made 
up of interior and boundary points. 


‘This paper is a generalization of part of the writer’s thesis, The cellular subdivision and 
approximation of regular spreads (Harvard, 1931), written under Professor Marston Morse. 
The results appear in three abstracts: Proc. Nat. Acad. Sci., 16 (1930) pp. 488-491; Bull. 
Amer. Math. Soc., 38 (1932) p. 807, and 39(1933) p. 349. 

* On the cellular subdivision of n-dimensional regions, these Annals, 33 (1932) pp. 671-680. 

* Topologische Begriindung des Kalkiils der abzdhlenden Geometrie, Anhang I, Math. Ann. 
102 (1929) pp. 360-361. 

‘Topology (1930), Chapter VIII. For further details, see S. Lefschetz and J. H C. 
Whitehead, On analytic complexes, Trans. Amer. Math. Soc., 35 (1933) pp. 510-517. 

a the covering of analytic loci by complexes, Trans. Amer. Math. Soc., 34 (1932) pp. 

* By a closed r-cell we mean the closure of an r-cell. 

"A function is said to be of class C’ on a point set if it has continuous first partial deriva- 
tives at interior points and if these derivatives have continuous limiting values at boundary 
points. 
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A regular or completely regular 0-manifold means a point. A regular 0-lccus 
will mean a finite set of points. To obtain a recurrent definition, assume the 
terms completely regular i-manifold and regular i-locus* defined for i = 0, ... , 
r—1. Anr-manifold will be called completely regular if all its points are regular 
and either (1) it has no boundary points or (2) its boundary consists of a finite 
number of distinct regular unbounded (r — 1)-manifolds. A regular r-locus, L,, 
will mean a finite set of completely regular i-manifolds (¢ = 0, --- , r), called 
elements of L,, any two of which (M;, M;) are so related that if an interior point 
of M; is on M;, then M; is an element of the boundary of M;. It should be 
noted that M; contains its boundary and that every element of its boundary is 
accordingly an element of L,. 


3. The three sets of covering cells. Let L, be any regular r-locus in the 
n-space of the coordinates (y), and let M, denote any r-dimensional element of 
L,. Our first object will be to triangulate M,. 

(A) It is possible to select on M, three sets of closed regular r-cells 
(a) a’), (8) = (6', 6’), and (y) = (y', 7’) with the 
following properties: 

(I) a =1,---,»). 

(2) Every point on M, has one of the cells (y) for a neighborhood on M,,. 

(3) y‘ contains no limit point of (M, — 8*) and 6‘ contains no limit point of 

(M, — a’). 

Any point P on M, has some closed regular r-cell, a, for a neighborhood on 
M,. Under a defining homeomorphism H (§2) a corresponds to a closed con- 
vex polyhedral r-cell, a. There is no difficulty in selecting on a two closed 
r-cells, b and c, whose images, 6 and y, under H are such that parts (1) and (3) 
of (A), read without the superscripts, are satisfied and that y is a neighborhood 
of Pon M,. It remains only to apply the Heine-Borel theorem. 

(B) Let H* denote a defining homeomorphism (§2) of a‘, and let (a‘, b', c’) 
denote the r-cells to which (a‘, 6‘, y‘) correspond under H‘ (i = 1, --- , »). 
Then the distance’ from y' to the closure of (M, — 6*) is positive, and so is the 
distance from 6‘ to the closure of (M, — a‘). We will denote by d half the 
shortest of these 2y distances. 


4. The homeomorphisms H*. In a euclidean r-space with coordinates 
(u) = (wm, --+ , uy) an arbitrary m-plane, L»,, can be parametrically defined as 
follows: 


(4.1) u= + us (i 1, 


8 A regular i-manifold, for any value of i, will mean a regular i-locus which is a manifold. 

* We occasionally write as if a‘ and a‘ were identical, each point coinciding with its 
image under H‘, This permits us to use metric terms on a‘ and, in §6, to speak of 
*p-cells on a’. 
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Let m denote the determinant |a,;| (i = ---, im; j = 1, --- , m), 
where (i;, --* » %m) are m numbers in order of increasing magnitude from the 
set (1,---, 7). The determinants 6;, ... ;,, will be called direction components of 


L,, and the ratios 


bi 


(a 


will be called direction cosines, where = is a summation over all the 6’s._ The writer 
has shown!® that 7... sm iS numerically the inverse ratio of an m-dimensional 
volume on L,, to its projection on the coordinate plane of (yi, --- , Yim): 

Lemma 1. Let (a’, a*) be two overlapping cells of the set (a) [§3(A)]. Con- 
sider their defining homeomorphisms [§3(B)] 


H?: ¥i= fi(u) = 1, n), 
H*: = gilv) =1,---,n). 


Given any point P of the product ai-a*, let J(fi; --- fi,) be any jacobian of r of the 
f’s which is not zeroat P. Then J(gi; --- gi,) is not zero at P. 

For, let (y) be interpreted as coordinates in a euclidean n-space. Then the 
jacobians of the f’s, figured at P, are a set of direction components of the tangent 
r-plane to M, at P, and so are the jacobians of the g’s. Our result follows at 
once. 

(A) Under the conditions of Lemma 1, Let A’ and A* be the images of the prod- 
uct ai-a* under H’ and H* respectively. Consider the homeomorphism H* 


(4.4) v; = F,(u) = 1,---,7) 


between A’ and A* in which two points correspond if their images on a! -a* coincide. 
The functions F ; are then of class’ C’ on A’ and J(F; --- F,) ¥ 0 on A’. 

This is easily shown", making use of the fact that, under the hypotheses of 
Lemma 1, 


(4.3) 


(B)" A regular m-cell (§2), open or closed, in a euclidean r-space has a tangent 
m-plane at any point, P, on the cell. The direction cosines of the tangent 
m-plane vary continuously with P. 

(C)" The image under H* of a regular m-cell, open or closed, on A’ is a regu- 
lar m-cell on A*. 

Lemma 2. For any value e > 0, there exists a value 6 > 0 so small that if om is a 
regular (open or closed) m-cell on Ai of diameter less than 6 on which no direction 


" The direction cosines of a p-space in euclidean n-space, Amer. Math. Monthly, 39 (1932) 
pp. 518-523. 
Details of the proof are omitted, for a direct analytic verification offers no difficulties. 
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cosine of the tangent m-plane varies by more than 6, then the image of om under 
H* is a regular m-cell on A* of diameter less than ¢, on which no direction cosine 
varies by more than e. 

For, let L», be any m-plane through an interior point P of A’. Let P’ be 
the image of P under H* and let L,. be the m-plane tangent at P’ to the image 
of Lm. Then the coordinates of P’ and the direction cosines of L, can be 
‘expressed as continuous functions of the coordinates of P and the direction 
cosines of Lm. These functions are! defined and continuous even if P is a 
boundary point of A’. Hence P and the direction cosines of L,, can vary over 
a closed set. Our lemma now follows readily. 


5. The H3'’” *?-cells. Any point on a’ (j = 1, --- , v) [see §3 (A)] will be 
called an Hi-cell. A 1-cell on a’ will be called an Hj-cell if its image under 
H? [§3 (B)] is a line-segment. We will define an H;'"” ‘?-cell by a recurrent 
process in such a way as to preserve the following properties, which are easily 
verified in the case of an H}-cell. 

(A) The image under H* (k = 1, --- , v) [§3 (B)] of an H}'*™ ‘P-cell, om, on 
a* [§3 (A)] ts a regular simplicial m-cell. The bounding cells of an H;'""’ ‘»-cell 
are *a-cells (j = 0, ,m — 1) where (ki, --- , kg) ranges through various 
subsets of (a1, «++ tp). 

Our recurrent process introduces the vertices of an H;'’”’ ‘?-cell (p = 1, ---, 
r+ 1;m = p —1,--- , r) one at a time. Let denote either an 
*?>-cell or an *?-cell on ai», where (71, --- , 7,) are distinct, and let 
P denote any point on” (a‘? — &m_1). 

(B) Suppose the H;?-cells joining P to &m—1 are distinct and none of them is tan- 
gent to om—, or to one of its bounding cells.1% Then the m-cell om, composed of the 
H;?-cells joining P to will be called an ‘»-cell. By its bounding cells, 
we will mean the point P, the cell om: and its bounding cells, and every q-cell com- 
posed of the H;?-cells which join P to a bounding (q — 1)-cell of om. 

Before showing that properties (A) are preserved, we draw certain conse- 
quences from our recurrent process. The homeomorphism H’‘ affords a defini- 
tion of straightness on a‘(i = 1, --- , v). As we build up an H}'"" *?-cell in 
accordance with (B), we employ, during the first few steps, straightness as 
defined by H', then straightness as defined by H’2, and so on. 

(C) Hence an Hj-cell is the image under H‘ of an m-simplex. In general, 
an H;'"" ‘r-cell, om, is uniquely determined by some pair consisting of an 
o;, and an H,?-cell, ox, wherem =j +k +1. The cell om is the 
set of all points each on one of the H,,?,-cells determined by oc, and a point P as P 
ranges over o;. 


12 The symbol for a point set, modified by a bar, denotes the closure of the set. 
8 That is, if (8m_1, Q) correspond under H‘? to (¢m_i, P), no line-segment joining Q to 
8m—1 is in a tangent plane to 8m_; or to one of its bounding cells [cf §4(B) and §5(A)]. 
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While we might have used (C) as the basis for a more compact definition of 
Hi’ *»-cells, the process of introducing one vertex at a time simplifies certain 
inductive segments in the remainder of the paper. 

Our definition obviously preserves the second part of (A). As for the first 
part, suppose (8m—1, Q) correspond under H'? to (om, P). Then sm: is by 
hypothesis a regular (m — 1)-cell. Since the segments joining Q to s,; are 
distinct and none of them is tangent to s,_1, these segments form" a regular 
m-cell, Sn, Which corresponds under H'? to on. The image of oc, under H* is, 
by §4 (A), the image of s,, under H*, where j = 7. Our result now follows 
from §4 (C). 

(D) Let (P) be a set of (r + 1) points on M,, and let (81, -- - , 8’*) denote all 
the cells of the set (8) [$3 (A)] each of which contains one or more of the points 
(P). We will call (P) admissible if 

(1) (P) is on at (¢ = Ji, +++ , jg) [§3(A)] and its image under H‘ is of diameter 

less than d [§3(B)]. 

(2) The points (P) determine an H?-cell (i = ji, --- , jg) [ef (C)]. 

(3) Every pair consisting of an H}:"" ‘?—'-cell and an H}?-cell with no com- 

mon vertices and with all their vertices in the set (P) determines an 
?-cell [ef(C)], provided --- , 7p) are p distinct numbers from 
the set (ji, ja) 

6. A sufficient condition for admissibility. Let # be a positive acute angle. 
A set (P) of r + 1 points in euclidean r-space will be called a J-set if it deter- 
mines an r-simplex for which every angle between an (r — 1)-dimensional face 
and an edge.incident with the opposite vertex exceeds 3. The object of this 
section is to establish the following theorem. 

TuEorEM. Let (P) be a set of (r + 1) points on a cell, a’, of the set (a) [§3(A)], 
where at least one of the points (P) is on 6. For any positive acute angle 3 a 
distance p(3}) > 0 exists so small that if the image (Q) of (P) under H: [§3(B)] is 
a 3-set of diameter less than p(#), then (P) is admissible [§5(D)]. 

Let p: > 0 be so small that, independently of j and k, a point set on A’ 
[§4(A)] of diameter less than p; has for its image under H** a set of diameter less 
than d [§3(B)]. Then if (Q) is of diameter less than p,, (P) will satisfy part 
(1) of the definition of admissibility [§5(D)]. 

Lemma 1. Given the angle 8, there exists an angle 3’ > 0 and a distance p2 > 0, 
so small that, independently of j and k, if (Q) is a J-set of diameter less than p2 on 
A? [§4(A)], then the image (R) of (Q) under H** is a 8’-set. 

In the neighborhood of any point (u®) of A’, the linear correspondence [ef (4.4)] 


isa first degree approximation to Hi*. If (R’) denote the image of (Q) under 
(6.1), then the ratio of the r-simplex determined by (F’) to the one determined 
by (Q) is the value of J (F, --- F,) at (u°). But if (u°) is taken as one of the 
Points (Q), then (R’) can be made an arbitrarily close approximation to (R) by 


584 STEWART S. CAIRNS 


requiring that (Q) be a sufficiently small 3-set. The proof is easy to complete."! 

If (Q) is a 3-set of diameter less than both p; and po, then (P) will satisfy parts (1) 
and (2) of the definition of admissibility [§5(D)]. It remains only to deal with 
part (3) of that definition. 

Let ¢» denote the image under Hi of any H;}""‘?-cell whose vertices belong to 
the set (P) (see §5(D) and the above theorem for notation). Let s,, be the 
m-simplex determined by the vertices of om, and let s; be the length of the 
shortest edge of sm. For any e > 0, we will call om an e-approximation to s,, if 
a homeomorphism, called an e-homeomorphism, can be set up between c,, and s,, 
such that (1) the distance between any two corresponding points is less than 
e-s, and (2) any tangent m-plane to o,, has direction cosines (§4) differing by 
less than ¢ from the corresponding direction cosines of sm. 

Lemma 2. For any € > 0, there exists a distance p3 > 0 so small that if (Q) 1s 
a J-set of diameter less than ps3, then om is an €-approximation to 8m. 

The case m = 1is readily treated with the aid of §4(A) and $4, Lemma 2, for in 
this case o;(= o) is the image under H* of a line-segment. Let (Q°, Q') be the 
end-points of o;. Let any point, Q, on o; correspond to the point which divides 
Q'Q°(= s;) in the ratio Q'Q:Q'Q°. The resulting correspondence will be called a 
K,-correspondence. It is clearly an ehomeomorphism if s; is sufficiently short. 

Now let (Q°, --- , Q”) denote the vertices of ¢», so ordered that o, consists 
of the? H}?-cells which join Q” to the opposite bounding (m — 1)-cell, o»—1, of 
Om. Assume Lemma 2 for the value (m — 1) and suppose a K,,_:-correspondence, 
has been defined which is an «homeomorphism between and the 
(m — 1)-simplex determined by (Q°, --- , Q”") provided (Q) is a v-set of 
sufficiently small diameter. For any point Q on om, let o; denote the H/?-cell? 
which joins Q” to o»~1 and passes through Q. Let Q’ be the end-point of o; on 
om—1 and let Q” be the image of Q’ under K,,1. To define a K,,-correspondence, 
K,,, let Q correspond to the point which divides the segment Q”Q”’ in the ratio 
Q”Q:Q"Q'. We now outline a proof that K,, is an e-homeomorphism if (Q) is 
a sufficiently small 3-set. In the case 7 = 7,, the cell o; is a line-segment, and 
the tangent m-plane, 7,,, at Q is determined by the line of o; and the tangent 
(m — 1)-plane to at Q’. If is an ¢’-approximation to 8» 1, for 
sufficiently small, then the m-plane r,, will have! direction cosines differing by 
less than ¢ from those of the m-plane containing s,,. (Thus our result follows in 
this case. If j = k ¥ 7,, then c,, is image under H** of an m-cell o,., which falls 
under the case just treated. Hence, by making (Q) a sufficiently small #-set, we 
can restrict arbitrarily the variation in the direction cosines on ,, and hence on 
om. We can also make o; an arbitrarily good approximation to the segment 
Q”Q’. The tangent m-plane at Q’ will then approximate to the m-plane deter- 
mined by QQ’ and the tangent (m — 1)-plane to om, at Q’. Our result follows 
readily as in the case j = ip. 

Lemma 3. If € is sufficiently small in Lemma 2, and Q* is any point of the set 
(Q) distinct from the vertices of om, then no line through Q* is tangent to om or meets 
it in more than one point. 
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Asa consequence of the definition of 6-set, every line joining Q* to s,, makes an 
angle greater than 3 with sm. If o» is a sufficiently close eapproximation to sm, 
every line joining Q* to o» will make an angle greater than 30 with s,,, and 
every chord of o» will make an angle less" than 30 with s,,. Lemma 3 follows 
immediately. 

If cin Lemma 2 satisfies the requirements of Lemma 3, and we make p(#) > ps, 
then (P) will satisfy part (3) of the definition of admissibility [§5(D)]. This 
follows from the recurrent process used in defining H;:""’ ‘?-cells [§5(B)]. The 
proof of our theorem is now complete. 


7. Triangulation of L,, Lemmal. For some positive acute angle 8 it is possible 
so to triangulate the cells a‘ (¢ = 1, --- , v) [§3(B)] that the vertices of every r-simplex 
form a 8-set (§6). The triangulation can be made arbitrarily fine. 

Since a‘ is a convex polyhedral r-cell in euclidean r-space, this result is easy 
to establish. 

Given a triangulation of a’, in accordance with Lemma 1, such that every sim- 
plex is of diameter less than p(#) [§6, Theorem], let (s') denote the subcomplex 
made up of the closed r-simplexes which meet b' [§3(B)]. Under the homeo- 
morphism H' [§3(B)] the simplexes (s') correspond to a set (c') of H}-cells 
(m = 0, --- , r) [see §5(C)] which satisfy the requirements of the following 
hypothesis, read for 7 = 1 and jj = #. 

Hypotuesis. For some value j in the set (1, --- ,» — 1) there exists a positive 
angle 3; and a simplicial r-complezx (o*) on M,, where (o*) is composed of ‘?-cells 
(i) < ig < +++ < t, S JZ) and their bounding cells [§5(B)] and has the following 
properties: 

(1) Let o, be an arbitrary Hi'**’ *»-cell of (c‘). Then; has at least one vertex on 
each of the cells B* (k = th, --+ , tp) [§$3(A)]. For at least one of these 
values k, the vertices of o, correspond under H* to a 3;-set of diameter less 
than p(8;) [§6, Theorem]. 

(2) For every valuei = 1, --- , j let (o4)‘ denote the subcomplex of (0) consist- 
ing of all the closed r-cells thereof each having at least one vertex on 6. 
Then, if the m-cells (m = 0, --- , r) of (0')‘ are replaced by the H;‘-cells“ 
which their vertices determine, the new cells constitute a complex (r‘) con- 


taining all points within distances © (v — j) of y' [see §3(B)]. 


(3) Independently of 3;, an arbitrary positive upper bound can be imposed on the 
diameters of the cells (r‘). 
We next construct a complex (‘+1) to satisfy the requirements of the above 
hypothesis, read with (j + 1) in place of j. 
(A) Making use of hypothesis (3) [see also §4, Lemma 2] we require that if any 
vertices of an r-cell o, of (a4) are on any cell §' of the set (8), then all the vertices of 


a existence of these cells follows from hypothesis (1) and §6, Theorem. See also 
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a, shall be on ai (§3) and they shall correspond under H‘ to a set of diameter less 
than d/v. 

(B) As a consequence of (A), the complex (o7)’ obtained by deleting all cells of 
(o’) incident with boundary cells thereof on the closure of M, — (o*), satisfies all 
requirements of our hypothesis, provided j is replaced by (j + 1) in the expression 
d 
(v — j). 

Consider the set of cells (o‘+')® defined as follows, where o,, denotes any cell 
of (1) If om has no vertices on then ¢,, will belong to the set 
(2) If c» has all its vertices on B'+', the H}*'-cell determined by its vertices 
will belong to (c‘+')®°. (3) In any other case, the vertices of o,, not on Bi! 
determine an Hi'*” ‘»-cell o, (q < m) which falls under case (1), and the 
remaining vertices determine an H*?_,-cell om—,-1 which falls under case (2). 
The determined by and om_—g-1 Will belong to 

Lemma 2. The cells (a+')° form a complex. 

We first obtain an auxiliary result. Let P denote any vertex of (0)’ on p+, 
and let o, be any r-cell of (o’) incident with P. As a consequence of our 
inductive hypothesis, the vertices (P) of o, satisfy the hypotheses of the theorem 
in §6 where 3} = J;. Hence (P) is an admissible set. Let o,_;: be the bounding 
(r — 1)-cell of o, opposite P. Then o,-; is an *»-cell, where (i:, --- , 
is a subset of (0, --- , 7) [Hypothesis and §5(A)]. Since (P) is an admissible set, 
and P determine an [§5(D)]. Let o, and its bound- 
ing cells be replaced, in the set (o’), by o, and its bounding cells. If this is done 
as o, denotes successively each of the r-cells of (c’) incident with P, the effect is 
to replace the cells (c) of the star of P by a certain set of cells (c’). 

(C) The cells (o’) plus the cells (o’) — (¢) form a complex containing exactly 
the same points as ('). 

Let z, denote the set of points on the cells (c), and let (r) denote the cells of 
(c/) on the boundary of z,. We shall write as if? each point on a+! coincided 
with its image under H’+', Thus Hi*?-cells become line-segments and 7, 
becomes a region of euclidean r-space, covered by (c) and separated by (7) from 
(c’) — x, The cells (c’) are composed of the line-segments (or H/*'-cells) 
joining P to (r) [§$5(B)]. Since the line-segment joining P to any point of 7, 
can be continued to meet (7), all the points of z, are on (o’). If Q is on (7), 
then a neighborhood of Q on the line-segment PQ is on™ z,. Hence (1) every 
segment joining P to (7) is on the closure of z, and (2) the segments joining a 
neighborhood of Q on (r) to the point P constitute a cone containing a neigh- 
borhood on M, of every interior point of PQ. Since, by (1), every point of this 
cone is on the closure of z,, it follows that every interior point of PQ is on 7,. 


Otherwise PQ approaches some (r — 1)-cell o,_: of (r) from the outer side relative to 
the cells (¢); and PQ, by definition, is on one of the cells (¢’). But, in the paragraph 
preceding (C), the inner side of o,_; relative to o, must be the same as its inner side rela- 
tive too. This follows as a corollary to the lemmas in §6. 
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This completes a proof that the set of all points on (c’) coincides with the set 
of points on (c). Furthermore, since no segment from P can meet (r) in more 
than one point, the cells (o’) are distinct. Result (C) now follows directly. 

It is possible’* to obtain (ot)? from (7) by modifying successively the stars 
on (0’) of all the vertices of (0)’ which lie on 6*+' precisely as the star of P was 
modified, and then dropping all cells with limit points on the closure of M, — (0°). 
The proof of result (C) applies to show that after each of these successive modi- 
feations we still have a complex. 

(D) The complex (a'*')° satisfies the requirements of the hypothesis if j is 


replaced by (j + 1) im the expression : (v — j) and in the conditions 


(i; < <4, & J). 

This follows from result (B) and the definition of (o/+')°. 

It remains to secure hypothesis (2) for the additional value i = 7 + 1 and, if 
necessary, to replace 3; by a smaller angle 3j,;:. Let (s’*') be a triangulation of 
ain accordance with Lemma 1 above, each simplex being of diameter less 
than d/v [§3(B)]. Let (o/+")’’ denote the complex on a‘* consisting of the 
closed Hi*'-cells each of which corresponds to one of the simplexes (s+!) and 
contains a point of M, — (o‘*)® within distance d of y+". Since the cells 


are entirely within distance (1 + 1) d of the only cells of 


they can meet are the H’*!-cells. Hence, by a finite number of elementary 
subdivisions,” we can subdivide and (o/+1)’’, using only Hi*'-cells, into 
complexes with just a sub-complexin common. The totality of cells in the two 
subdivisions then satisfies the hypothesis, read for (7 + 1), save perhaps for the 
requirements involving 3;. We can satisfy these also, for some angle 041, by 
slightly displacing certain vertices involved in the elementary subdivisions and 
imposing a new upper bound on all the cells we have used. We then have a 
complex (c’+!) which satisfies the entire hypothesis, read with (j + 1) in 
place of j. 

Starting with (c') and making (v — 1) successive applications of the above proc- 
ess, we obtain a triangulation (c”) of M,. The extension of such a triangulation 
to the other elements of L, presents no new difficulties. 


Lenigu UNIVERSITY. 


" See the definition of H},'" *?-cells in §5, where the vertices are introduced one at 
a time. 
" Lefschetz, Topology (1930) pp. 65ff. 
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It is known that, in ordinary space, the only finite groups generated by 


reflections are 
[k] (k = 1), of order 2k, with abstract definition 


Ri = = (RiR2)* = 
and 
4 
= i 
[k:, ke] (ki = 2, ke = 2, + > 4), of order Vk + with 
abstract definition 
Ri = = Rj = = (RR)? = = 1 
[1] is the group of order 2 generated by a single reflection. Since this is the 
symmetry group of the one-dimensional polytope! {}, we write 
[1] = []. 
[k](k = 3) and [k, ke] (ki = 3, ke = 3, 4, 5) are the symmetry groups of the 
ordinary regular polygons {k} and polyhedra {k,, ke}. The rest of the groups 
can be written as direct products, thus: 
2} = 
[2,2] =[] X[], 


IV 


1 Coxeter 1, 344. 
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These groups can be made vividly comprehensible by using actual mirrors for 
the generating reflections. It is found that a candle makes an excellent object 
toreflect. By hinging two vertical mirrors at an angle 7/k (k = 2, 3,4, ... ), 
we easily see 2k candle flames, in accordance with the group [k]. To illustrate 
the groups [k1, ke], we hold a third mirror in the appropriate positions. 

In the present paper, we generalize the above results to space of any number of 
dimensions,? and to groups which, though infinite, are still free from infinitesimal 
operations. (One such infinite group is called | 3°|, and may be illustrated by 
means of three vertical mirrors, erected on the sides of an equilateral triangle 
so as to form a prism, open at the top. A candle placed within this prism gives 
rise to an unlimited number of images.) 

In order to enumerate these groups, we observe that the fundamental region? 
must be a polytope whose dihedral angles, being submultiples of 7, are never 
obtuse. It happens that such polytopes are of a particularly simple form. 

Perhaps it is worth while to point out what contact this investigation has with 
crystallography. Each of the 32 crystal systems corresponds to a finite group of 
orthogonal transformations. Of those groups, the eleven which Schoenflies* calls 
Holoedrie and Hemimorphe Hemiedrie are generated by reflections; in fact, 


Ci = [], 

ve x), 

(k = 3,4, 6), 


O* = [8, 4], 
Of the 230 space groups, the following seven are generated by reflections: 
Bi = [0] X X [~], 
=[~] X [3, 6], 
= [~] X [4, 4], 
= X 3,5 


4 
3 


Oi [4, 3, 4).” 


* For the case of four dimensions, see Goursat 1, 80-93. 
*Bieberbach 1, 312. 

‘Schoenflies 1. 

* Coxeter 2, 147. 

*Ibid., 148. 

" Ibid., 150. 
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([~] is the group generated by reflections in two points of a line. Its abstract 
definition is simply 


THEeorEM 1. In spherical space, every polytope free from obtuse dihedral angles 
is a simplex. 

Lemmal.1. Every spherical polygon free from obtuse angles is a triangle. 

Since the angle-sum of an n-gon is greater than (n — 2)7, at least one angle 
must be greater than (n — 2)a/n. 

Lemma 1.2. Jf two angles of a spherical triangle are non-obtuse, then the third 
angle is not less than its opposite side. 

By the well-known formula, if A and B are non-obtuse, 


cos C = sin A sin B cosc — cos A cos B S cose. 


DerFIniITION. A simplex-polycorypha’ is a polytope in which the number of 
edges at any vertex is equal to the number of dimensions of the space. E.v., 
the measure polytope is a simplex-polycorypha. 

Lemma 1.3. If a simplex-polycorypha is free from obtuse dihedral angles, so is 
any bounding figure. 

Consider the section of the simplex-polycorypha II,, by a 3-space perpendicular 
to any element II,,_;, meeting that element at an internal point O. The three 
TI n-1’8 which meet at the II,,-3 will give, in the section, a trihedral angle with 
vertex O; and the edges of this trihedral angle will be sections of the three II,,_»’s 
which separate the II,,_;’s in pairs. Further, on account of the orthogonality, 
the dihedral angles of the trihedral angle are dihedral angles of II,,, while its face- 
angles are dihedral angles of the three II,_;’s. On a sphere with center O, the 
trihedral angle cuts out a spherical triangle whose angles A, B, C are dihedral 
angles of II,,, and so non-obtuse, by hypothesis. Lemma 1.2 gives 


cS CS 


But c can be any dihedral angle of any bounding figure. Thus Lemma 1.3 is 
proved. 

(If m = 3, there is no need to take a section. If m < 3, the Lemma is 
meaningless. ) 

Lemma 1.4. In three or more dimensions, every simplex-polycorypha bounded 
entirely by simplezes is itself a simplex. 

In an m-dimensional simplex-polycorypha, m — 1 plane faces pass through 
each edge. If all the bounding figures are simplexes, these plane faces are 
triangles. Let Ai, As, ...,Am be the m vertices that are joined to the vertex 
Avo byedges. Then the m — 1 triangles through AoA, must be 


AopAiAg, ... , m. 


8 Sommerville 1. For the polytopes considered here, the definition given in Coxeter 1, 
331 (§1.1) is appropriate. Sommerville calls these simple convex polytopes. 
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By hypothesis, just m edges pass through A;._ Therefore AiAo, AiA2, ... , AiAm 
are the only edges through A;. Similarly for any other A; Thus the poly- 
corypha has only m + 1 vertices. 


Theorem 1 can now be proved by induction. By Lemma 1.1, it is true in two 
dimensions. Let us then assume it true in m — 1 dimensions. Consider an 
m-dimensional polytope free from obtuse dihedral angles. A small sphere? 
drawn round any vertex cuts out an (m — 1)-dimensional spherical polytope 
whose dihedral angles all occur among those of the m-dimensional polytope. By 
the inductive assumption, this (m — 1)-dimensional polytope is a simplex; 7.e., 
the m-dimensional polytope is a simplex-polycorypha. By Lemma 1.3 and the 
inductive assumption, every bounding figure is a simplex. The theorem follows 
by Lemma 1.4. 

Corottary. In Euclidean space, every acute-angled polytope is a simplex. 

If possible, consider an acute-angled polytope that is not a simplex. By 
projection on to a spherical space of sufficiently large radius, we can obtain a 
spherical polytope whose dihedral angles differ by as little as we please from 
those of the given polytope. If we make the radius so large that the angles re- 
main acute, Theorem 1 is contradicted. 

DeFINITION. A prism” is the topological product of a number of polytopes 
lying in absolutely perpendicular spaces. Regarding a polytope as a closed 
set of points (viz. all the points within it and on its boundary), we can define 
the prism [II,, II,] as follows. 

In p + ¢g dimensions, suppose II, to be fixed, while II, is constrained to lie in 
an absolutely perpendicular space and to have a constant orientation. Sup- 
pose further that the common point of the spaces of II, and II, belongs to both 
polytopes, and is a definite point of Il, (e.g. a vertex). Then the prism is the 
totality of points that belong to the possible positions of II,. 

Topological products being commutative and associative, a prism may have 
any number of constituents IT,, I,, ... , and the order of their arrangement is 
immaterial. It is convenient to admit the trivial case when there is only one 
constituent. 

A simplicial prism is a “rectangular product”’ of (one or more) simplexes. We 
use the symbol Z,, for a general simplex in m dimensions. Thus ~» denotes a 
point, and 2; a straight segment (of unspecified length). 

. TurorEeM 2. In Euclidean space, every polytope free from obtuse dihedral angles 
18a simplicial prism. 

Lemma 2.1. Every polygon free from obtuse angles is either a triangle 22 or a 
rectangle [2,, 2]. 

This follows from the fact that the angle-sum of an n-gon is (n — 2)z. 

Lemma 2.2. Every polytope free from obtuse dihedral angles is a simplex- 
polycorypha. 

* We shall use the word sphere for the analogue in any number of dimensions. 
" Called prismotope by Schoute 1. Cf. Coxeter 1, 351. 
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A small sphere drawn round any vertex cuts out a spherical polytope whose 
dihedral angles all occur among those of the whole polytope. By Theorem 1, this 
spherical polytope is a simplex. 

Lemma 2.3. A prism whose constituents are simplex-polycoryphas is itself a 
simplex-polycory pha. 

Since every vertex of [II,, II,] is a vertex of one II, and of one II,, the edges 
which meet there are the covertical edges of II, and of II. If, in particular, II, 
and II, have respectively p and q covertical edges, then [I1,, II,] has p + q; i.e. 
the prism is a simplex-polycorypha. This result, having been proved for two 
constituents, at once extends to the case of any number. 

Lemma 2.4. Every simplicial prism can be characterized by a “‘vertex diagram’’ 
consisting of a simplex with edges of two types. 

Consider again the construction for [II,, ,]. When II, moves so that each 
point of it describes an edge of II,, its edges describe rectangles. Thus, if AB 
and AD are edges of II, and II, respectively, the rectangle ABCD is an element 
of [II,, Tq]. 

In the simplicial prism [Z,, 2,, ... ], the edges that meet at any vertex fall 
into sets of p, q, etc., such that the first set belong to 2,, the second set to »,, 
and so on. Two edges occurring in any one set are sides of a triangle belonging 
to the corresponding simplex. Two edges occurring in separate sets are sides 
of a rectangle. 

We can now represent the p + q + ... covertical edges as vertices of a topo- 
logical simplex, putting the mark ‘‘a’’ against those edges of the simplex which 
correspond to triangles, and “‘8”’ against those which correspond to rectangles. 
The vertices of this vertex diagram fall into sets of p,q, ... , such that every pair 
occurring in the same set are joined by a-edges, while every pair occurring in 
different sets are joined by 8-edges. (In the special case of [ay, ag, ... |,!' the 
vertex diagram can be identified with the vertex figure, and then the a-edges 
and #-edges are a’s and hence the notation.) 

Since the form of the vertex diagram depends only on the numbers p, 4, ... , 
we shall not obtain a different diagram by beginning with a different vertex. 
(The following illustration is the vertex diagram for [3, 2].) 


1 a, means a regular Zy of unit edge. 
12 Coxeter 1, 345. 
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Lemma 2.5. Every trihedral'* polyhedron bounded by triangles X_ and rec- 
tangles (21, >,] is either a tetrahedron X; or a triangular prism [Z2, 24] or a ree- 
tangular solid 21, 2al. 

If a trihedral polyhedron is bounded by fs triangles and f, quadrangles, it must 
have 3(3fs + 4fs) edges and 3(3fs + 4fs) vertices. Hence }f;, 3f; must be 
(non-negative) integers, and, by Euler’s Theorem, 


3fs = 2. 


The solutions 2 + 0, 1 + 1,0 + 2 give the three possible kinds of polyhedron. 

Lemma 2.6. If a simplex-polycorypha in more than three dimensions is bounded 
solely by simplicial prisms, then the types of prisms occurring at any vertex are the 
same as at any other vertex. 

If a simplex-polycorypha in m dimensions is bounded solely by simplicial 
prisms, we can construct a vertex diagram at any vertex, and we have to show 
that this will be the same for all vertices. Any edge AB of the simplex-poly- 
corypha will be represented by a vertex B’ in the vertex diagram at A and by a 
vertex A’ in the vertex diagram at B. The edge AB belongs to m — 1 bounding 
prisms; in the vertex diagrams considered, these are represented by the m — 1 
bounding simplexes that meet at B’ or A’ respectively. Hence the two vertex 
diagrams are simplexes, alike in m — 1 of their m bounding figures. If m > 3, 
this is sufficient to make them identical. 

Since any vertex of the polycorypha can be reached from any other by a chain 
of edges, repeated application of this result proves the lemma. 

Lemma 2.7. In three or more dimensions, every simplex-polycorypha bounded 
solely by simplicial prisms ts itself a simplicial prism. 

The case of three dimensions is covered by Lemma 2.5, so we may suppose the 
number of dimensions to exceed three. By Lemma 2.6, the polycorypha is 
characterized by a vertex diagram, viz. a simplex with a-edges and B-edges. Let 
P be any vertex of this vertex diagram. The remaining vertices form a simplex 
which, being the vertex diagram of one of the bounding prisms of the poly- 
corypha, has sets of vertices joined among themselves by a-edges and joined to 
one another by 6-edges. 

We have to prove that the vertices of the whole simplex fall into sets in the 
same manner. This is certainly true if all the edges through P are of type 8. 
On the other hand, if P is joined to one of the other vertices by an a-edge, it must 
be joined by a-edges to all the other vertices of the same set, since otherwise there 
would be a triangle of sides a, a, 8, which is impossible by Lemma 2.5. For the 
same reason, P cannot be joined by a-edges to vertices of two distinct sets. Thus 
the vertices of the whole simplex are distributed in the desired manner, the vertex 
Peither forming a new set by itself or becoming attached to one of the old sets. 

Lemma 2.8. Every simplex-polycorypha free from obtuse dihedral angles is a 
simplicial prism. 

By Lemma 2.1, this is true in two dimensions. Let us assume it true in m — 1 


dimensions, and use induction. By Lemma 1.3 and the inductive assumption, 


* I.e., a polyhedron with trihedral vertices. 
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the m-dimensional polycorypha is bounded by simplicial prisms. Hence, by 
Lemma 2.7, it is itself a simplicial prism. 


Theorem 2 follows from Lemmas 2.2 and 2.8. 

THEOREM 3." [f all the dihedral angles of an m-dimensional polytope are less 
than or equal to 6 (0 < @ < 1), then the number of bounding figures is less than some 
number depending only on m and 8. 

Take first the case when m = 3. In the spherical image by parallel normals 
(“Gaussian” image for surfaces of continuous curvature), to each face of the 
polyhedron corresponds to a point on the unit sphere, to an edge where the 
dihedral angle is 6, corresponds a great-circular are of length  — 6;, and to an 
n-hedral vertex corresponds a spherical n-gon. By hypothesis, the spherical 
distances between the points on the sphere are greater than or equal to z — 9. 
Consequently, circles of spherical radius 3 (7 — @), described round the points, 
will not overlap. If N is the number of faces of the polyhedron, comparison 
of areas gives 


2r(1 — sin 30)N < 4r, 
N < 2/(1 — sin 36). 


When @ = 37, this gives the “best possible” result N < 6. (The actual poly- 
hedra are those considered in Lemma 2.5.) 
The analogous result for general m is easily seen to be 


N <2 sin” dy / sin” dg. 
0 0 


E.g.,form = 4,N < 2x/(x — 6 — sin 6). 

Derinitions. A group of congruent transformations (of Euclidean space into 
itself) is said to be discrete if the totality of transforms of a point never has a 
limit point. H.g., the group generated by a single rotation, through an angle 
incommensurable with 7, is not discrete; but every finite group is a fortiori 
discrete. Bieberbach® has proved that a group is discrete if and only if it is 
free from infinitesimal operations. 

Consider a point of such general position that it has distinct transforms under 
all the different operations of the group. Sufficiently small neighborhoods of 
these transforms can be taken so as to be equivalent under the group, and not 
overlap. By gradually increasing these neighborhoods, we eventually obtain a 
set of congruent" regions which together fill up the whole space. Any one of 
these regions is, by definition, a fundamental region; and the group can be gen- 
erated by the operations which transform this particular region into its neighbors. 


14 T am indebted to Prof. G. Pélya for this extension of Theorem 2. It will not be applied 
in the sequel, but is inserted for its intrinsic interest. 

18 Bieberbach 1, 313-314. 

16 Tn the wide sense; 7.e., directly congruent, or enantiomorphous. 
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A point of general position on the boundary of the fundamental region is also on 
the boundary of a neighboring region, and may or may not be transformed into 
itself by the relevant generator. If not, a sufficiently small neighborhood of this 
point, in the neighboring region, will be equivalent to a certain portion of the 
original region. The fundamental region can then be modified by subtracting 
this portion and adding the aforesaid neighborhood. Thus the only case in 
which the fundamental region is uniquely determined is when every point of the 
boundary is transformed into itself. It is easily seen that this can only happen 
when all the generators are reflections. 

A group of congruent transformations is said to be reducible" if it can be re- 
garded as the direct product of groups of congruent transformations in two 
absolutely perpendicular complementary subspaces @, @’. Every operation is 
then of the form QQ’ (=Q’Q), where Q transforms @ into itself and Q’ trans- 
forms ’ into itself. The groups in the subspaces are called components, and 
may themselves be reducible; but we can eventually analyse the original group 
into a number of zrreducible components. 

A group is said to be trivially reducible if it has identity for a component. In 
this case the complementary component operates in a subspace @ which is 
transformed into itself by every operation of the group, and we regard the funda- 
mental region as lying in & instead of in the whole space. In other words, we 
consider the section of the true fundamental region by & Thus we regard a 
trivially reducible group and its non-trivial component as having the same funda- 
mental region. 

If a group leaves one point invariant, it transforms into itself the unit sphere 
around this point. In this case we regard the fundamental region as lying on the 
sphere. In other words, we replace the angular fundamental region by its 
spherical section. Thus we confuse a group in spherical space with the corre- 
sponding Euclidean group which leaves the center invariant. (A group which 
leaves more than one point invariant is always trivially reducible.) 

Consider, for example, the group generated by reflections in two perpendicular 
planes in ordinary space. This is trivially reducible, its non-trivial component is 
generated by reflections in two perpendicular lines of a plane, and its fundamental 
region is an are of length 437. 

We use the word prime for a space of one fewer than the current number of 
dimensions, and secundum for the next lower space (i.e. the intersection of two 
primes). 


The Fricke-Klein construction for a fundamental region.'* Given a point P 
which is not invariant under any operation, and its transforms P;, Ps, ... , we 
can construct a fundamental region by drawing the perpendicularly bisecting 


" More strictly, ‘completely reducible.’”’ When the group is finite, our omission of the 
word “completely”’ is justified by Burnside 1. 
** Fricke-Klein 1, 108, 216. : 
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primes of PP, PP2,.... A finite’ number of these primes cut off a funda- 
mental region around P, and the rest of them are irrelevant. 

ABBREVIATION. For “group generated by reflections” we shall write “g.g.r.”, 

Tuerorem 4. The general finite g.g.r. has for fundamental region a spherical 
simplex, whose vertices fall into sets which belong to the fundamental regions of the 
irreducible components, vertices in different sets being joined by edges of length 47. 

Lemma 4.1.2 Every finite group of congruent transformations leaves at least one 
point invariant. ; 

Consider the set of transforms of a point of general position. Every operation 
of the group permutes these points among themselves, and leaves their centroid 
invariant. 

Lemma 4.2. If a discrete group is generated by reflections in certain primes, then 
these primes and their transforms are so distributed that, whenever n of the primes 
meet in a secundum, they are inclined to one another at angle x/n in cyclic succession. 

— Let a, b be any two of the primes that are not parallel. Then the group must 
contain reflections in new primes a’, b’, a’’, b’’, ... which are the reflected 
images of a, b, a’, b’, ... inb, a’, b’,a’’, ... respectively. These are inclined to 
a at all multiples of the angle (a b). 


If this angle were incommensurable with z, the sequence of primes would be 
infinite, a point of general position would have an infinite number of transforms 
lying on a finite circle, and the group would not be discrete. Hence we can write 


(ab) =dr/n, 


Cartan 1. 
20 Bieberbach 1, 327 (XI). Coxeter 2, 182 (§20.2) is an immediate corollary of this 
lemma. 
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where n and d are co-prime integers. If integers v and 6 are chosen so that 
yd —5n = 1, we shall have 


v(ab) n/n. 


Thus there is a prime inclined to a at angle 7/n, and the primes can be re-ordered 
soasto make d = 1. 

Lemma 4.3. If a finite group is reducible, there exist two absolutely perpendicu- 
lar complementary subspaces &, &', such that every operation is of the form QQ’, 
where Q leaves invariant every point of &' and Q’ leaves invariant every point of &. 


In the notation of matrices, 


Lemma 4.4. Ifa reducible finite group is generated by reflections, its components 
are likewise generated by reflections. 

Consider any reflection which belongs to a reducible finite group. By Lemma 
4.3, it transforms @ and @’ into themselves. Therefore & (or ’) must lie in the 
reflecting prime, while &’ (or &) is perpendicular to it. Hence Q (or Q’) is 
identity, while Q’ (or Q) is a reflection. 

Lemma 4.5. If a finite g.g.r. is not trivially reducible, it leaves invariant just one 
point of the Euclidean space, and its fundamental region is one of the parts into 
which the unit sphere around this point is divided by the reflecting primes and their 
transforms. 

A finite g.g.r., operating in Euclidean space, leaves at least one point invariant, 
by Lemma 4.1. If it leaves more than one point invariant, it must leave all the 
points of a subspace of one or more dimensions; this makes it trivially reducible. 
The group can be regarded as operating in a spherical space, and its fundamental 
region is then given by the Fricke-Klein construction. 

Lemma 4.6. If a finite g.g.r. is not trivially reducible, it is generated by reflec- 
tions in the bounding primes of its fundamental region. 

These are the operations which transform the fundamental region into the 
neighboring regions. 

Lemma 4.7. The fundamental region of a finite g.g.r. is a spherical simplex. 

If the fundamental region has a pair of antipodal vertices, all its bounding 
primes must pass through the join of these vertices, since any other prime would 
divide the region into two parts. There are thus two invariant points, the group 
is trivially reducible, and we construct the fundamental region in a subspace. 

If the fundamental region has no vertices (e.g. a hemisphere), suppose it has a 
k-dimensional element but no (k — 1)-dimensionalelement. Then all the bound- 
ing primes must pass through this k-dimensional element, since any other prime 
would give a (k — 1)-dimensional element by intersection. 

Thus the fundamental region, which we have agreed to derive from the non- 
trivial component, has vertices, but no antipodal vertices. This makes it a 
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polytope. By Lemma 4.2, all the dihedral angles are submultiples of 7; there- 
fore none of them can be obtuse. By Theorem 1, the polytope is a simplex. 


The rest of Theorem 4 follows by means of Lemma 4.4. The sets of vertices 
lie in absolutely perpendicular spaces.”! 

TueoreM 5. If an infinite discrete g.g.r. has a finite fundamental region, this 
fundamental region is a simplicial prism whose constituents are the fundamental 
regions of the irreducible components. 

Lemma 5.1. Jf a reducible discrete group is generated by reflections, its com- 
ponents are likewise generated by reflections. 

We proceed as in Lemma 4.4, bearing in mind the fact that the subspaces 
@, @’ may be at infinity. 

Lemma 5.2. If an infinite discrete g.g.r. is not trivially reducible, its fundamental 
region is one of the parts into which space is divided by the reflecting primes and their 
transforms. It is generated by reflections in the bounding primes of the fundamental 
region. 

Cf. Lemmas 4.5, 4.6. 


The fundamental region of an infinite discrete g.g.r. may be finite or infinite. 
If finite, Lemma 4.2 shows that it is a Euclidean polytope whose dihedral angles 
are submultiples of . Hence, by Theorem 2, it is a simplicial prism. 

The bounding figures of the simplicial prism 


fall into sets of the form 


Two bounding figures belonging to different sets lie in perpendicular primes, so 
that the reflections in them are permutable. The group generated by reflections 
in the bounding primes of the prism is thus the direct product of groups gener- 
ated by reflections in the bounding primes of ,,,, 2m,, etc. In this manner we 
analyse the group into its irreducible components. 

CoroLuary. All the components are then infinite. 

THEOREM 6. Every irreducible discrete g.g.r. has a simplicial fundamental 
region; and the general discrete g.g.r. is simply isomorphic with a direct product of 
such groups. 

If the group is finite, the fundamental region is a simplex (whether the group 
is irreducible or not). If the group is infinite while the fundamental region is 
finite, the fundamental region is a simplicial prism; but the group is reducible if 
this prism has more than one constituent. Bieberbach” has proved that groups 


*1 Cf. Coxeter 2, 146 ($16.4). The fundamental region of [m] X [n] is described in 
Goursat 1, 82. 
22 Bieberbach 1, 327. 
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with infinite fundamental regions are always reducible. By Lemma 5.1, the 
irreducible components are generated by reflections. 

The words ‘“‘simply isomorphic with” are inserted in order to admit trivially 
reducible groups. 

TueorEM 7. Jf a discrete g.g.r. has both finite and infinite components, its 
fundamental region can be regarded as a generalized pyramid which joins a sim- 
plicial prism to a simplex situated at infinity in a space absolutely perpendicular to 
the space of the prism. 

Such a group is the direct product of a finite group whose fundamental region is 
a spherical simplex, and an infinite group whose fundamental region is a sim- 
plicial prism. Let us imagine the spherical simplex to be drawn (with its proper 
angles) on a sphere of infinite radius, lying in a Euclidean (q¢ + 1)-space ab- 
solutely perpendicular to the p-space of the prism. Consider the infinite 
(p +q + 1)-dimensional pyramidal region obtained by joining every point of the 
prism to every point of the simplex at infinity. This region has bounding primes 
of two types: 

(1) joining a bounding (p — 1)-space of the prism to the q-space (at infinity) 
of the simplex; 

(2) joining a bounding (q — 1)-space of the simplex to the p-space of the prism. 
Since the p-space is absolutely perpendicular to the q-space at infinity, every 
prime of the first type is perpendicular to every prime of the second. Reflections 
in the primes of the first type generate the infinite component of our group, while 
reflections in primes of the second type generate the finite component. Hence 
reflections in all the primes must generate the direct product, as required. 

For example, the fundamental region of 


[k] X 


isan infinite ‘‘wedge”’ (in ordinary space), bounded by four planes: two parallel ; 
and two, perpendicular to these, mutually inclined at 2/k. 
TurorEM 8. very discrete g.g.r. has an abstract definition of the form 


(8.1) Ri = = 1. 


Since the direct product of several groups having such abstract definitions is 
another group of the same kind, it will be sufficient, by Theorem 6, to consider 
the cases when the fundamental region is a spherical or Euclidean simplex. Let 
Rh; denote the reflection in the i** bounding prime of this simplex, and 7/kj; 
the angle between the it and j** bounding primes. Then the relations (8.1) 
are certainly satisfied. Clearly, also, the R’s suffice to generate the whole group. 
7 “pra to be proved that every relation satisfied by the R’s is a consequence 
of (8.1). 


(8.2) 


* This proof is the “obvious extension of an argument used by Burnside” to which 
reference was made in Coxeter 2, 146. 
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be any relation satisfied by the R’s. Consider a point, moving continuously in 
the spherical or Euclidean space in which the given group operates, beginning 
within a particular fundamental region, proceeding through the a-face into a 
neighboring region, then through the b-face of this region into a third (which 
may be the first over again), ... and finally through the z-face of some region 
into another region (which we shall identify with the first). 

The first region is transformed into the second by the operation R,, into the 
third by 

R.R, Rz'.Ra = Ra Ri, 
into the fourth by 
(R. Ry) Rs) = Ra R., 


... and into the last by R. Rk, R....R:. By hypothesis, this operation is 
identity. Hence the last region is the same as the first, and we may regard the 
moving point as describing a closed path. 

We can immediately reduce the general sequence 


to one in which no two consecutive R’s are the same. For, since 
2 
R ; = 1, 


R...-R RR tial. 


In terms of the path, the moving point passes through the 7-face of some region ] 
into J (say), and then back through the same interface into J. This path can be 
decomposed into one which misses J altogether (unless it enters on a different 
occasion) along with a loop passing twice through the interface. The loop itself 
is a path which corresponds, in the manner described, to the relation R; = 1. 


J 


In, 
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We shall now reduce the net of fundamental regions to a ‘‘skeleton,’”’ by dis- 
carding the primes but retaining the secunda. The possible paths, of the kind 
considered, constitute the Poincaré group of the space residual to these secunda. 
Since the whole space is simply connected, any such path can be decomposed 
into loops around single secunda. This decomposition of the path corresponds 
toa factorization of R, R, ... R.. By reinserting the primes, we see that each 
factor is of the form 

(R, ... Re) (Ry... 


Hence, finally, (8.2) is an algebraic consequence of 
(R; R;)*i = 1. 


THeorEM 9. The following list™ comprises all wrreducible discrete groups gen- 
erated by reflections. 


3" 
Finite groups: [3"]}(n 20), 20), |3 |(n2=1),% [k] (k = 5), 
3 
3,3] [3,3,3] [3,3,3,3 
[3,5], [3,4,3], [3,3,5], |3,3], 13,3 |, [3,3 
3 3 3 


3” ,4 
Infinite groups: [3% (n 2 3), [4,3",4] (n 2 0), 
3 


5 


3,3 3,3 ,3,3,3 
| 20), [o], 3,6, (3,3,4,3, |3,3,3) | 3,3 
3,3 3 3 


w 


Lemma 9.1.% Jf all diagonal minors of a determinant are positive, while all 
non-diagonal elements are negative or zero, then all algebraic first minors are positive 
or zero. 

Let A denote the m-rowed determinant | a} |, A} the minor derived by omit- 
ting the 7*" row and j** column, A‘; that derived by omitting two rows and 
columns, and soon. We are given 

Aj > 0, >0, >0,---,a; >0, a; <0 (i ¥ 9), 
and we have to prove that (—)* Ai = 0. 


* For the notation, see Todd 1, 214; Coxeter 2, 151, 147, 162. The number of dimensions 
of the space in which the group operates (spherical space, in the Gnite case) is equal to the 
number of digits in the symbol, except in the case of 3", Sans. Fee mee 
systematic notation, see p. 618, below. 

For an independent investigation of the groups (3*], [3", 4], [x], [3, 5], [3, 4, 3], [3, 3, 5], 
see Motzok 1. 

* To avoid repetition. 

* This lemma, being of unnecessary generality, could be replaced by Stieltjes 1. 


< 
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Since we can transpose the j‘® and m‘ columns (provided we also transpose 
the j** and m** rows), it will be sufficient to prove that 
AS >0 (i < m), 


This is true when m = 2, since A} = aj < 0. Using induction, we assume 
the lemma as applied to A%,, so that 


a} 


j=l 


IV 
—) 


We now have 


whence 
m—1 
j=1 


Lemma 9.2. A determinant of the kind considered in Lemma 9.1 is definitely 
diminished by simultaneously increasing and —aj (i j). 
Writing A = f(a}, aj), we have 


flai— 6, af — flai, af) + 


Ifé> ° age « > 0, this expression is definitely negative, since A} < 0, A? < 
and 

The enumeration of our irreducible groups merely involves the enumeration of 
simplexes whose dihedral angles are submultiples of 7, for which see Coxeter 2, 
136-144 (§§15.4-15.9). The only step left obscure” was the ‘‘Note” in the 
middle of §15.2. This can be derived from Lemma 9.2 by putting a; = 1 
and a; = — cos (7 J). 

THEonm 10. In spherical or Euclidean space, the continued product of the 
reflections in the bounding primes of a simplex, taken in any order, is an operation 
which leaves no point invariant. 

The reader will have no difficulty in proving this. 

DeFINITION. By the generators of a g.g.r., we shall mean the reflections in the 
bounding primes of its fundamental region. 

THEOREM 11. Of the continued products of the generators of a finite 9.g.7., 
arranged in various orders, any two are conjugate. 

Lemma 11.1. [f the vertices of an m-gon are numbered from 1 to m in any order, 
we can arrange the numbers in natural order by repeated application of the following 
operation: whenever a side of the m-gon has inconsecutive numbers at its ends, we 
are allowed to transpose those numbers. 

. We prove this by showing that the numbers at the ends of a side can be trans- 
posed even when they are consecutive. 


27 T am indebted to Prof. Pélya for pointing this out. 
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Suppose first that the numbers in order are 
1, 2, P3) P4y Pmy 


so that every p;i > 2. Interchanging 1 with p,,., then with p,,1, and so on, we 
obtain the new order 
Pm) 2, 1, Ps; 


which is the Same as the old except that 1 and 2 have been transposed. We may 
describe this process as ‘“‘making 1 run round the polygon.” 

Using induction, let us assume that the numbers / — 1 and / can be transposed 
(when associated with consecutive vertices of the polygon). Then we can trans- 
pose 1 and 1 + 1 by making / run round the polygon. Hence, finally, we can 
transpose the numbers at the ends of any side whatever, and the lemma is 
reduced to the familiar generation of the symmetric group by transpositions. 

Lemma 11.2. If m vertices of an (m + 1)-gon are numbered from 1 to m in any 
order, while the remaining vertex is marked l’ (1 S$ 1 S m), we can derive any 
rearrangement of the numbers by repeated application of the operation of Lemma 
11.1, regarding l’ as consecutive only to l. 

We can transpose | and l’ by making l’ run round the polygon; and then the 
presence of /’ will not affect the argument used in proving Lemma 11.1. 


By Theorem 9, every irreducible finite g.g.r. is of the form 


3" 
ke, km—1] or 3? |. 
3 


In the former case* the abstract definition is 
R? = (Ri = (RR)? = 1 1). 
Thus inconsecutive R’s are permutable. 

Consider any ordering of the m R’s. By numbering the vertices of an m-gon 
in accordance with the suffixes, we obtain a representation, not only of the con- 
tinued product corresponding to the chosen ordering, but also of the obvious con- 
jugates of this product, derived by cyclic permutation of the factors. The 
operation described in Lemma 11.1 will not affect this set of m conjugate 
products. Hence every such product is conjugate to Ri Rz ... Rm. 

3" 
3” | has an abstract definition conveniently represented by the diagram 
3 


N; N O P P, Ps 


* Todd 1, 224 (4). 
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of which the case n = p = 2 is explained in Coxeter 2, 164. 
By associating the generators 


with the numbers 


we are able to apply Lemma 11.2, and to conclude that all continued products 
of these generators are conjugate. 
Theorem 11 now follows, by Lemma 4.4. 


These arguments can be extended to cover most of our infinite groups; but it is 
easily seen that the eperations Ri R; Ri and R; Re Ry of are not con- 
jugate. 

THEOREM 12. The continued product of the generators of an infinite g.g.r., ar- 
ranged in any order, is of infinite period. 

This follows easily from Lemma 4.1, Theorem 10 and Theorem 6. 

DeFInition. & (without a suffix) will denote a particular continued product 
of the generators of an irreducible finite g.g.r., viz. 


R = R, Re for [ki, ke, » Baa] 
and 


3” 
for 
3 
(We now make a brief digression into the theory of regular polytopes. ) 
Derinition. The Petrie polygon of a regular polygon is the regular polygon 
itself. The Petrie polygon of a regular polyhedron is a skew polygon of which 
every two consecutive sides, but no three, belong to one face.*° The Petrie 
polygon of a regular polytope in m dimensions is a skew polygon of which every 
m — 1 consecutive sides, but no m consecutive sides, belong to the Petrie polygon 
of one bounding figure. Thus, if 


is a Petrie polygon of the regular polytope In, then 


occur in Petrie polygons of two adjacent II,,_1’s. 
Remark. Every finite regular polytope can be orthogonally projected on to a 
plane in such a way that one Petrie polygon appears as an ordinary regular poly- 


29 All the generators are involutory. Pairs not directly linked are permutable. If X, Y 
are linked, XYX = YXY. 
3° Coxeter 3. 
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gon whose interior is the projection of the rest of the polytope. The square 
aspect of the regular tetrahedron, the hexagonal aspects of the octahedron and 
cube, and the decagonal aspects of the icosahedron and dodecahedron, are 
familiar. In the projections of the four-dimensional polytopes, a second Petrie 
polygon (really congruent to the first, of course) appears as a star polygon," viz. 


{$} for {3, 3,3}, for {3, 3, 4} and {4, 3, 
{12} for {3, 4, 3},% {3°} for {3, 3, 5}* and {5, 3, 3}. 


THEOREM 13. Of the cycles in which the operation R of (ki, ke, ... , kms] per- 
mates the vertices of {ki, ke, ..., kms}, one is the cycle of vertices of a Petrie 
polygon. 

Let Xy be an alternative symbol for the vertex Ao, and let X, denote the mid- 
point of the edge AoAi, the center of the plane face ... AoAiA2, the center 
of the solid whose Petrie polygon involves AoAiA2A3, ... and X,, the center of 
the whole polytope.*® We take R; (¢ S m) to be the reflection in the prime de- 
termined by the m points that we obtain by omitting X ;_, from the set of X’s. 

When m = 2, R, and R: are the reflections in an in-radius X,X~ and a circum- 
radius ApX2 of the polygon {k}, X, being the mid-point of the side AoA;. Since 
the angle between these radii is 7/k, the product R = RR; is a rotation through 
2r/k, which effects a cyclic permutation of the vertices of {k}. 

We thus have a basis for induction, and can assume that 


r= eee 
effects a cyclic permutation of the vertices of the Petrie polygon 


of the II,,_; whose center is X,,;.. In virtue of this inductive assumption, 


Ain = TA; (i < m — 1) 
and A,, = rAm-1. 
Also, since R,, is the reflection in AoA; ... Am—2Xm, 
A; = R.A; (¢ << m — 1). 
Hence Ai = 7R,A; 
= RA; (¢ < m — 1). 


"Called {h’} in Coxeter 3. 

* Van Oss 1, Tafel I. 

Tbid., Tafel IT. 

*Ibid., Tafel VIII*. The projections given in Tafeln VI*, VII* exhibit Petrie poly- 
gons of {5, 3, $}, {3, 5, $}. 

* Coxeter 2, 155. 
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Finally, since the reflection in the prime A; ... AmiXm is rR»r, 
An = 
= 
= RAw-. . 


Derinition. S will denote the central inversion, i.e. that transformation in 
spherical space which replaces every point by its antipodes. S has the peculi- 
arity of being permutable with every transformation in the spherical space. 

TueoreM 14. If the fundamental region of a finite g.g.r. has no internal sym- 
metry, the central inversion is an operation of the group. 

Consider a particular fundamental region F. By producing its bounding 
primes, we see that one of the congruent regions is antipodal to F. If S’ is that 
operation of the group which transforms F into this antipodal region, it is clear 
that the product S’-!S leaves F invariant. If F has no internal symmetry, this 
operation must be identity, and so S’ = S. 

Corotuary. If the fundamental region has internal symmetries, we may aug- 
ment the g.g.r. by adjoining these symmetries. The augmented group will contain 
the central inversion (although the g.g.r. may or may not). 

DeFINITION. By Theorems 11 and 12, (in any discrete g.g.r.) the period of a 
continued product of the generators is independent of their order of arrange- 
ment. We shall call this period h. In particular, R is of period h. 

THEOREM 15. If any irreducible finite g.g.r. contains the central inversion S, 


then h is even and 
S = 


(By Theorem 11, this result would not be affected by rearranging the factors 
of R.) 

We shall prove this theorem by examining, in each of the ten cases, the effect 
of the operation R on the simplest polytope whose group of symmetries includes 
the irreducible group under consideration. This method has the advantage that 
it enables us to find the actual values of h, and to see which of our groups do not 
contain the central inversion. (The results of this investigation are summarized 
in the Table on p. 618, below.) 

(i) In the case of [3"], the polytope is the regular simplex {3"} or anu. 
Since its vertices do not occur in opposite pairs, the group cannot contain the 
central inversion. 

If ai, a2, ... , @nz2 are the vertices, the generators are the transpositions 


R; = (a, i441), 
and R = ... permutes the a’s cyclicly.* Therefore 
h=n-+2. 


36 Cf. Todd 1, 229. 
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An {n + 2} with all pairs of vertices joined can be regarded as a projection (of 
the vertices and edges) of any. The {nm + 2} itself is then the projection of a 


Petrie polygon. 
(ii) In the case of [3", 4], we consider the cross polytope {3", 4} or Buss, 


whose vertices 
Gy, Ge, ..- » An+2, Ciy Co, 


occur in opposite pairs a;,c;. The generators can be taken to be reflections in 
the primes 


Y= Xe = X3,..., = = O, 
viz 
R, = Re = = (Any 
Rize = (An42Cn42). 


We now have 


R= RiRz... Rage = (Gide ... Ange) (Cr€2 . Cn42Qn+2) 
= (Gide ... Any2CiC2 ... Cn+2). 
Therefore h = 2(n + 2) 
and RM = = S. 


A {2(n + 2)} with all pairs of vertices joined, except those that are diametri- 
cally opposite, can be regarded as a projection (of the vertices and edges) of 
8... The {2(n + 2)} itself is then the projection of a Petrie polygon. 


3” 
(iii) In the case of | 3 |, we consider the cross polytope (3% : or Bniz. The 
3 
generators, being reflections in the primes 


= = %,... , Ln = Ln+1) = Tn42 = 


+ Unis = 0, 
are 


O = P = 
Q = 
Since PQ = We have 


R= NOPQ = (aide ... 


37 ’ 
Todd’s R’s are in the reverse order. 
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Therefore h = 2(n + 2) again. 
If n is even, the central inversion does not belong to the group, since the poly- 


tope (3 < or hyn,3 then has no opposite vertices. But if n is odd, 
Ret? = (a1¢1) (a2C2) (An43€n+3) = 8S. 


(iv) In the case of [k], R = Rik, andh =k. If k is odd, the central inver- 
sion does not belong to the group, since {k} then has no opposite vertices. But 


if k is even, 
Ri* 


is the rotation through 7, which is S. 

(v) In the decagonal projection of the icosahedron {3, 5}, the decagon 
clearly represents a Petrie polygon, and opposite vertices of the Petrie polygon 
are opposite vertices of {3,5}. Therefore,** for [3, 5], 


h=10 and R=S. 


(vi) In Van Oss’s dodecagonal projection of {3, 4, 3}, the peripheral {12} 
represents a Petrie polygor (since four consecutive vertices belong to the Petrie 
polygon of a bounding octahedron), and opposite vertices of the Petrie polygon 
are opposite vertices of {3, 4,3}. Therefore,* for [3, 4, 3], 


h=12 and R&=S. 


(vii) In Van Oss’s triacontagonal projection of {3, 3, 5}, the peripheral {30} 
represents a Petrie polygon (since four consecutive vertices belong to a bounding 
tetrahedron), and opposite vertices of the Petrie polygon are opposite vertices 
of {3,3,5}. Therefore,** for [3, 3, 5], 


h=30 and R®=S. 


3, 3 
(viii) In the case of B | we consider the vertices” 
3 


of 22:, and observe* that 
R = NiNOPP,Q = (654321) [456.123] 


whence = 12. 


38 Todd 1, 230. 

39 Tbid., 227. 

49 Coxeter 1, 388 (§9.4). Todd 2 provided the most satisfactory proof of the corre- 
spondence between these vertices and the lines on the general cubic surface (Schlifli 1, 
Dickson 1). 

41 Coxeter 2, 165 (18.31). 
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Since 22: has no opposite vertices, the central inversion is absent. 


3, 3, 3 
(ix) In the case of 3 3 } we consider the vertices* 
3 
of 32, and observe* that 


R = N2Ni\NOPP,Q = (7654321) [4567 . 1238] 


= (CirC 78C 6sC ssC 
(C5 7€35C24C13C 1 9C12C'2 701 6C57C 35C 24C gC 12€28C 270, 6) 
(Cg asCs6C 36C 25C isC 56) 


whence h=18 and R= (cC) =S. 
3, 3, 3, 3 
(x) In the case of | 3, 3 , we consider the vertices 
3 


of 42:, and observe* that 
R = N;N2NiNOPP,Q = (87654321) Vies 


= (1780678034923 9C 98C 97C 96C 95C 94C 930189078 903450234C 83 
biz8b 678349423 9C 79C69C5 9C49C3 9111898 78903450234C38) 


» Cos 


(a578b35 9C 91012 92b2. 891790689034 84C 730168 
942490113 9C1 9012 9C292 3901790689034 60235Ca8Cs 70168) 
(136 902590149238 902 7901690539035 602450134C31C2842 7801670568 
91690589035 62450134C13C 8202 780167)568) 
(43794269015 904890456067 9034 70236C58C47C36015 8047804590567 
679134 70236C s5C 74C 63015804780459056 7) 

82378026 70156045 805690367025 s6C 75C 64C53 
70 68C57C4 6C35) 

(468b46 9046 904570579035 7202680157 
79035 702460135C410123012 8C2 71268015 7) 


(a36 8125 70114 60.35 8024 81012 6202580147 
b368b257b146035 80247013 6C510124C32C21C1 812 64125 8014 7) 

(cy 7012 6C250124 8013 7C1 8C 870 7 6C 65C54C430138 
6C52b24 6705 6C45C3413 3) 


whence h = 30 and R* = (ab)(cyc;) = S. 

“ Coxeter 1, 387. 

* Coxeter 2, 168. 

“ Tbid., 170. 

Tbid., 172, 


| 
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THeorEeM 16. Jf an irreducible discrete g.g.r. operates in Euclidean space of 
m dimensions (or spherical space of m — 1 dimensions), the total number of reflec- 
tions is 

Lemma 16.1. Jn an irreducible discrete g.g.r. whose symbol contains no even 
digits, all reflections are conjugate. 

Since every reflection in the group is conjugate to some generator, it will be 
sufficient to prove that the generators are conjugate. If U, Z are any two gener- 
ators, our assumption implies that we can find a sequence of generators U, |’, 
W,---, Y, Z, such that the products UV, VW, --- , YZ are all of odd period. 


Suppose 
(UV)**! = 1, 


Then (UV) U (VU) = V, 


whence U and V are conjugate. Proceeding similarly throughout the sequence, 
we conclude that U and Z are conjugate. 


For infinite groups, Theorem 16 is obvious, since h is infinite. For finite 
groups, we consider the actual cases (as in Theorem 15). 


(i)*6 [3”]. m=n+1, h=m+1. 


The transposition (a,a;) is the reflection that reverses the edge aja; of a», 
leaving the opposite a,,-2 invariant. By Lemma 16.1, all the reflections are of 
thiskind. Hence their number is 3m(m + 1). 


m=n4+2, h= 2m. 
Since 
(RiR2)* = (RoR3)? = = = 1, 


every reflection is conjugate either to R; or to R». R, reverses each of the 
opposite edges of R.» transposes the opposite vertices @m, Cm. Since 
Bm has 2m(m — 1) edges and 2m vertices, the total number of reflections is 


m(m — 1) + m = m?, 
3" 


(iii)* 3 |. m=n- 3, h = 2(m — 1). 
3 


By Lemma 16.1, every reflection is conjugate to that which reverses the 
opposite edges aid, ¢ic2 of B,,. Hence the number of reflections is m(m — 1). 


© For the case when n = 3, cf. Goursat 1, 90. 
‘7 For the case when n = 2, ibid., 85. 
48 For the case when n = 1, ibid., 82. 
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(These same reflections occur in [3”-*, 4], whose remaining m reflections gen- 
erate [ ]”.)*° 

(iv) [k]. m = 2, h=k. 

If k is odd, every reflection reverses one side of {k} and leaves the opposite 
vertex invariant; so the number is k. 

If k is even, R, reverses each of two opposite sides of {k}, while Rz leaves two 


opposite vertices invariant ; so the number is 3k + 34." (Although R; and R 
are not conjugate in [k], these same operations are conjugate in the larger group 


[2k].) 
(v) [3,5]. m=3, h=10. 


Every plane of symmetry of {3, 5} passes through one pair of opposite edges, 
and bisects another pair; so the number of planes is 15. 


(vi)>! [3, 4, 3]. m = 4, h = 12. 
Since 
(RiR2)® = = 1, 
there are only two sets of mutually conjugate reflections. But there is a reflec- 
tion that transposes two opposite vertices of {3, 4, 3}, and another that trans- 


poses two opposite octahedra. Hence the total number is 12 + 12." (All these 
reflections are conjugate in the group of symmetries of f;,2 {3, 4, 3} .) 


(vii)®4 [3, 3, 5]. m = 4, h = 30. 


There is a reflection that transposes two opposite vertices of {3, 3, 5}. By 
Lemma 16.1, every reflection is of this kind. Hence the number is 60. 


3,3 
(viii) 3,3). m=6, h=12. 
3 


**{]" means [] X [] X +--+ (to m terms), which might also be written [2"~"]. (See Preface 
for the cases m = 2, 3.) 
The relation between these groups is epitomized in the symbolic equation 
37-3 
[3"-2, 4] = | 3 + []" (m 2 3). 


3 
= [34] + [4k] (& even). 
!Goursat 1, 86. 


3 3 
3]. 
3 3 


7 This is an example of the ‘“‘augmented group”’ defined in the corollary to Theorem 14. 
It is derived from [3, 4, 3] by adjoining the operation considered in Robinson 1. 
* Goursat 1, 88. 
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P, transposes the two opposite a;’s® 


of 2.;. Since there are 72 a;’s, the number of reflections is 36. (These corre- 
spond, of course, to the double-sixes on the cubic surface.) 


3, 3,3 
(ix) 3,3 |. =m=7, h = 18. 
3 


P, transposes the two opposite 86's 
+++ CigCo3 +++ Cos, Cig-++ Cisces +++ Cas 


of 32. Since there are 126 84’s, the number of reflections is 63. (These corre- 
spond® to the 63 period characteristics of genus 3.) 


3, 3, 3, 3 
(x) 3,3 ; m = 8, h = 30. 


3 


P, transposes the two opposite vertices Ci2, C2: of 42. Since there are 240 
vertices, the number of reflections is 120. 

THEOREM 17. Every irreducible finite g.g.r. can be generated by two operations. 

For all finite groups of the form [k, ke, --+ , km], this was proved by Todd,'* 
the two generating operations being, except in one case, R, and R. 

In the case of putting R = --- Rays, we have 


Rip = (i Sn). 
In the case of [3", k], putting R = RiRe --- Riss, we have 
Riss = R‘R,R* < n), 


Rise => 


This result includes [3”, 4], [k], [3, 5], [3, 3, 5], and incidentally also the infinite 
groups [©], [3, 6]. Todd generates the exceptional group [3, 4, 3], by means 
of RRR, and 
a 
In the case of | 3 |, we define 
3 |. 


U = NaiNn-2 --- NO, V = POQ, 


55 Coxeter 2, 165. 
56 Du Val 1, 58. 
57 Tbid., 47, 49. 
58 Todd 1, 226. 

[bid., 228. 
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and observe that 
U-OU = ONONO (since O is permutable with Ni, --- , Nn) 


UAN;,U = ON NO 

= ON NO 

= 
= QPQ=P, VOV+ = PQP=Q, 
and 
VU = ONPOQNO = OPNONQO = OPONOQO = POPNQOQ 

= POQNPOQ = VNV. 


Since N = N-, we now have 


N = VU" UV, 
N; = U“NU;, 
O = 


P = V"UNU-"V, 
Q = VUNU"'V-—. 
When x is even, we can alternatively generate the group by means of O and 
R’ = NPOQ. 
In fact, 
N = OR'OR’0, 
N; = NR", 
P = 
Q = R'OR" (n 


The remaining groups are the symmetry groups of the polytopes 221, 321, 421, 
which were considered in Coxeter 1.52 However, we shall reconsider them here, 


in order to show that they can all be generated by the special operations O, R. 


“By Theorem 11, R’ is conjugate to R (which has OP in place of PO). But the 
permutable operations P, Q could never be distinguished in terms of O and R. 
* When n is odd, R’™*? = S, so that 


R'*1 OR’-@+*) = OR’ = QPNONPQ 
and R’-@+1) OR’*+1 = = Q. 
* 408 (11.63), 406 (11.52), 409 (11.71). 
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3" 
We can express the generators of =" in terms of O and 
3 


R = NiAN,z-2 --- NOPP,Q, 
by observing that 
R=“ OR = QP; PONONOPP,Q = QP; PNPP,Q 
RoON;R = QP, PONN, --- NiaNiNin NiNii--- NiNOPP,Q 
= QP, PONN, --- NiaNin Nia --- NiNOPP,Q 
= Nin, 
R? = QP; PONN, --- Nn-2 
Nn Nn-2 NiNOPP: QNi-1Nn-2 --- NiNOPP,Q 
= QP; PONN, --- Nn-2QP: PONN, -- + Nn—s Nn-1Nn-2 
Nn-1 Ni NOPPi QNy-2 Ni NOPP,Q 
QP; PONN, --- PONN, Nn-s 
--- NiNOPPi QNn-2 --- NiNOPP,Q 


= QP; PONQP; PONOPP, QNOPP, Q 
= P, PP, QOQPNONON PQOQP, PP; 
PP, POQOPOPOQOPP;, P = PP, POPOPP, P = POP 


= OPO, | 
RPR- = NOPP;PP;PON 
= P,, 
R“PR = QP,POPOPP,Q = Q0Q 
= 0Q0, 
whence 
(Nig = ROR (N = 
P = OR-“+ ORO, ti 
(17.1) V 
P, = ROR-“ OR, is 
Q = OR“ OR-“+» OR" ORO. 


«ee a 
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These relations can be simplified considerably when n = 2, and slightly when 


n=3. 


3,3 
For : | (n = 2, R = Ni NOPP,Q), we find 


3 
= OQO, 
so that 
N, = 
N = 
P = R‘OR-, 
P, = OR-, 
Q = OR* OR 0. 
3, 3,3 
For | 3, 3, (n = 3, R = N2Ni NOPP,Q), 
3, 
= S, 
so that 
R=OR® = R*OR-1 
and 
Ne = ROR’, 
N, = ROR’, 
N = 
P = OR‘OR-“0O, 


P; = ROR‘*OR*OR4, 
Q = OR" OR*OR+ ORO. 


3 


3, 3, 3,3 
For : 3 , we cannot do better than put n = 4in (17.1). Incidentally, 


3, 3, 3, 3,3 


by putting n = 5 we obtain a generation of the infinite group 


two* operations. For n > 5 we have the (infinite) symmetry groups of Du 


Val’s Minkowskian polytopes noi. 
** Three were used in Coxeter 1, 409. 
“Du Val 1, 71. 
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Derinition. If Iisa group which contains the central inversion S, 


will denote the factor group I'/Z, where = is the subgroup of order 2 generated 
by S. From an abstract definition for I’, we derive an abstract definition for 41 
by inserting the new relation S = 1. 

Examples. 

(i) 4[2k] ~ [k], both having the abstract definition 


Ri = = (RiR2)* = 1. 
(ii) 3[3, 4] ~ [8, 3]. 
3[3, 4]® has the abstract definition 
R? = = Rj = (Ri = (R2R3)* = (R3 Ri)? = (Re = 1. 
On putting R; = R ; Ri, this becomes 
Ri = Ri = = (Ri = (Re Ry)? = (Ry Ri)” = (Re Ry Ri)! = 1, 
which is the abstract definition for [3, 3] (with the superfluous relation R* = 1). 


(iii) In the notation of Coxeter 2, 145-151, (since the central inversion is a 
negative operation when the number of Euclidean dimensions is odd) 


313”, 4] [3", 4)’ (n odd), 
3[3, 5] ~ (8, 5)’ (the icosahedral group®), 


3, 3,3 3,3,3]’ 
113.3 |~|3,3. |. 
3 3 


Du Val 1, 58 shows that the last of these groups is the 6-characteristic group of 
genus 3. Wenowsee that an abstract definition for it can be obtained by adjoin- 
ing the relation 


3, 3, 3 
to the abstract definition®™ for F 3 | This new definition is more elegant 
3 
than (18.51). In terms of the digits 1, 2, ---, 8, whose pairs denote the 
twenty-eight odd 6-characteristics (or the twenty-eight bitangents of the plane 
quartic curve), Q (or Qo) is simply a bifid substitution, while the other six gen- 
erators are transpositions.®’ By 15 (ix) above, R permutes twenty-seven of the 


6 Fricke-Klein 1, 71. 

66 Tbid., 72. 

67 Coxeter 2, 149 (16.74). 
68 Tbid., 166. 

Ibid., 168. 
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odd characteristics (or bitangents) in three cycles, namely 
(17 67 34 23 78 68 58 48 38) 


(57 35 24 13 18 12 28 27 16) 
(36 25 14 37 26 15 47 45 56). 


3 


relation” that was required in Coxeter 2, 174 (at the bottom of the page) is 
now seen to be 


3, 3, 3, 3 
(iv) fs 3 is the group considered in Du Val 1, 49. The ‘‘one extra 


= 1, 
where R= N;N2N; NOPP,Q. 


(v) Of Goursat’s groups,” 


3 
XLII is 3 
3 


XLIV is 3([] X [8, 4]), 
XLV 3[3, 4, 3], 
XLVII is 3[3, 3, 4], 
XLIX is 3([] X [3, 5)), 
L is 3[3, 3, 5); 


But LI ~[8, 3, 3] itself, the central inversion being absent. 

Remark. If T (containing S) is a g.g.r. in spherical space, then 3T is a g.g.r. 
in elliptic space (of the same number of dimensions). 

ToEorEM 18. For every finite g.g.r. in Euclidean (or spherical) space, there is a 
simply isomorphic group in elliptic space. Every other discrete g.g.r. in elliptic 
space is of the form 

X T® xX... ), 


where all the T’s™ occur among 


3" 
4], Jo odd),  [k] (keven), [3, 5], [3, 4, 3], [3, 3, 5], 


3 
3, 3, 3 3, 3, 3, 3 
3,3 3,3 ‘ 
3 3 
” Goursat 1, 78, 79. 


" There may, of course, be only one. 
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Lemma 18.1. If I, a finite g.g.r., contains S, then 
XT) ~T. 


Lemma 18.2. If a reducible group contains the central inversion, then each 
component must contain its own central inversion. 

(The proofs of these lemmas are omitted, as they involve no ingenuity.) 

It is obvious that any group in elliptic space can be derived from a group in 
spherical space by identifying antipodal points. If the spherical group does not 
contain the central inversion, the elliptic group is simply isomorphic (but the 
fundamental region of the latter is one half of that of the former). If the 
spherical group is of the form [] X IT and contains the central inversion, the 
derived elliptic group is simply isomorphic with T, by Lemma 18.1. The 
remaining case is when the spherical group contains the central inversion but no 
component [] (7.e., no single reflection which is permutable with all the others). 
By Lemma 18.2, every component of the spherical group must then contain 
its own central inversion. 


TABLE OF IRREDUCIBLE FINITE Groups GENERATED BY REFLECTIONS 


Group Order’? m h Central inversion? 
[3"] (n + 2)! n+1 n+2 Only when n = 0 
[3", 4] 2.*2(n + 2)! n+2 2(n + 2) Yes 
3" 
3 | 2"*2(n + 3)! n+3 2(n + 2) Only when n is odd 
3 
[k] 2k 2 k Only when k is even 
[3, 5] 120 3 10 Yes 
[3, 4, 3] 1152 4 12 Yes 
(3, 3, 5] 14400 4 30 Yes 
3, 3 
3, 3 51840 6 12 No 
3 
3, 3, 3 
3, 3 2903040 7 18 Yes 
3 
3, 3, 3, 3 
3, 3 696729600 8 30 Yes 
3 


72 Coxeter 2, 159. 
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_ REPRESENTATION OF THE IRREDUCIBLE Groups GENERATED BY REFLECTIONS 


GRAPHICA 


(Finite) (Infinite) 


5 6 7 


Here each dot represents a mirror, i.e. the prime of a generating reflection. 
The links indicate the relative positions of the various mirrors. When two dots 
are joined by a link marked k, the corresponding mirrors are inclined at angle 
t/k. When a link is unmarked, we understand k = 3. When two dots are not 
(directly) linked, the mirrors are perpendicular.” 


Cf. Coxeter 4. 
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By Theorem 9, the above graphs represent all irreducible discrete groups 
generated by reflections. By Theorem 6, the graph for any reducible discrete 
g.g.r. is obtained by juxtaposing several of these, repetitions being allowed. 


INDEX 

Central inversion: 606 
Components: 595 g.g.r.: 596 
Discrete: 594 h: 606 
Fricke-Klein construction: 595 m: 610 
Fundamental region: 594, 595 N, O, P, Q: 603 
Generator: 602 R: 604 
Irreducible: 595 R;: 605 
Petrie polygon: 604 S: 606 
Prime: 595 @, @': 595 
Prism: 591 =m: 591 
Reducible: 595 []: 588 
Secundum: 595 [k]: 588 
Simplex-polycorypha: 590 [co]: 590 
Sphere: 591 47: 616 
Vertex diagram: 592 
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COMPOSITION AND RANK OF n-WAY MATRICES AND MULTILINEAR 
FORMS! 


By Rurus OLDENBURGER 


(Received November 16, 1932, revised June 20, 1933) 


1. Introduction. Zehfuss? proved that a full sign determinant of even class 
of a system of forms is a relative invariant of these forms, and showed that the 
full sign determinant of an n-adic form F of even degree is an invariant of index 
equal to the degree n of F. Hitchcock* proved that the 2-way ranks of polyadies 
are invariant under non-singular linear transformations. The matrices asso- 
ciated with polyadiecs possess certain factorization properties ;‘i.e., if A = (aj, ... ip) 
is the matrix of a polyadic, then 


h 


where (@pjip) are 2-way matrices. Rice® proved certain bound 
properties of 2-way ranks of general n-way matrices. Hitchcock*® further 
proved by polyadic methods the invariance of certain space ranks of the matrix 
A above under non-singular linear transformations. 

The present paper begins with the study of certain operations on n-way 
matrices which the author has designated compositions. These operations in- 
clude sets of linear transformations on one or more indices, Cremona transforma- 
tions, the transformations of the characteristic matrices of a linear algebra, 
the transformations of tensors and polyadics, ete. Bound properties of 2-way 
ranks under compositions, relations between the ranks of a given matrix, and 
the canonical forms which depend on these ranks are established. Space ranks 
of a general signancy are introduced and several properties of these ranks are 
obtained. Finally, the invariance of ranks of compound matrices under non- 
singular compositions is proven by the use of multiple concomitants. 

By means of the equivalence of a set of transformations to a single composition, 


1 Presented to the American Mathematical Society, December, 1930. 

* Zehfuss, Ueber die Erweiterung des Begriffes der Determinanten, Programme Gerwerb- 
schule Frankfort a/M. (1868), p. 6. 

3 F. L. Hitchcock, The expression of a tensor or a polyadic as a sum of products, Journal 
of Mathematics and Physics, vol. 6 (1927), pp. 164-189. We shall call this paper ‘“‘Hitch- 
cock, Paper 1.” 

‘F. L. Hitchcock, Ordered determinants with application to polyadics, Journal of 
Mathematics and Physics, vol. 4 (1925), pp. 222, 223. 

F. L. Hitchcock, Paper 1, p. 164. 

5 L. H. Rice, Couche ranks in the general matrix, Journal of a aeeanneneel and Physics, 
vol. 7 (1928), pp. 94-96. 

° F. L. Hitchcock, Multiple invariants and generalized rank of a p-way matrix or tensor, 
Journal of Mathematics and Physics, vol. 7 (1927), pp. 40-79. 


622 


er 


t 

t 

i 

0 

il 

0 

( 

is 

a 

0 

le 

ti 

= 

‘id 

= 

|| 


N-WAY MATRICES 623 


the author is able to show how the complete invariant theory of 2-way matrices 
can be extended to n-way matrices. 

Throughout the paper repetition of subscripts will denote summation. 

Unless otherwise stated the proofs hold for an arbitrary field of numbers 
commutative under multiplication. 


2. Definitions. It is assumed that the reader is familiar with the termin- 
ology used in standard works on ordinary (2-way) matrices. We shall also need 
the following terms. 

A display (Giyi2 ... ip) Of a p-way matrix A is defined to be the array of num- 
bers obtained by placing a@iji, ... ip at the point (7, 72, --- 7,) in a linear p-space 
where 7; = 1, 2, ---, m;forj = 1, 2,---,p. The j-th direction in this space 
is the direction associated with the index 7;. Other p-way displays of A are 
obtained by transpositions of the indices in (aj,i2 ... :,). 

A set of indices of A determines an aspect’ or orientation in the space of A, a 
single index determining a direction in this space. An ordered set of indices 
~ ‘T = 1,0, +++ Tytw of the indices of A is called the partition T. A partition is of 
class n if it contains n indices. The class of the partition containing all of the 
indices of A is called the class of A. The order of a partition 7 is the product 
of the orders of the ranges of the indices contained in T. A partition o will be 
called a subset of T if the indices of o are contained in T. Two partitions 7, T2 
will be said to be equal if they have the same ranges on corresponding indices 
(Ist, 2nd, ---). If pis the partition 7,7, ---, ois the partition 7, ---, ---, 7 
is the partition 7,7, ---, where = i,t, +++ +++, then p, o, ¥ 
are said to simply cover the partition T. If p, o, ---, y simply cover 7, we 
write 7’ = po ¥. 

Let 7, To, ---, 7, be mutually exclusive, exhaustive partitions of the indices 
ofA. We define the display (a7,r, ... 7,) of A to be the matrix obtained by 
letting T;, ---, 7’, denote the indices of an r-way matrix, indices in each parti- 
tion varying by convention from right to left. For example, if A = (@izisigig), 
hy te, 13, 14 => 1, 2, and T; = T2 then 


Qi 1121 Qy122 

212 
A = (arr) = 

e112 2121 

2211 Q2212 


In the general case where r = 2, we obtain the display (ar,r,) which possesses a 
2-way determinant | arr, | on T;, T2 provided that the orders of T; and T are 
equal. A matrix is non-singular on 7), if | aryr. | 0. 


‘ This term was introduced by L. H. Rice in his paper entitled Couche ranks in the gen- 
eral matrix, Journal of Mathematics and Physics, vol. 7 (1928), pp. 94 ff. 
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An asterisk on T will indicate that the indices of T have been assigned fixed 
values (7*). If every index of T is given the value 1 we write T = 1 (omitting 
the asterisk); similarly we write T = 2, etc. A minor of A is a matrix obtained 
from A by allowing the indices of A to vary over subsets of their ranges. 4 
j-way layer of A is a minor of A obtained by fixing (m — J) indices, where n is the 
class of A. A layer obtained by letting T = T7* is called a T-layer. 

A cube matrix is a matrix which has the same range on each index. 

The usual notions concerning zero matrices, equality of matrices, etc. will 
apply here. 


3. Compositions. Let two matrices A and B be displayed as (arr), (br7,) 
respectively. The matrix C = (arr brr.) is the composite of A and B on T, and 
is denoted by A | 7'| B. Cis said to be obtained from A and B by composition 
on T. If T contains no indices, the composition is a zero-composition, and fol- 
lowing the notation used by Wey]* in treating the two way case it is denoted by 
AX B. 

By a method analogous to that used by Hilbert,® the form 


can be obtained from the forms 


1 eee n 1 eee 
G = Gy... Ti, Yip 


by applying the following differential operator 


a?! 


23 


to GH. Several properties of compositions follow at once from the properties 
of differential operators. Now if the coefficients are sufficiently restricted F can 
be obtained by making the homogeneous transformation” 


on the variables of G. 
If A = (ai,... in), B = (bi, ... in), we define A + B to be the matrix 
... in Di... in). If Ti, are disjointed, A | T,| (B| T2|C) = (A|T1|B) 
|T2|C. Evidently A | 


* H. Weyl, Gruppentheorie und Quantenmechanik, Leipzig, 1931, pp. 80 ff. 

°D. Hilbert, Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, 
Leipzig, 1912, pp. 128, 129. 

1° Cremona transformations are contained in the class of homogeneous transformations. 
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4, Identity matrices. If in the matrix 6 = (ép,7,), T; = 7, 57,7, = 1 if 
T, = T;, and 67,7, = Oif T; ~ T>, then 64 is said to be an identity matrix on 


Tz. Evidently if = (aryrs), | T2 | (rgr3) = (aryrs). 
If tis a number, X 6 is a scalar matrix. 


5. 2-way ranks. In a matrix A the T-layers A, Ao, --- , A, are said to be 
linearly independent if and only if 


cy X Ay = 0 


implies that cy = 0 for f = 1,2,-+--, 7. The T-rank of A is the maximum 
number of linearly independent T-layers of A. Evidently the 7%-rank of A is 
the same as the 7’-rank of A where T° is obtained from T by making a substitu- 
tion S on the indices of 7. Further the 7,-rank of A is the rank of the 2-way 
display (ar,r2), and is hence called a 2-way rank (assuming that T, is not 
yacuous). If 7',is vacuous, the 7)-rank of A = (ar,) is 1, or zero. 

A matrix A is said to be singular on T if the T-rank of A is less than the order 
of T. If aand T are disjointed, the a-rank of A is said to be invariant under 
T-composition with C if the a-rank of A is equal to the a-rank of A | T | C. 


6. Properties of 2-way ranks under general compositions. The reduction 
of the problem of properties of a set of compositions to the problem of 
properties of a single composition is accomplished by means of the lemma below. 

Let matrices A; possess determinants | A; | on 7, Ti2for 7 = 1, 2, --- , n. 
Let D represent the determinant | A; X Az X --: X A, | whose rows are 
denoted by the partition 7), --- 7’, and columns by 7}: --- Tn. Finally let 
II; denote the order of 7;. With these notations we have the 


Lemma. The determinant D = | A; X X X An| = | Ai 
| As | A, 
Weyl" has shown that 


(Ai & 61) | T12T | (62 X Az) = Ai X Ag, 


where 6;, 6: are identity matrices on partitions 7’, Tz, and Ty2, Tj, respec- 
tively. The matrix A, X 6, displayed with 7', Tx as the partition of its 
rows is a diagonal matrix with II, minors equal to A; on the diagonal. Hence 


|4: X 6:| = | A, Also | Az X = | Ae |™, whence | A: X A2| = 
|A, |"? | As |™, The Lemma follows by induction. 
Since the matrices B; = (br,:7;9) of composition on Ti = 1, 2, --- , n form 


a matrix +++ Tn1,7T12T22 --- Tn2) = x x of composition 
onT = Ty, --- Tr, we have the 


Corottary. If a matrix A = possesses a determinant | ar;r, |, whe 


1H. Weyl, Ibid. 


626 RUFUS OLDENBURGER 


corresponding determinant of C obtained from A under composition on T,, 
(¢ = 1, --- , n) simpiy covering T2 is equal to 


Il) 


where B; = (brjri.) are the matrices of composition. The B; are assumed to be 
square as displayed. 

By letting B,~j4:, , Bx be identity matrices on T,~j411, 
T 1, Tn2, it is seen that compositions on Tn, Tn, --- , Tn—j,, forming a subset of 
T. are also treated by the corollary. 

The following theorem is obvious. 

THEeorEM 1. The T and o-ranks of A = (a,,) are equal. 

We also have 

THEOREM 2. If T; and T; are disjointed and T, is a subset of T3, the T,-rank of 
a T3-layer of A is less than or equal to the T;-rank of a T:-layer of A. 

The following theorem is a slight generalization of a theorem of Rice.” 

TueorEM 3. If T = T, --- 7T,, the T-rank of A is less than or equal to the 
product of the T ;-ranks of A wherei = 1, ++: , 8 

By elementary compositions on A we shall mean elementary transformations" 
on the layers of A. By these compositions, if 7; is the T;-rank of A, r; of the 
T-layers of A can be reduced to zero layers, leaving by Theorem 6 the 7, 7), 

, T,-ranks of A invariant. A is then reduced to a matrix in which there are 
at most 7, --- 7, non-zero intersections of the 7, --- , 7’.-layers. But these 
intersections are T-layers, whence the theorem is proved. 

We have 

THEOREM 4. Let three matrices A, B, C be given by (a@ryrer3), (Orgrsr5), 
A|T3|B respectively. Let an r; represent the T ;-ranks A, B, and C 
respectively. Let further rs be the TT's -rank of C. Then res < rs 1's. 

By theorem 3 < Tots. Now C= A | | (6 XxX B), where 6 = (67,7 
is an identity matrix on 7), T}. Since C is the ordinary product of two 2-way 
matrices, < Similarly 7; < Ts. 

THEOREM 5. Let A and B be defined asin Theorem4. If Bis non-singular on 
T';, the T2-rank of A ts invariant under composition on T; with B. 

If 6= (Sryr’ ,), as above, by the Lemma 6 X B is non-singular on 1,7’. 
Hence rz 

THeorEM 6. The Ti-rank 1;;..., of A = (ar,...7s) ts tnvariant 
under a set of compositions on T;, --- , T', with matrices C, = (eri), °** »Cs = 
(Cr,0,), where C; 7s non-singular on T; fori = 1,2, ---, 8. 

Let E = (€a,3) be defined to be the matrix 


(er;7; Tojo; = Crys; °°° 
and 


F= (f. (erie °° * Cry—yoi—1 CTi+19i4+1 °° * CTj-1 CTj+1 °° *); 


2 L. H. Rice, Ibid. 
13 See Bocher’s Introduction to Higher Algebra, p. 55. 
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where 7) — a, a simply cover T = T, --- Ts, and o — 8, B simply cover 
=a °** Os Now F is non-singular on 7 — a for we can choose subsets 
Of 01, respectively such that (cr,.,) is non-singular on 7), o,, 
(ery2) is non-singular on Ts, 03, . By the Lemma the minor Cree’ 
) Of F is non-singular on T — a, y where y = O10, °°: 
By Theorem 5 7;;... is invariant under composition with F 
on 7 —a. Similarly Z is non-singular on a, whence we again apply Theorem 5. 


The following Corollary to Theorem 6 was proved by Hitchcock" for 
polyadies. 

CoroLLaRY. The 2-way ranks of a matrix A are invariant under non-singular 
linear transformations on the indices of A. 


7. Properties of ranks under zero-composition. We are able to reduce 
the problem of ranks under zero-compositions to the problem under T-compo- 
sitions where T is not vacuous. Let C = A X B, where C = (cag), A = (aa), 
and B = (bg). Evidently C = A’|7| B’, where A’ = (a,,), and B’ = (b4:); 
furthermore 7 ranges over the single vals 1, a. = dq, and bg = bs. The 
ranks of A and B are equal to the corresponding tnake of A’ and B’. 

Keeping the conventions of Theorem 4 concerning the r’s we have 

THeorREM 7. If A = B = (br3ry), the T2Ts-rank rx of A X B satis- 
fies the condition 


” 
Yea S 14. 


The Theorem follows from Theorem 4 and the representations which involve 
C above. 

Corottary 1. If A = (aq), B = (bg), the a- and B-ranks of the composite 
A X Bare both unity or zero. 

For polyadices Corollary 1 is a consequence of a theorem of Hitchcock.'® 

By Theorem 4, r2 < rz where 72, r, are the 72-ranks of A X B, A respec- 
tively. If B is not zero, some element brs, # 0. Hence the T2-rank of the 
layer bre is rz. We therefore have 

Corotuary 2. If A = (arm), B = are not zero, the T2-rank of 
A X Bis equal to the Ts-rank of A. 

TuEorEM 8, Jf A = (az) is not zero, and B = (by<), the To-rank of A X B 
isequal to the o-rank of B. 

Under composition on 7 with a matrix C = (c,,) non-singular on Ta the 
matrix A X B can be reduced to A’ X B where A’ contains an element unity 
while all other elements vanish. The ao-rank of A’ X B is equal to the o-rank 
of B. By Theorem 5 the as-rank of A’ X Bis equal to the To-rank of A X B, 
whence Theorem 8 follows. 


* F. L. Hitchcock, The Expression of a Tensor or Polyadic as a sum of Products, Journal 
of Mathematies and Physics, vol. 6 (1927), p. 177. 
® Hitchcock, Ibid. 
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8. Inverse matrices. Let A = (arr,) be non-singular on 7), 7». The 
inverse of A on 7), 72 is defined to be the matrix Artin, which satisfies the 


relations 
(2) A|T,| = 6m; A | T2 | = dn, 


where ér, = (57,7,) is an identity matrix on T», T;, and dr, = (67,7; ) is an 
identity matrix on T 

9. If a matrix A = (arr) ts non-singular on T,, To, there exists a 
unique inverse matrix 


7172 = (brn); 


where br,r, is the quotient of the cofactor of the element az,r, in the 2-way 
display (ar,r,) by the determinant of A on 7), T>. 


9. Matrices with ranks equal to unity. The following theorem has been 
proved by Hitchcock" for polyadiecs. 

TuHeorEM 10. Jf the T-rank of a matrix A = (az,) is unity, then A is the zero 
composite of two matrices one of whose partitions is the partition T. 

Evidently there exist matrices B = (b,7), C = (¢cs), non-singular on a, T 
and o, B respectively, such that 


(3) B\|T\|A|o|C=A’, 


where A’ = (a,2) Geog = 1 for a* = p* = 1, while Gaege = 0 for (a*, B*) # 
(1,1). From (8) we have 


(4) A = By, |a|A’|B| 


If we let Bz; = (b°"), Cz = (c7*), then by (4) A = (b'” c’*), whence A = 
(b'”) X (c’'). This proves the theorem. 
If the matrix A of a multilinear form G satisfies the relation 


A=BX0C, 


it also satisfies the relation 
A = kB X (1/k) C, 


where k isa scalar. Hence the form G factors uniquely only if a further restric- 
tion is placed uponG. We therefore have 

TueoreM 11. If the leading coefficient of a multilinear form G is unity, the 
multilinear form is factorable into 2 unique factors with leading coefficients unity of 
and only if the T-rank of G" is unity, where T is the total partition of the indices of 
one of the factors of G. 


16 F. L. Hitchcock, Ibid. 
17 By ranks, partitions, --- of G we mean the ranks, partitions, --- of the matrix A 
associated with G. 


a 
I 
E 
a 
n 


{to 
wt 
tic 
of 
fa 
2) 
id 
tl 
tl 
0 


he 


in 


N=-WAY MATRICES 629 


The factorization property of Theorem 10 gives 

12. Let the partitions --- , prof a matrix A = (a,,) of composi- 
tion on T satisfy the relations = T; fort = 1, 2, -+- ,n,whereT = 
T,, = 0102 On. If the pr, pn-ranks of A are unity, the composition 
with A on T is the same as a set of compositions (bry), (Cries), *** , on the parti- 
tions T2, , respectively. 

By Theorems 1 and 10 and Cor. 2 of Theorem 7 we have 

TueorEM 13. If the T-rank of a matrix A = (a,,) ts unity, the a and B-ranks 
of A are equal, where a and B simply cover T. 

By Theorem 3 we have 

TueorEM 14, If the , T.-ranks of a matrix A = (ay, ... 7,5) are all 


unity or zero, the T-rank of A ts unity or zero, where T;, --- , T, simply cover T. 


10. Properties of identity matrices. Identity matrices satisfy certain 
factorization properties. We have 

THEOREM 15. Jf 6 = (6r,r5) is an identity matrix on T;, T'2, where 6 is of class 
tr, Te jr and wf b = (644), , Or = (5:,;,) are 
identity matrices on 11, ji, +++ , then 6 is the zero-composite of r scalar matrices 

Evidently 6 = 6: X 62 X X 6,. If we let (@inin), (Gi,j,) be 
the general factors of 5, we have 


Solution of (5) gives the scalar matrices of the theorem. 

If from a partition 7 we delete all partitions which simply cover 7’, we shall 
say that we obtain a vacuous partition of order1. Weare now able to prove 

THEOREM 16. The T-rank of 6, where 6 is an identity matrix on 1, +++ in, 
jit** Jn, 18 equal to the order of the subset of T obtained by deleting all partitions of 
the type i je (t not summed) from T. 

Consider the T-rank of 6 = (Si,i2 ... initio... in)» Let the indices in T obtained 
after deleting all partitions of the type 7; j, be given by tw, Ja) Je, - 
Let the partition 7” be obtained from by replacing ja, js, bY ta; - 
By the symmetry of 6 the 7 and T’-ranks of 6 are equal. By Theorems 8 
and 15 the T’-rank of 6 is equal to the Tj-rank of 6’, where 6’ is an identity 
matrix on Ti = ju Jw ja Js Let 
be the order of T}. The T}-rank of 6’ is II; , which proves the theorem. 


11. Ranks of inverse matrices. From the results of §10 we shall prove 
THEorEM 17. Jf A = (@r,r,) has an inverse on T, T2, then A is non-singular 


onany partition T contained in T’; or To. 
Let 6, = (67,77) be an identity matrix on T,, T |. By definition 


A | T2 | = 


he 
a 
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By Theorem 5 the T-rank of 6, is equal to the T-rank of A, where T is contained 
in T,;. By Theorem 16 6, is non-singular on T’. 


12. Canonical multilinear forms. By Theorem 6 and well-known theory on 
canonical bilinear forms we have 
THEOREM 18. Let a multilinear form F be given by 


Let the partitions Tag = ta %8, Tys = ty ts, °++ » Tey = tz ty be mutually exclusive 
partitions of theindices of F. Let the z,-rank of F be denoted by r, for v = 1,2, +++ ,n. 
Let i,, , %, be such that Tas, Tys, Tex, ty Simply cover the total 
partition of the indices of F. If the Tas, Tys, Tx) % +++ , tu-ranks of F are 
unity, F is equivalent under non-singular linear transformations in the field of F to 
the form 


(6) K = bragrys ... Tey ip You Wie Wiy Vig Lig ly, 


all others values of the subscripts. 

If we take the matrix L of K to have the same range for each index as the corre- 
sponding index of F, then L is an identity matrix or an identity matrix bordered 
by zeros. Since K is determined by the , tn, , of 
F, the remaining ranks of F are determined by these. Let o be the partition 
obtained from the partition T of F by deleting all subsets of the type T'as, --: , 
T ex, ip) *** » tue It is readily shown that the T-rank of F is equal to the o-rank 
of F. By Theorem 18 the o-rank of F is equal to the product of the 7;, 7;, --- , 
7,-ranks of where 7;, 7;, , 7, simply cover c. 

When the matrix A of F is non-singular on all of its indices and T'.s,7'ys, --* ; 
T:, simply cover the partition of all of the indices of F, then L is an identity 
matrix, and the matrices of transformation to identity form a matrix 47,7, 
such that 


(7) A|T: | = 6;A | T, | = 6, 


where L = 6 = (67,r,) isan identity matrix on T,, Ts. 
The canonical forms (6) are the only forms which are completely characterized 
by 2-way ranks as invariants for non-singular linear transformations. 


13. Note on the lemma. By the Lemma and the equivalence of a set of 
linear transformations to a single composition we are able to extend the entire 
theory of the invariants of 2-way matrices with slight modifications to n-way 
matrices where n > 2. For example, from the theory of pairs of bilinear forms" 
we have at once. 


18 L.. E. Dickson, Modern Algebraic Theories, p. 113 ff. 
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TueorEM 19. Let 2 pairs of multilinear forms P,, P2 have the matrices 
(4 = (arm), B = (bryre)| and [C = (err), D = respectively. Let two 
9-way matrices E, F be given by 


E = (err) = (parr, + obryry) 
F= (frre) = (perry + odryr9). 


If the determinants of E and F are not identically zero, and if the pairs of multi- 
linear forms P;, Ps: are equivalent under non-singular linear transformations, then 
the matrices E and F possess the same invariant factors. 

Since n-way matrices, n > 2, may be displayed in 2-way form in several ways 
there may exist several sets of invariant factors for a pair of forms. 


14. Space determinants. Hitchcock" has shown that certain space ranks 
of a polyadic P are invariant under non-singular linear transformations by 
exhibiting multiple concomitants which have as coefficients the minors of a space 
determinant associated with P. Using theorems on the space determinants of 
4|T | B, we shall prove relations between the space ranks of the matrices 
4A|T | B, A, and B which include the ranks and the invariant properties estab- 
lished by Hitchcock. 

We shall need a few notations. Let (a --- y) be a substitution on the set of 
numbers (1 --- where a, --- ,y = 1,-+:,ninsome order. Let [a --- y] 
be + or — according as (a --- y) isan even or odd substitution. Let (e --- u), 
She further substitutions on (1--- 7). Let the product substitutions S(a --- y), 
S(e w) be represented by (a’ --- y’), (e’ uw’) respectively. Evidently 


(8) la +++ y]le wl] = la’ 


If a p-way determinant D of order n is the expansion of | aj,:,...;, | with the 
indices 7}, --- , 2, signant,2° by the notation of (8) 


im) 


( i i p-i,n) 


where the summation is over all substitutions on (in ti), ; 
By (8) D is unique if r is even2' Hence we always take r even. The follow- 
ing theorem on extended Cayley products is proved by Rice.” 


" F. L. Hitehcock, Multiple invariants and generalized rank of a p-way matrix of tensor, 
Journal of Mathematics and Physics, vol. 7 (1927), pp. 55-63. 

* Defined by L. H. Rice, Introduction to Higher Determinants, Journal of Mathematics, 
and Physies, vol. 9 (1930), p. 48. 

* Also mentioned by Rice, Ibid. 

*L. H. Rice, Ibid. 
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THEOREM 20. Let an nth-order determinant D be given by 


> ai, = N, 


ip=1 


where an odd number of the 1’s and an odd number of the j’s are signant. Let T 
denote an nth-order subset of 1,--- m. Let Ap, By denote nth-order minors of 
(Giz... ip) (Dipig ...iq) obtained by letting i, range over the subset T. Let | Ay |, 
| By | denote the determinants of Ay, By expanded with i, signant, and i, --- 
J2) carrying the same signancy asin D. Then 


D = >) Brl, 
T 


’ 


where T varies over the class of all nth order subsets of 1,2, --- , m. 
Ifn > m, Din Theorem 20 is zero. We shall also need 
THEOREM 21. Let D be an nth-order determinant given by 


> Qi... ip Dinie 


tp=1 


where an even number of the 7’s and an even number of the j’s are signant. Let Ap 
denote an nth-order matrix (aiz ... ip-1,) determined by letting p vary over the rangeT, 
where T is an nth-order subset of 1, --- , m, repetitions of values allowed. Let 
| Ay | be the determinant of Ay expanded with p non-signant. Similarly, let | B; | 
be the determinant of an nth-order matrix (bpig ... 52) expanded with p non-signant. 
The remaining indices of | Ay | and | By | carry the same signancy as in D. Then 


D = >) | Ar || Brl, 
r 


where T varies over all nth-order subsets of 1,2, --- ,m, repetitions of values 
allowed, and the numbers of ky are integers. 


It is no restriction to assume that 72, , J2, Js) je ave signant in D 
while the remaining indices are non-signant. By (9) D can be written as 
tpn tin) 
( tp-tyn) 


jan) 


( 


Of the factors exhibited in (10), those obtained by letting ip, tpn have 
distinct values are determinants | A, |, | By |. The terms in (10) which are 
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such that = = = Opry = = = *** Can be 
written 1/ky | Ap ||Br |, where kp = r!u!---w! This proves the theorem. 


15. Properties of space ranks under general compositions. Let a matrix A 
begiven by (@r1... rp rpt1--- rp)- Let the partition 7',,, of A be given by the set 
of indices i tt, fort = 1,---,p— p. Let II be the smallest of the orders 
of , and let m, be the order of in T,,,forg = 
p—p. Let partitions a,+, be given by a,4: = ju = 1, +--+, p — p, 
where the index jrg ranges over 1, --- , mq, + 1, , neg. 
Let further a matrix A’ be given by (a>, Tpapt ap) Where 
when every index = tq (mod nq) for g = 1,--: , 
t=1,---,p-— p. The matrix A’ will be called the (7; --- 7,, T,41 T'p)- 
derivate of A. 

Examples. In the case of a rectangular two-way matrix B = (b;;) of order 
n by m the (2j,)-derivate of B is B itself; the (7, 7)-derivate of B (which cannot 
be used in the treatment of ranks below) is given by 


a 


bu Dim bu Bim Dim 


B,) = | - 


where B, = B, --- = B, = B. 

We shall need the 

DeriniTion. The p-way rank® r(T, --- T,, T,41-°-- Ty), p = 2, of A = 
(ar, ... rp) is the order of the largest non-vanishing minor of the (7,T2 --- T,, 
T,4,°*+ T,,)-derivate of A, where T2, --- , T, are signant and a,41, 

If all partitions are signant we have --- T',,). 

Let Ty1, --- , T3” be partitions obtained from 7), --- , 7’, by making the 
substitutions S;, --- , S, on the indices of T,, --- , 7p respectively. Evidently 
the rank ... TS») is equal to the rank --- 
+++ T,) of A. 

We shall now prove 

THEorEM 22. Let three matrices A, B, C be given by (ar, ...17¢), (rey 1w)s 
A | T, | B, respectively. Let = Te41 Va+ly) °°° 5 Ov+x = L£etvty Let the 
matrix § = (Or, KK where (6r,, +s) as identity 
matrix on T T.4. for s =1,---,v +x. Let partitions 6; = Tiss yan, 

= Let further p = +++ To. Then 

1. if, v + are both odd the rank 6, Ti +++ Yay 
Poa Ya 54x) of C is less than or equal to the rank --- 


* The ranks defined by Hitchcock, Op. Cit., are the special cases of r(T, --+ To, Toy ++ 
T;) where p = porp — 1. 


— 
| 
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T. p, T,-) of A and the rank 6, 
Yo 5,41 8,4) Of the matrix BX 64; 
2. ife, v + are both even, ande = 2,v +d = 2, the rank r(6, --- 6, T, --. 


Yr» vee Toy °° Yo of C is less than or 


equal to the rank r(T, Te, pT To) of A and the rank r(é, 

-++ of C is evidently the same as the rank 8, Ty 


C, =A] 


Let | M |, be a gth-order minor of the 

Te Signant. If «, +2 are odd, we apply Theorem 
20 to | M |,; if «, » + \ are even, we apply Theorem 21, whence Theorem 22 is 
proved. 

The ordering of the signant and non-signant partitions used in Theorem 22 is 
no restriction of the problem since the partitions can be chosen at random from 
the indices of A. The ranks of C covered by this theorem compose the class of all 
possible ranks of C for whiche, v +’ > 1. 

In our discussion above we defined the p-way rank of a matrix A in terms of the 
minors of a derivate of A where these minors possessed the property that at least 
two partitions were signant. By constructing new derivates of A we shall now 
define p-way ranks of A in terms of minors which have no partitions signant. 
These ranks will be called non-signant ranks. By means of these ranks we shall 
be able to treat the ranks of C occurring in Theorem 22 for which « = 0 or 
v+r=0. 

Let a matrix A be given by (a7,... r,) as before. Let ui, --- , up be arbitrary 
positive integers. Let the partition T, of A be given by the set of indices 
Ur fort = 1,--- , p, and let n,, be the order of 7,, for g = 1, , &, 
t=1,---,p. Let partitions a, be given by a; = ju +++ jis, fort = 1, --: , p. 
Let a matrix A’ = (ai, Satisfy the following properties; 

1. The index j,, ranges over 1, , Miq) Mig #1, MiMty for 
= 1, ,p; 


2. = Opt... when every index j;, = (mod n,,) for g = 
The matrix A’ so defined is called the (,7; Tp; up)-derivate of A. 


Example. . The (,7j; nm)-derivate of B = (b;;) is given by 


where B,, = Bforp = 1,---,n;o =1,+++,m. 
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Let a minor | M | of the --- 7; w»)-derivate of A = r,) 
satisfy the properties: 

1. It is of order less than or equal to a. 

2. It has no partitions signant. 

Derinition. The p-way rank r(,7) --- Tp; wy; a) of A = (ap, ... 
is the order of the largest ahaa minor | M | satisfying the prepeetion 
land 2. 

Let 71, --- , T'3” be defined as above. In the case of non-signant ranks it 
is again evident the rank --- T3?; up; of A is equal to the rank 

In the remainder of the paper a minor | M |, of order qg of the (T, --- T,, 
T,., :+: T,)-derivate of a matrix A = (ar,...7,) will denote a minor of this 
derivate obtained by letting T;, --- 7, be signant partitions, and T,,,, --- , T, 
non-signant partitions in the expansion of this minor. It will also be under- 
stood that a minor | M |, of order g of the (,7, --- Tp; wu. «++ u»)-derivate of A 
will denote a minor of this derivate obtained by letting all partitions be non- 
signant. 

In the case where p = 1, so that r(,7, --- Tp; uw +++ up; a) of A contains only 
one partition we have the evident 

THEOREM 23. Jf at least one element of A = (a;) is not zero, and if a > p, 
the rank r(,T'; 4; a) of A is greater than or equal toy. If only one element is not 
zeroanda > => a,ineither caser(,T;u;a) of Ais a. 

We shall now prove 

THEOREM 24. Let three matrices A, B, C be given by (ar... 
A|T, | B, Let 65 = Tesi v1, = Vy. Let the matrix 


j= XK vax)? where (5r,, ,r’ is an identity matrix on 


fors=1,-+-,x. Lets; = Let further 
p= Tey Tey Te. the rank r(T, --- T., Yo 
6,),€ > 2, of C ts less than or equal to the rank r(T, Te, To-1 p) 
of A and Yo msm) of BX 6, where is the smallest of 
the orders of T,, --+ , Ty. 
The rank r(T, Tesyar To-1 Yx41 Yo 51 6x) Of C is equal to 


C,=A|p|BX 6. 


We now apply Theorem 21 to the minors of the (7, --- T., Tetygi +++ Too 
laut Yo 5, +++ 6,)-derivate of 

We hts at once the 

COROLLARY. Let matrices A, B, C be given as in Theorem 24. Let 5, :+- , 
briny By, °° 1 Briard , p be given as in Theorem 22 except thate = 0. Then the ane 
fCi is than or equal to the rank Yo 
of B X and the rank Toa; of A where is 
he smallest of the orders of 81, 5 


636 RUFUS OLDENBURGER 


For non-signant ranks we have 

TuEorEM 25. Let three matrices A, B, C be given by (ar... 74), (br, 
A|T,|B, Let 6: = Tesi = Let the matriz 
(S741 r'e+1) xX: Ore+y re+y) where T'e+s) is an identity matrix on 
fors =1,--+:,v. Further let = = Yan 
and let p = Tey Tess T,. Then the rank r(,6; 6, Tony yy: 
My * Moteti * Mytetar; a) of C is than or equal to the rank 
5, My @) Of BX 6 and the rank 
(pT, Te; Bote; a) of A. 

To prove Theorem 25 we construct a matrix C,; = A | p| B X 4, and apply 
Theorem 21. 


16. The ranks of B X 6. The ranks of the matrix B X 6 = 
rems 22 to 25 are not directly expressible for a general B in terms of the ranks 
of B. Weshall, however, establish a bound property between the ranks of these 
matrices. We consider several cases. 

1. p signant. Assume thataa gth-order minor | B |, of the (To ¥1°°* Yas 
Yr4941 '** Yo)-derivate of B is not zero. Let a minor | B x 6 |, of order q be 


vate of B X 6 by letting Ts, 1, *** » Yo have the same ranges as in | B |,, and 
choose the ranges of 6,, such that T.4; = = 1 for i = 1, 


-,v+x. Evidently 
|BX 6|,=|Bla 


Hence the rank r(5; 5) Ya py Yo 4y) OF B XS 
is greater than or equal to the rank y1 Yo) Of B. 

1,. Inspecial cases a better inequality than that of Case 1 can be obtained as 
follows. Let u be the smallest of the orders of T.41, --- , Te4r4,. Assume that 
\ = Oin Case 1 and w = » + x, and further that a gth-order minor | B |, of 
the (To Y») Yo4x)-derivate of Bis not zero. Let aminor | B X 4 
of order uq be obtained from the (5; --- 5, p, 5,41 5) ,,)-derivate of B by 
letting = 1,2,---, w fort = 1, T = 
(1--- 1), (2--- 2), and T., v1, have the same ranges 
asin|B|,. Then 


IBX 


whence the rank r(6; --- 6, p, 6.4, °° Bian) of B X 6 is greater than or 
equal wri, where = Yvy * OF B. 

2. p non-signant; vy + \ > 2. Applying the same argument as in Case 1 
using now the (y1 Yo)-derivate of B, and the (5; 
Yo derivate of B X 6, we can 
that the rank 5) Yay Yo 4y) OF BX dis 
greater than or equal to the rank Te Yo) Of B. 
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2,. By methods similar to Case 1, we can show that the rank r(6, ++ 8, 
of B X 4 is greater than or equal tour, wherer; = 
T, Yo4x) Of B, and yp is the smallest of the orders of T.41, 

3. No partitions signant. Let 6; = Ti 6, p= 
T,T,. Assume that | B |, # 0, where | B |, is a minor of order q of the (,7 ¥x41 
ux)-derivate of B. Leta minor |B xX 4], 
of order q of the Yo Mw Mi My)-derivate of B X 6 
be obtained by letting 7., v1, --- , Yo have the same ranges as in | B |,, and 
= Tea: = lfort = 1,---,x. Then 


[BX 


Hence the rank r(,pyx41 Yo 61 Me @) of BX 6 is 
Uy; a) of B. 

3, A better inequality for special cases of 3 can be obtained as follows. 
Assume that | B |, # 0, where | B |, is a minor of order q of the (,Tey1 --+ Yx; 
wu wy)-derivate of B. Leta minor |B X 6 |n, of order of the (,p8, 
Mu, Wuy)-derivate of B X 6 be obtained by letting T., v1, , rx 
have the same ranges as in | B |,; also 7; = 1, --- , fori = 1, --- , x, and 
T,) = (1 +++ 1), (1 --- ID. I is taken as an arbitrary integer 
greater than zero and less than the smallest of the orders of T;, --- , T,. Then 


|B X 8 =| 


Therefore the rank r(,pd, --- IIu, --- , a) of B X 6 is greater 
than or equal to IIr;, where = r(,pyi Yx3 MMI My, a) Of B. 

This completes the treatment of the ranks of B X 6 mentioned in Theorems 
22 to 25. 


17. Space ranks of A X B. The following theorem is given by Hitchcock. 

26. Let A = (ai... ip), B = (bi... ig), andC = A X B, where A 
and B are cube matrices. If | C | is the determinant of C developed with an 
even number of 7’s and j’s signant, then 


|C| =n!|A||BI, 


where | A | and| B | are determinants of A and B with the same signancy asin C. 

Theorem 26 implies 

TaEorEM 27. Let A = (ar,...7,), B = (by,-.-%), C= AX B. If s, t 
are both even and greater than or equal to 2, the rank r(T, Tey Yy 
Yw) of C is equal to the smaller of the ranks r(T; T., Tesi Tp) 
and Ye) of A and B respectively. 

If s and ¢ are both odd the rank r(T, yi Yu Tesi Yo) 


*F. L. Hitcheock, Ordered determinants with applications to polyadics, Journal of 
Mathematics and Physics, vol. 4 (1925), p. 213. 
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of C is 1 or 0 according as A and B contain non-zero elements or at least one of 
these matrices is a zero matrix. 

TueoreM 28. Let A = (ar,...7,),B = (by.--1,),andC =A XB. Lett 
be the smallest of the orders of the partitions T,, --- ,T.. The rank r(T, --- T,, 
Tear Ty V1 Yo) Of C ts equal to the smaller of the ranks r(T, 
T,) of Yo; +++ TL; of B. 

Theorem 28 and the following theorem follow from Theorem 26. 

TueorEM 29. Let A = (ar---7,), B = (by-.. andC = A XB. The 
rank r(,T1 Tp * Bp &) of C ts equal to the smaller 
of the ranks r(,T1 +++ Tp; an of A and Ye; @) of B, 

We shall now prove 

TueoreM 30. Let A = (an---7,), B =-(by-.-%), C =A X B. Let 


°° * » = Further let 6 = xX: 
X whine 74s) 18 an identity matrix on for 


Assumethate > 1, +A2>1,¥+x>0. Then 

1. if ev are both odd, the rank r(6, Ya, 
T > Yo of C is less or equal to the 
4x) of B X 4. 

2. if «, +d are both even, the rank r(6, Teva Yay 

Ty Yo Of C ts less than or equal to the ranks r(T;, 
T., PL Ty) of A and r( 5, Yi Yas 

5 +x) of B x 6. 

6,4x) of C is equal to the rank 
Ty Yo 4x) of Ci, where 


C,=Alp|BXs. 


According as ¢, v + \ are both odd or both even we apply Theorems 22, and 22:. 
For the cases where v + \ = 0 in the rank of C given above in Theorem 30 


we prove 

THEOREM 31. a = (ar... 7,), B = (by--- %), C = A X B. Let x >1. 
where 18 an matrix on for s = 1,---,x. 
V1) *** = % Further let p = Tesi and let I 


be the smallest of the of T.. Thenthe rank Te 

Tp Yo 61 of C ts than or equal to the ranks +++ Te, 
T pp) of A and r(,pyy41 Yo 6y; +++ of B X 6. 

The rank r(T; Te, Tp Yx41 * Yo 61 Of C is equal to the 
rank Te Ty Yo 6,) Of C; where 


Ci =A|p|BX 6. 


We now apply Theorem 24. 
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For the cases where « = 0 in the rank of C given in Theorem 30 we prove 

TueoreM 32. Let A = (ar,--.7,),B = (by,...1,),C = A X B. Assume 
tht 2,¥™+x>Q0. Let 65 = , = Trix and 
= )X X& where (ér, r’) is an identity matrix on T,, 
T,---fors=1,-+--,» +x. Further let p = T, --- T,4,, and let II be the 
emallest of the orders of Yn) 61, 6. Thentherank Ya, 
Yo 5y+x) of C is less than or to the 
ee 5, °° YAP, Yratvexti Yo 4x) of BX 6 and r(,pTy 4541 
T,; TI; of A. 

- of Ci, where 


Ci, =A|p|BxX 6. 


We apply the Corollary to Theorem 24. 

For non-signant ranks we have | 

TuEoREM 33. Let A = (an... 7,), B = (by...%),C = A X B. Assume 
that x > i. Let 6; = Ti V1; by = Ty Yx, and 6= (dr, (dr, 
where (6r,7’,) an identity matrix on T. fors =1,---, x. Further let 
p= Ty. Then the rank r(,Ty41 +++ Tp Yeti Yo 61 
Up-y Bi * Box & @) of C is less than or equal to the ranks r(,pT Tp; 
BX 6. 

of C is equal to the rank r(,Ty41 Tp Yx41 Yo 8 Mi Mp—xBi 
Buy & 3 a) of Ci, where 


Ci =A|p|BxX 6. 


We now apply Theorem 25. 

In Theorems 27 to 33 we have established relations between all of the possible 
space ranks of A X Band the space ranks of A and B X 4, where 6 is an identity 
matrix. 


18. Space ranks of Scott products. Rice® has shown that the p + q + 1- 
way determinant = | ai... ... ig |, Where T is not summed, is 
equal to the product of the determinants | A | = | ai;--- ipr|,| B| = | --- ig |; 
where the 7’s and j’s in | A | and | B | have the same signancy as in| C |. The 
l’s of | A | and | B | are both signant or both non-signant if T of | C | is non- 
‘ignant, while on the other hand one of the T’s of | A | and | B | is non-signant 
and the other signant if 7 of | C |issignant. We have at once 


Tarorem 34. If C = (an. bry, %), where T is not summed, and 
(ar, .. B= (bry, then 


*L. H. Rice, Op. Cit., p. 65. 
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1. the rank r(T, T, Tea Tp Yost Yu), t > 1,8 > 1, 
of C is equal to the smaller of the ranks r(T, --- T;T, Tis, «++ Ty) of A and 
rv T Yo) Of t is odd and s is even; the rank r(T, --- T, 
T, Tiss Tr Yo), 2 1, 8 2 1, of C ts equal to the smaller of 
the ranks r(T, Ti, TT 141 Tp) of Aandr(y, T, ¥s41 Yo) of Biss 
is odd and t is even; 

2. the rank Te Voy TT 141 Tp Yeti Yo), > 1, > 1, 
of C is equal to the smaller of the ranks r(T, --- T,T, Ti41 ++ Ty) of Aandr(y, --- 
v2 Yo) Of B of t, 8 are odd; the rank r(T, +++ TT 141 
Ty Vsti > 1,8 = 1, of C is equal to the smaller of the ranks r(T, T,, 
TT 41 Ty) of Aandr(y +++ Ys; TYs41 Yp) of Bift, s are even. 

For the cases where T,, --- , 7, are all non-signant we have 

THEOREM 35. Let C = (ar... 1), T not summed, A = (ar, ... 7,7), 
B = (bry,... Lets > 1. Let Il be the smallest of the orders of y;, , y, 
and II, the smallest of the orders of y1, Ys, Then 

1. therank ys T, Ti Ty ¥s41 Yo) Of C ts equal to the smaller of 
the ranks r(,TT, T,; 10h Th; Mh) of A and vs T, Ys41 Yo) of B; 

2. the rank Ys, TT1 Tp Ys41 Yo) Of C is equal to the smaller of 
the ranks r(,TT, --- T,; 1) of Aandr(m +++ Yo) of B. 

For the cases where no partitions are signant we have 

THEOREM 36. Let C = (an... 14), T not summed, A = (ar, 7,7), 
of C is equal to the smaller of the ranks r(,TT, Typ: +++ @) of A 
and r(,Ty1 Yo; a) of B. 

All ranks of C are treated in Theorems 34 to 36 except the ranks of C which 
contain partitions of the type p. = TT), po = T; Ty, 6: = Tesi Wu, 62 = 
T +2 Ynx42, °°: . Now the B X 6 device used to treat these ranks under zero- 
compositions or compositions on 7’, can not be applied to Scott products. 


19. An application of ranks of Scott Products and 7'.-composites. We 
shall call the product Arry %y Crey “) of three matrices A = 


(Arr, tp), B = (bry... 14), C = (€re,--- ,), the triple-composite of these 
matrices on T. In another paper® the author has derived the conditions under 
which certain matrices are factorable into triple-composites. Concerning the 
ranks of these composites we shall prove 

THEOREM 37. Let matrices A, B, C, D be given by (arr,--. (bri 
(Croy (Arty Ty Croy op) respectively. Then 

1. fe, > 0, €, are odd, and is even, the rank r(T;, Tey 
Or, Ty of D is less than or equal to the ranks 
r(T, Tey T,) of A, wT, Yo) Of B, and 
07, +++ o,) of C; 


*6 Equivalence of pairs of Trilinear Forms; Non-singular case, not yet published. 
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2. ife, 4,7 > O, and e, r are all even, the rank r(T, +++ 
Tea of D is less than or equal to the ranks r(T; 
Ty) of A, Yo) of B, and r(a or, 
of C; 

3. if > 0, and are both odd, the rank r(T, --- +++ Te 
Op) Of D ts less than or equal to the ranks r(T, T.T, Tesi 
T,) of A, Yo; 1; 1) of B, and oT, +++ o,) of 
(, where Il is the smallest of the orders of T;, , Te, 01, or; 

4. if r > 0, and e, r are both even, the rank r(T, --- Teo; +++ or, Tes 
Op) Of D ts less than or equal to the ranks r(T, T., TT 41 
T,) ef A, Yo; ++ M1) of B, and r(o; Tory: +++ o,) of C, 
where Il is the smallest of the orders of , Te, 01, Or; 

5. if r > 0, and ts even, the rank Ty +++ Toys Gp) 
of D is less than or equal to the ranks r(,TT, --- 11 --+ 11; M1) of A, r(, Ty --- 


I; of B, and r(o, Tor41 +++ o,) of C, where is the smallest 


of the orders of 01, Or; 

6. the rank r(,T1 Tp 1 YoO1 Ops Mp By @) of 
D is less than or equal to the ranks r(,TT, «++ Tp; api a) of A, r(,Tr 
ywi ab a) of B, and r(,To, +++ op; afi B,; a) of C. 

Now D = E | T | C, where E is the Scott product (arr, ... 7, bry, --- 1) of A 
and B. To prove Cases 1 to 4 of Theorem 37 we obtain inequalities between the 
ranks of D, H, and C by means of Theorem 22. Furthermore, for Cases 1 and 2 
we obtain inequalities between the ranks of HZ, A, and B by using Theorem 34, 
and for Cases 3 and 4 by applying Theorem 35. 

To treat Case 5 we obtain inequalities between the ranks of D, EF, and C by 
using Theorem 24, and between the ranks of F, A, and B by using Theorem 36. 

Finally, for Case 6 we obtain inequalities between the ranks of D, E, and C by 
means of Theorem 25, and inequalities between the ranks of FZ, A, and B by 
Theorem 36. 

Theorem 37 covers all of the ranks of D which can be treated by means of 
the rank theory developed in §§15-17. 


20. Relations between the ranks of a matrix. We shall now prove 

THEorEM 38. The rank r(T, --- Ty, T:), x > 2, of a matrix A is 
less than or equal to the rank r(p, --* pa; Pati *** Pa+p),% > 2, of A, where the T’s 
simply cover the p’s, and p,, --~ , Pa each contain an odd number of signant T’s, and 
where pass, *** 5 Pa+g each contain an even number (> 0) of signant T’s.” 

Let the rank of A in the 7’s be denoted by Ty 


an nth-order minor of the (7, --- T'y41 T)-derivate (ap, Py 
of A, and let the (p, --- pa, Pati *** Paxs)-derivate of A be given by 


The special case for Hitchcock’s ranks is treated by F. L. Hitchcock, Op. Cit., p. 73. 
He considers relations between the ranks r(7; Tp-1, Tp), Tp,), and r(T; --- 
f,, @), r(T, 7, a), where a= r< 
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, pin be n values of p;, 7 = 1,---,a, and pjy, pj, be n 
values of fori =a+1,---,a+8;similarly let Ty, --- , Tin represent 
values of 7; for = 1, --- , x, and n values of for i = 
x+1,---,& LetS the sum of all terms in the of | M |, 

Ta, occur in the py = Tu - 

Te, ly fis Tie 2 ane Tran, » Pin Via. 


a, be defined by the relations 


(11) 


[pai Panl Ga = [Ty T ynl 


Evidently o;, --- , are uniquely defined by the choice of pu, , pin, , 
Pal) Pans Now S = 01 og | M’ |, where | M’ |, is the minor of the 
(pi *** Pay Pati *** Pa+s)-derivate of A obtained by letting pr vary over the 
range pn, Pin 1, , a, and p, vary over , fort = 
at+l,---,a+8. 


(12) |M|n = M’ |, 


where* the summation is over all p;;,7 = 1,---,a;j = ,m, and Bi is 
in the p,; and p, ;- This proves the theorem. 

By (11) and (12) we also have 

THEOREM 39. Therankr(T, Ty, Ts), x => 2, of a matrix A is less 
than or equal to the rank r(,p, --- pg; Il --- 1; I) of A, where the T’s simply 
cover the p’s, and each of the p’s contain an even number of signant T’s, and further 
II zs the smallest of the orders of T;, --- Ty. 

For the non-signant ranks of A we have 

THEOREM 40. Let y; be the smallest of a set of positive integers 1, 72 
be the smallest of a set of positive integers etc. Let be a par- 
tition of the indices of A = (ar,.-. rz) which is simply covered by Ty, «++ , T»; p2 
a partition which is simply covered by Ty41, --- , Ty4n; etc. Then the rank 
r(,71 Te; wg; a) of A is less than or equal to the rank r(,p. pg; 
Ys; a) of A. 

Let | M |,, < a, denote an nth-order minor of the (,7; T's; i 


*8 The expansion (12) of | M |, is given by Rice, Op. Cit., pp. 51-54. 
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derivate of A. Let this derivate of A be denoted by (a, ‘ 2) Let Pd = 


Let pss » Pin Tepresent n values of p; fori = 1, --- , 8; similarly let 
represent n values of T, for i = Let S represent 
the sum of all terms in the expansion of | M |, in which Th, . » Tins Pua. 

occur only in the combination p,, = Tj, --- 
rie --», Then S = | | M’ |n, Where | M’ |, is the minor of the Ge “++ psi 
v1 ¥e)-derivate ... Of A obtained by letting p;,t=1,---, B, vary 
over the range ps1, Further | M|, = =| M’ |,, where the summa- 
tion over all Pi is 7=1,---,8;7 = 1,--- , n, obtained by permuting 
. :, in the p, ;- This completes the proof of the theorem. 


21. Invariance of space ranks under non-singular compositions. If the 
matrix B in Theorems 22, 24, 25 is non-singular on 7, y = y1 --- Yo, we have 
the following theorem. 

TueorEM 41. Let A, B, C be given by (ar, ...7,), (bev), A | T. | B respec- 
tively. Let B be non-singular on T,, y. Let further 6;, p be defined by the rela- 
tions 65 = To1 7, p = Then 

1. the rank T,, Tr4i +++ To-2 61) of C ts equal to the rank -- 
Trai +++ To-2 p) of A; 

2. therank r(T, --- T,, of C is equal to the rank r(T, --- 
Trai of A; 

3. therank r(T, T, 6), Tr41 To-2) of C is equal to the rank r(T; --- T, p, 
Trai +++ Ty-2) of A; 

4. therank r(T, Trai +++ of C is equal to therank r(T, --- T,T., 
To-1) of A; 

5. therank Toa mi Me-1 a: a) of C ts equal to the rank r(,T; --- 
T,-1 To} Mo—1 @; @) of A; 

6. the rank r(,T; +++ 613 a) of C ts equal to the rank r(,T; 
T,-2 P;Mi*** a) of A. 

Let 6 = (67,_, 4) be an identity matrix on 7,1, T,-1, and let 6; = 
T,.1y. The theorem is proved by means of the relations C = A | T, | B, 
A = Cly| Br, y, Theorems 22, 24, 25, and the ranks of C = A | p| B X 4, 
is C| 8; | (BX 5) 

22. Space ranks of A X B where B is non-singular. If in Theorems 27-33 
Bis non-singular on v2, we have the paring theorem. 

TuEorEM 42. Let A, = (ar... 7,), B = (by), C = A X B. Let parti- 
lions y, &, 51, 52, p, pi be defined by the relations Y= 60 = V1 61 = 
52 = yo, P = Ts41Ts42. Assume that B is non-singular on 71, 72. 
Let II be the order of 71, Ul, the smallest of the orders of 61, 52, and let Iz be the 
smallest of the orders of T,, --+ , T's. Then the ranks of A and C which occur in 
corresponding position in the following table are equal. 
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A C 

(Ty Tey Ty) r(T Tanz, Tes Ty), 8 > 2, 
r(,T, Tp; TI; Il 2 Ih. 
r(T, T T mar T pp) r(y172, T; Tp) 

- Fu r(T; T 5172; T § > 2, 
r(,7,-°-: --- nit II > MIke. 
Ts, Tis r(OrY2, TT 542 Ty) 
r(Ty T; T 41 Ty) r(T; Ty) 
r(T, T., Tp) --- Ts, +++ 
Tati, T,) r(T, +++ Ts42 Ty) 

r(,pT; T .T Mp; a), B > Qa. 

* pict) 


Let 6 = (6, yn) be an identity matrix on v1; then A X 6 =C]|72| 


Let = Tei 171) 62 = Ts+2 

T',); T; 


r(6152, Tr 
171 
r(T; 
ry’ Ty 


T,), 


61, 


Mp; a), r(,5o T,::: 


T owe 
Ty), 
59 T coe 
Tyyi), 


Mp; a) of A X 6 are respectively equal to the ranks r(,7; --- 


T s41 


++: 
ranks r(, 71 v1 Ti 
Mp; @) Ti 


T, T 
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T,; Th 
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of A. If s > 2, > Me, the ranks r(T; --- Tey 
T,),7(T1 T, v1 » T's42 Ty) of A X 6 are respectively equal to the ranks 
(Ty Tey Tet Ty), r(T, T., Ts41 Ty) of A. Finally, if s > 2, 
the rank r(7, 6162, Ts4s Tp) of A X 6 is equal to the rank r(7; --- 
T, p) of A. 

By the above relations between the ranks of A and A X 6, and Theorems 
22, 24, 25, 27-33, 45, 46, Theorem 42 is proved. 

From Theorem 42 several equalities may be obtained between the ranks of C. 


23. Space ranks of C = (ar,... 7,7 bry), T not summed, where B = (b,,) 
isnon-singular on Ty. If welet = (b" 7), then 


C\y| Bry = (an... bry = (ary -.- Sr’), 


where 6 = (6p7-) isan identity matrix on 7,7’. We shall now prove 

43. Let A = (arn... B = (bry), C = (ar... brv). If 
Bis non-singular on T, y, and we let II denote the order of y, then the ranks r(T; - - - 
T., YFT T,), T, --- Tp), Tov; Mp a), B > 
Tey, TT Tp), (Ti TT, Ty) of C are equal 
respectively to the ranks r(T; T, TT Ty), 7(,T1 --- 
T,) of A. 

It is easily shown that the ranks 7(7, --- TT’T.41 Ty), r(T’T, 
+++ T'T +++ Ty) of (ar, --. are respectively equal to the ranks 
TT, Ty), ++ T.T, +++ Ty) of A. By these 
relations and Theorems 35 and 36, the theorem is proved. 

In general the rank --- TTT’, Ts41 Tp) of (ar,--- Err’) is not 
greater than or equal to the rank r(7; --- 7's, T7441: --+ Tp) of A, whence the 
rank r(7, Tp) of C cannot be treated by our method. 


24. Remarks on §§21-23. It can now be shown that the restriction that the 
matrix B be non-singular on two partitions, where these partitions simply cover 
the total partition of the indices of B, can be weakened to non-singularity on T,, in 
§21, non-singularity on y2 in §22, and non-singularity on 7 in §23. The theo- 
tems of these paragraphs can be restated in terms of these non-singularity 
properties. 

Adopting the term invariance in the sense of the equality of ranks in §§21 and 
22 we can state 

Turorem 44. The signant space ranks of a matrix A = (ar... 1r,) are w- 
variant under compositions on T;, with B; = (br,7,), 7 = 1, +--+ , p, where B; is 
non-singular on T;. They are also invariant under zero composition with a matrix 
B = (b,,), where B is non-singular on T.. 
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In view of the Lemma and the equivalence of a set of linear transformations 
to a single composition we have the 

Corotuary. The signant ranks of a matrix A are invariant under non-singular 
linear transformations. 

Such invariant properties have also been established wherever possible for 
a large class of signant ranks under Scott multiplication, and for a large class 
of non-signant ranks under the different possible compositions and Scott multi- 


plication. 


25. Ranks of A X B XC X---. We shall prove the following generali- 
zation of Theorem 8, keeping the conventions concerning vacuous partitions 
adopted in §10. 

45. Leta X Az X Az where Aj, Ao, As, +++ are matrices. 
Let pi, °° 5 Ps+r+t+w completely cover the total partition of the indices of a, and let 
where 01, Tr+s4e are total partitions of the factor matrices 

Petry Patrtt * Pstr+t Ps+r+t+t s+r>0, is equal to the 
where a’ is obtained from a by deleting the matrices Ay, +++ ,As, 
A 

If A; = (a,;), then A, is equivalent under composition with a matrix C non- 
singular on o; to a matrix A; = (a;,); where a, es = 1 if o; = 1, a,* = Oif 
~1. By Theorem 41 the rank r(pi ps Pstry Pstrtt Pstrtt 
Potr+ttl Pstrttt+w) Of a is equal to the rank Ps Ps+i *** Pstry 
Petrti Pstrtt Prtstt+w) of A; X Az X As , whence Theorem 
45 is proved. 

Corotuary 1. Jf a is not a zero matrix, and if one of the partitions pi, --* , ps 
of Theorem 45 is the total partition of one of the factor matrices Ai, Ae, As, --° , 
then the rank r( pi Ps Psti*** Ps+ry Pst+rt+i*** Pstr+t+w)y s+r> 0, of a 


unity. 
Corotuary 2. If the partition p.+.+41 of Theorem 45 is the total partition of the 
factor matrix then the rank +++ Petry Petr+t 


Pstr+t+w) Of a is equal to the rank r(pi Petra 
Pet r+t+u) of a’ =AX- 4 x xX: 

By a proof similar to that used for Theorem 45 we are vilibe to prove for non- 
signant ranks 

46. Let a = A; X Az X where Ai, Az, As, , 
matrices. Therank r(,p1 °° Ps Pst1 *** Pstr; Mi °° MsMs+1°** Ms+r3B); B 


= +++ = Us, of ats equal to the rank r(,p1 Pe Pett Pstrs Mi Ms 
Ms+r; B) of a’, where py = Ps = ps Os, onl Oi, total 
partitions of the factor matrices A;, --- , As of a; and further a’ is obtained by 


deleting Ay, --- , Asfroma. 
We have the 
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Corottary. If in Theorem 46 the partition p, is the total partition of the factor 
matrix Ay of a, the rank r(,p1 Ps Pott M1 Ms Moti B), 
s+r> 2, of a is equal to the rank r(,pop3 ps Ps41*** M2 * Me 

B) Of = X AZ 


26. Application of the Lemma to rank properties under compositions. 
Although as mentioned in §16 the ranks of a general B X 6 are not readily 
expressible in terms of the ranks of B, by means of the Lemma certain 2-way 
ranks of B X 6 can be given in terms of the ranks of B. For the ranks of com- 
posites we have 

TueorEM 47. Let A = B= > 0,C = 
Let 6; = °° = Y.. Letalso = x 

X where ( 7=1,---,w—lisan identity | matrix on Vis 
la = (dn, be an identity matrix on T., and let 6; = Ti , 
= 5, = T. vy». Further let be the order of T., and let p = 
Te You Tw, = Te °** Yo-1. Assume that ¢ >w. Then the rank 
of A X band II r, where r ts the rank r(p; ya,) of B. 

The rank r(6, 6, T 41 Fete 66-1 T.-1) of C 
isequal to the rank r(8; 8, Troe °** 85-1 Tent) 
of C;, where 


= (A X 8)| p| (BX 6*). 


The theorem now follows by means of Theorem 22 and the Lemma. 

For the ranks of ee we have 

THEOREM 48. Let A = (ar, ... Tete - B= (by, C = A B. 
Le = Tin, +++ bo = To Yas let = (8,41) KX K (by 
where 1,-+++,@— 1 is an identity matrix on yi, y;. Let = 


be an identity matrix on Let also 6; = Ti 71, = 
Yoxts = Yo. Let I be the order of T., and let p = y1 You Tw, 

Then the rank r( 6, Os Twat eee Tete bun Osu °° 
of C is less than or equal to the rank r(d; 
Posy Te-1) of A X band Ir, where, if > 1,7 is the rank Yo;) 
of B, while if = 1,r = lor Oaccording as B Oor B = 0. 

To prove this theorem we construct a matrix C, as in the proof of Theorem 47; 
then apply the Lemma and Theorem 22. 

The ranks covered in Theorems 47 and 48 are the most general ranks which 
can be treated by applying the Lemma to matrices of the type B X 6. 


27. Space determinants as relative invariants. Theorem 20 and the Lemma 
imply 
TaroreM 49. If a matrix A = (ar,... rp) possesses a determinant | ar, ... 7, | 
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signant on T;, T2, --+ , T,, then the corresponding determinant “fi C neers from 
A under composition ‘oh Bi = (briyrig) on Ti,, = 1,2, , n;, simply 
covering T ;,j7 = 1, , 7, ts equal to 


aT) ...Tp | | brit | 


where Ili is the order of T?,. 

The notations of the theorem imply that the matrices (br/,7/,) are square 
as displayed. 

Relative invariant properties under compositions do not hold for deter- 
minants non-signant on all indices, or for compositions on non-signant indices 
of determinants signant on two or more indices. 


28. Space ranks of identity matrices. We shall ie 

THEOREM 50. Let 6 = (6%... = (Oia) X X where 
is an identity matrix onis,j,for s =1, = 
(501) X +++ X (dey), where the p’s are simply covered by , 
jr, and 18 an identity matrix on ps, fors=1,---,w. Leto, , 
be simply covered by the j indices, and let p = i - a Let also %;, +++ , 1, 
diy simply cover Bi, Bp. Then 

1. the rank r(Bi «++ Bi, Bir +++ Bp), t => 2, of 6 ts unity if one of the signant 
partitions B,, , contains only subsets of the type 

2. the rank p2 *** Pw Py) Of equal to one 
if partitions pj, piss, , exist among the signant for which 

- , occur among the PR ani partitions; otherwise this rank is equal to the 
smallest of the orders of the partitions pi, +++ , pw} 

3. the rank r(po. +++ Om, Om4i *** Of is equal to the smallest of the orders 
Of 01, Om41; also the rank Om, Om41*** p) of 5 is equal to the 
smallest of ‘the orders of the partitions 

4. therankr(,p: Hi *** Bw by} &) of equal to a. 

Part 1 of the eae follows from Cor. 1 of Theorem 45. 

To prove part 2 consider 2 qth-order (q - 2) minor of (6p; ... py») given by the 
determinant d = | 80,0; 0909 ... |, where the partitions 
to the left of the comma in d are signant and Pi Ps vary over the same vTanges. 
Let pis, --+ , pig denote q values of p;,7 = 1, --- , w; similarly for p;. The 
sign of p;, P2) Po, , does not affect the of the terms in the of 
d since [pu pig pial = [pn +++ pl Pool = = 
Hence the of d a sum of terms of the on dy, d, = 
| |, and = 1 for all values of p;, pj4:, ; further all parti- 
tions exhibited in d, are signant, whence d; = 0 

If there are no partitions of the type p;, pj4:, --- , in d, then all terms in the 
expansion of d are positive and d ¥ 0. 


Nor 
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To prove part 3 let II be the smallest of the orders of 0, +--+ , om). Leta 
minor Of (6501 ...m41) be given by the determinant | E | = | 6,,; ... n+) |, Where 
o; varies over a range oy, --- , om fori = 1, --- , m +1, and p varies over 
the range 01:02) *** Om4i,1) °** » *** Om4in- For every non-vanishing 
term in the expansion of | £ | the following relations hold: 


Since there are an even number of partitions signant (13) implies that | ZF | + 0 
We can similarly show that the determinant | E | expanded with p, om41, --- 
hon-signant and , Signant is not zero. 

Finally consider a minor of the Mit, of 5 
obtained by letting p;, p; have the same range for j = 1, --- , w, where the p’s 
have a values. Since all terms in the expansion of this minor are positive, it is 
not zero. This proves part 4 of the theorem. 


29. Relation between the 3-way and 2-way ranks of a matrix. The proof 
of the following theorem is a modification of that given by Hitchcock” for 
triadics. 

THEoREM 51. Let partitions a, B, p, T, o be related by the identities a = To, 
B= po. If the rank r(pT, o) of the matrix (a,r.) is unity, then one of the ranks 
r(pa,), 7(T'B,) of (Apre) ts unity. 

By assumption, if p:, p2 denote different values of p, T;, 72 different values of 
T, and 0, o2 different values of o, then 


(14) [pipe] = 0 
1 


for every choice of p;, p2, T:, T2, 01, o2. If 0, = o2, (14) implies that a,,, = 
a’Br. Substituting in (14) with o, ¥ o2, we get 


(15) af! Br! — Br? Bria’? Br? Bria’? Br? = 0, 
whence we have 


(16) — (B71 Br? — Bri Br?) = 0. 


Now the second order minors of (a,q) are given by 


* F. L. Hitchcock, Op. Cit., pp. 70 ff. 
The theorem implies the condition | ¢ U + 7W | # 0, which occurs in the author’s paper 


“On canonical binary trilinear forms,”’ Bulletin of the American Mathematical Society, vol. 
38 (1932), p. 387. 


) 
l 
t 
e 
ly 
e 
149 

e 
of a5} «;% 
= 


650 RUFUS OLDENBURGER 


while the corresponding minors of (a7,) are given by 
Br! Br? 
Bri Br? 
Assume that the rank r(pa,) > 1, whence some minor of (a,,) is not zero. Let 
this minor be given by 87? o,*). Now at least one of the 
products Aritgs2 is zero. our proof we shall assume 
that Org te s9 0 

We wish to prove that r(7B,) = 1. It is evident that it is sufficient to prove 


only that all second order minors of (a7,) which contain @,,,;,, are zero, i.e. that 
at! (81! Br — Br! = O for all p, 7, o; or what is the same, that 


(17) a’ (B11 Br — Bri BY ,) = 0 


for all p, T,, c. 
If a$3 = 0 for all p, orif 873 = 0 forall 7, (17) issatisfied. We hence assume 


that = #0. By (16) we have 


v9 
4,3 


(18) (att — (Bi! Br? — Br! By?) = 0, 
(20) (at? at? — af? (B42 — B52 = 0. 
By (18) we have 
(21) (Bi! Br? — Br BY?) = 0. 

If 8)? # 0, (20) and (21) give 
(22) (a? — (Bi! Br? — Bri = 0. 


If alsoa;3 0, and (6%! B73 — B13) # 0, then the equation 
(23) (asi — = — = 6, 
which follows from (19) and (22), contradicts the assumption that (a@}! a}} - 
arla;?) #0. Hence 673 — Bp! =0 
If ~ 0,a;3 = 0, and further (6/1 673 — 67! # 0, by (22) = 0. 
Now from (16) we have 
(24) — Br? — Br! = 0 


for all p. This implies that a§* = 0 for all p, which contradicts the assump- 
tion that 0. 

If finally 6{? = 0, by (21) 67? = 0 for all 7, which implies that 6,) = 0, 
giving a contradiction. 
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30, Compound matrices. Let A = (ar,...r,), where 7), --- , 7, are each 
of order n. Using double subscripts on partitions in the sense of Section 14, 
we define a form 


The elements of the matrix A; of F(A) are the signed determinants of the qth 
order minors of the (7, --- T.-1, T,)-derivate of A. A; is called the (7; --- 
T,-1, T')-compound® of A. Let further 


Ifq < n, F(A | T, | B) can be obtained except for a constant factor (+ 0) from 
F(A) by the following composition 


(qt1 ( 
Ty ) 
(q+1) (n) 
Pi,qtl 


The coefficients [Tu +++ Tink [pn pinl bryen are signed minors 
Tig) 
P1g) 

of B = (br,,;). The equations (25) represent a non-singular composition on 


Tio41 Tin if Bis non-singular*! on 7), Ifq = n, we let® 
(26,) + 
(26) (2) (2) 


26 


™ For two-way compounds see Cullis, ‘(Matrices and Determinoids,”’ vol. 1, p. 289. 
"Cullis, Ibid. This property is used by J. Williamson in his paper entitled ‘“Matrices 


pons sth compounds are equal,’’ Bulletin of the American Mathematical Society, vol. 39 
933), p. 108. 


“—” means “go into.” 


| 
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where A = | bri, |, and the determinants of the transformations (26,), (26.), 
, (26,) are A", 1, --- , 1 respectively. This completes the case where a 
composition is made on a signant partition of F(A). 

To treat the remaining case let C = (c¢r,o,). Let further 


F(A| T,|C) = >, [Ta Tra) Gry... 


+1 
* Arig ... Toq * CT epPig 


F(A | T, | C) can be obtained from F(A) by the compositions 


(1) 


Pll 


(27) 


(@) 
Wee = CT Woy, 


where C is the matrix of composition in each of the equations of (27). If C is 
non-singular on 77, p:, the above compositions are non-singular on 751, pu, --: , 
T oq) Pig respectively. 

The above treatment can be extended at once to the cases where 7, --- , T, 
are not of the same orders, and the non-singularity of B and C on T), p; and T,, 
pi respectively can be replaced by non-singularity on T, and T,. We have now 
proved that compositions of A on 7';, or on partitions contained in 7; (¢ = 1, 

- , 0), with matrices non-singular on these partitions, correspond to composi- 
tions on the (7; --- T.-1, 7-)-compound of A with matrices non-singular on the 
partitions on which these compositions are made; hence the space ranks of the 
(T; --: Tz-1, T,)-compound of A are invariant, in the sense of Theorem 41, 
under non-singular compositions on A. 

Nothing further can be obtained by using derivates with more than one parti- 
tion signant. 


31. Invariant factors. Let A = (aj,...;,) be a cube matrix of order m on 
each index. Let 6 = (6; ... ;,), where 6;,... i, = 1 whenz, = --- =7, 
m, and 6;,...:, = 0 for all other values of the subscripts. Let Ai = (afi i)s 
--+ = ) be non-singular square matrices which satisfy 


1/71 tnin 
Let simultaneous transformations on 6 with A;, As, --- , An be called a similar 
transformation. Let \ represent a parameter. By Theorems 20 and 21 the 


greatest common divisor of the gth-order minors of the (i; ts41 °° 
derivate of (A — X46) of any signancy is equal to the greatest common divisor of 


|| 
|| 
j a 
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the minors of the corresponding derivate of (B — \6), where B is obtained from 
A under a similar transformation. The greatest common divisor of the deter- 
minants of the rth-order minors of the (7; --- 75, i,41 +--+ in)-derivate of (A — 
y5) are divisible by the greatest common divisor of the determinants of the 
(r — 1)st order minors of this derivate. Let the quotient of these greatest com- 
mon divisors be called the rth-invariant factor of the (i --+ 
derivate of A. We similarly define the rth-invariant factor of the (,7, --- in: 
a)-derivate of A. 

We have 

THEOREM 52. The invariant factors of a matrix A are unchanged under similar 
transformations. 

It is readily shown that except in the two-way case, the invariant factors do not 
form a complete invariant system under similar transformations. In another 
paper the author has given such a complete system of invariants. 


CLEVELAND, OHIO. 
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COMPOSITION AND RANK OF N-WAY MATRICES AND MULTI- - 
LINEAR FORMS—SUPPLEMENT! 


By Rurus OLDENBURGER 


: (Received January 18, 1934) 


1. Introduction. Where the composite of two or more matrices is made by 
summing on at least one combined index and not summing on at least one other 
combined index we have the multiple composite of these matrices. In this sup- 
plement we obtain certain relations between the space ranks of the multiple 
composite of a set of matrices, obtained by combining indices in any way, and 
the space ranks of these matrices. 

As an example of the multiple composite of a set of matrices we have the 
composite 

(Aik imn,Dij tmnsCijkIny) (k, l, m not summed; 7, 7 summed), 


of the matrices (Giximn,), (Diikimn:), Also the composite 
(GikmD pts) not summed; k, p summed), 
of the matrices (Gizm), (bir), (Cept), (Apts). 
2. Definitions and notations. If a partition 7 is given by +r = po --- we 
say that p partly covers and is contained in r. For brevity, a set of partitions 
71, *** , Te Will be denoted by [7]. The partitions 7,, --- , 7 are said to be 


contained in [7]. A set [7] is said to be vacuous if it contains no partitions. 
We shall write the rank r(7 41 Tp) aS r([r], [7’]), where [7] = 


[7] = Tp; alsor(, 7, Tp; m1 Tp; a) as r(, [7]; [x]; a), 
where [7] = 7, , 7», and [7] is the set of integers 7,, mp. Finally we 
shall write Tete Toy Te Tr) a8 [r’’], [7’’’]), where 

= ty ty = Tet ty Try = m, = me 

Tp. 

We define a 5-matriz on 7, --- , tn to be the matrix (6,, ... ,) for which 
57: ... = 1 when See = and 6+... = 0 for all other values of 


71, °**,T,- Evidently Kronecker's delta is the special case in which n = 2. 


3. The ranks of multiple composites. We shall denote a matrix A by 
A composite of a set of matrices Aj, , An combined in 


any way will be denoted by Bo = (Dprey tel cee 


1 Presented to the American Mathematical Society, April, 1934. 
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where we assume that 7 = =i, = = rg 
= = 7%. The multiple composite of A and B obtained by com- 
bining 7: with T1,°** 7 not summing (the result of combining these parti- 
tions will be denoted by ru), --- , 7. with 7,, --- , 7? not summing (denoted 
by 7,,), and finally p with p’ Suvnainiees that p = p’) paamane" will be denoted by 


C= (Cry Evidently C is the most general multiple com- 


posite of a set of matrices. 

Let [51], [52] denote sets of partitions of C where these sets contain partitions 
simply covered by 7’s alone, partitions simply covered by and each containing 
both 7’s and y’s or 7’s and 2’s, and partitions simply covered by and each con- 
taining 7’s, y’s, and \’s. Let the y’s in [6,] be denoted by yj, ---, y, and the y’s 
in [5] by » ¥r +s Let thed’s in [6] and [6,] be denoted by \i, Xe 
and \; +1) » Ae + respectively. 

Let [p:], [o2] denote sets of partitions of C where these sets contain partitions 
simply covered by )’s, and partitions simply covered by and each containing both 
ysand \’s. Let the y’s in be denoted by y, + 5 41, Yr +» + and the 
y'sin by ¥r + e+ 

Let [yi], [ye] denote sets of partitions containing only y’s. 

We can now state 

THEOREM 1. Let w; denote the partition simply covered by y1, +++ Yr 424 p+ wy 
pT, °°, Te Let w be the smallest of the orders of the partitions contained in [6,], 
[ma]. Then: 

1. The rank r([61] [v1], [62] [o2] [v2]) of C, where [y:] is not vacuous, is less 
than or equai to the rank r([y:]1, [v2]) or r([y1], oily2]) of A according as [y;] 
contains an odd or even number of partitions of A. 

2. The rank r([6;] [01], [62] [2] [v2]) of C ts less than or equal to the rank r(,[y2]o1; 
of A, where [x] is a set of integers if [v2] contains partitions. 

Let the 6-matrix on partitions Ti, , be denoted by J,, --- , the 
é-matrix on partitions 7., 7, tT 72 by Let the 5-matrix on p, p’ be 
denoted by J,. Let further I, be a 6-matrix on for g = 1, --:, 
r+stp+uw. Let finally 7; “be a é-matrix on d,, r, forg = 1, - ,t+u. 

Let [6,], [69] be the sets of partitions obtained thom [61], [62] replacing 

yt+u. 

es the matrix C is equal to the matrix 


|w| A X B, 


[v1], [52] [pe] [y2]) of C is equal to the rank [vi], [9] [p2 
ly2]) of C’. By Theorem 22 of the paper of which this is a supplement, if [p:], 
are not both vacuous, the rank r([6,] [2] [o2] [v2]) of C is less 
than or equal to the rank r([p:] [y:]o, [o2] [v2]) or [v1], [y2]) of A X B 
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according as the sets [p:], [yi] contain an odd or even number of partitions. If 
[1], [v1] are both vacuous we apply the corollary of Theorem 24. Further 


(1) AXB=Alu| BX X 


where I’, is a é-matrix on fors = 1, , ¢, and J’, is a é-matrix on p, 
p. Again applying Theorem 22 and the corollary of Theorem 24 now to (1) 
Theorem 1 is proved. 

For the non-signant ranks of C we prove 

THEOREM 2. Let w be the partition simply covered by v1, +++ 5 Ys + w) — Ty, 

The rank r(, [62] [ve]; [41] [72] [7s]; a) of C is less than or equal to 
the rank r(, [y2]w2; [wsla; a) of A. 

We now write C in the form 


AXB, 


[v2]; [2] [7s]; @) of C is equal to the rank r(, [52] [o2] [v2]; [a1] [72] 
[73]; «) of C’’. By the corollary of Theorem 24 mentioned above r(, [6,] [0] 
[v2]; [1] [22] [23]; of C” is less than or equal to the rank r(, [p2] [y2]ws; [1] 
[r3]a; a) of A X B. Further. 


(2) AXB=Alm| Xl. 


We now apply the corollary of Theorem 24 to (2). 
In Theorems 1 and 2 we have obtained relations between all of the space ranks 
of the matrix C and the space ranks of A, whence the theory is complete. 


4. Non-singular case. We assume that the matrix B = (b,,, ... +) is 
non-singular on 7, A. Let the matrix Bo! = (By, Pp = P» 
71 = Te = be the inverse of the display (b,,,) where = pr 
Then 


(Dor, eee re’) (Spr, ty! with 


where 6 = (Sor, rep’; re’) iS a 6-matrix on the partitions pr 
pt, Now 
(3) = X (Srere’)s 


where (5p), (Snr), (Orere) are é-matrices on p, 71, 713 3 Te 
respectively. 


Let 
(4) C= (Apr, ren red) (71, , Te not summed). 


Now C = tenn Dorn re!) = (Gon ten 
Bory Which by (3) gives 


Pp, 


1) 


2| 
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Now the ranks of A’ which involve the partition X = 77, °** mr are equal to 


- the corresponding ranks of A with x replaced by 7, --- 7. Applying Theorems 


land 2 to (4) and (5), we obtain 

THEOREM 3. Let (bps, ... be non-singular on pr, te, d. The ranks 
Of (Apr, ren Ty »Te not summed, which involve the par- 
tition TA, are equal to the corresponding ranks where 
has been replaced by p. 
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ON MECHANICAL QUADRATURES FORMULAE INVOLVING THE 
CLASSICAL ORTHOGONAL POLYNOMIALS! 


By C. Winston 


(Received December 8, 1932) 


Introduction. Let ¥(x) be a function bounded and non-decreasing, with 
infinitely many points of increase, over an interval (a, b), finite or infinite, and 


b 
such that all “moments” a, = [ x"dy(x) exist (n = 0, 1, --- ), with a > 0. 
a 


It gives rise, as is known, to an infinite sequence of orthogonal and normal 
Tchebycheff polynomials 


gn(x; a, b; d¥(x)) = gn(x; dp) = = dy), 
(1) 
dv) = = — (a,(dy) =a, > 0;n = 0,1,---). 
The sequences {¢n(x; dy) }, {¢n(x; dy) } are uniquely determined by the respective 
relations 
b 
(2) 
b 
= 0 (n = 1,2,---), 


where hereafter G,(x) generally denotes an arbitrary polynomial of degree S s. 
A special case of (1) is derived by letting dy(r) = p(x)dz, p(x) = 0 in (a, b). 

Here we use the notations 

n(x; a, b; p(x)) = gnlx; p), a, b; p(x)) = p), an(p), Sn(p), 
One of the most important properties of the polynomials (1) is that the zeros 

{xin,} of @,(x) are all real, distinct and lie in (a, b): 

Sh (xi, n (a, b; dy(x)) = 25, n(dp) = i, n)’ 


Making use of the Lagrange interpolation polynomial coinciding in value with a 
given function f(x) at the above points {x;,,}, we construct a formula of me- 
chanical quadratures of Gauss’ type: 


1 The author wishes to express his gratitude to Professor J. Shohat for his valuable sug- 
gestions and very helpful criticism. 
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- [’ dy(z) ) 
a (t — 


with the remarkable property (a ready consequence of (2)) : 


dy(x) H;, n Gon—1(Xi, i.e., = 0. 


t=1 


We call (3) of Gauss’ type since Gauss [1]? was first to consider (3) for the 
simplest case: ¥(x) = 2, (a, 6) finite, yn(x) being the Legendre polynomial. 
The sequence (1) is said to be “symmetric,” if 


(a, b) = (—A, h), V(x) = — ¥(—2z) (or p(z) 
It follows readily from (2, 3) that here, for any n, 
dy) = (—1)" on(—2; dy); Lin + = 0; 


p(—2)). 


Hig, = (i = 1, 2, , n) 
—h, dp) = —h,h; dp) 
= 0, h?; ; 


(dyi(x) = do(x) = ardy,(z)). 
From (3, 4) we get at once: 
n(—h, dp) = —2en41-i, on(—h, hj dp) = 2i-n, n(O, h?; dy), 
G@=n+1,n+4+2,--- ,2n) 
Hi, n(—h, h; dp) = Honys—i, on(—h, h; dp) = 3H =n, n(0, h?; dy), 
hy dp) = hy dp) = Xi-n-i, n(O, h?; 
9041) 


n 
H;, on41(—h, h; dy) Aon42-i, —h, h; dy) (0, h?; dye). 


i—n—1, n 


(5) 


In connection with formula (3) there naturally arises the question of con- 
vergence: for what functions f(z) is lim R,(f) = 0? For (a, 6) finite and 


d(x) = p(x)dx this was almost completely answered by Stieltjes [2]. In recent 
years the case of (a, b) infinite was treated by several writers [3, 4]. 

It is evident that the convergence of (3) is intimately related to two questions: 
(i) how do the coefficients {H;,,,} behave for n very large? (ii) how are the 
zeros |x;,,} distributed over (a, b) for n very large? 


*The numbers in [ ] refer to the bibliography at the end of the paper. 
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The object of this paper is a study of questions (7) and (it) for the case of the so- 
called classical orthogonal polynomials—of Jacobi, Laguerre and Hermite: 
J: dy(xz) = (4 — a)" (6 — x)" dz, (a, b) finite, a,B> 0, 
(6)3 L: = e-* dz, (a, b) = (0, ~), a>0. 
H: = edz, (a, b) = 


From (4, 5, 6) we note the following relations between Hermite and Laguerre 
polynomials: 


— = g,(27; 0, 0; ate); 
— ©, ©; = 0, ; e-*); 
Ti, ©, = i, on(— ©, 00 = Tin, 5 a7 e~*) 
(¢=n+1, ---,2n), 
(7) Hi, anl— ©, = on(— ©, © = n(0, © 
ong1(— ©, 00567) = ongi(— ©, = n(O, ; e-*), 


n 


It is generally known that all the coefficients H;,, ~0asn— ©. Further- 
more, Sonine [5], in the case of Hermite polynomials, was able to show, by a 
very ingenious analysis, that 


Tv 
- 


Regarding the zeros {z;,,} we know they are everywhere dense in every finite 
part of (a, b), with 1,,— a, 2n,n— b, (n— ©). E. R. Neumann [6] has 
shown, for Laguerre polynomials proper, i.e., with a = 1, by means of interesting 
geometrical considerations, that 


(¢+ 1). 
n+1’ 


In what follows, regarding question (i), we extend Sonine’s method so as not 
only to embrace all classical polynomials, but also to obtain both upper and lower 
bounds for the coefficients {H;,,}, their respective order of magnitude, their 
order with respect to n, and, in some cases, their asymptotic expression for 
n-—> ©. Regarding question (ii), we extend Neumann’s method so as to in- 
clude the general case of Laguerre polynomials for any a(> 0), whence the 
case of Hermite polynomials follows at once (by (7)). 


Hin 


+< Cin <4 (i = 1,2, 


3 J, L, H stand, hereafter, for Jacobi, Laguerre and Hermite polynomials respectively. 


fo 
in 
| 

| 
| 

| 
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This paper also contains a generalization of the mechanical quadratures 
formula where some of the points, at which the value of the function f(x) to be 
integrated is known, are fixed. 


1. Some properties of the classical orthogonal polynomials. These will be 
needed in our discussion. 


A(x)$%(x) + + Crdn(x) = 0 (n > 0). 
A(x) = ha? + kx + 1, B(x) = tz + u. (h, k, l, t, u, C,, const.) 
(8) = — — Angi (n = 1) 


2 
H: A(z) = 1; B(x) = —2z; C, = 2n; Angi = n/2. 
L: A(z) = 2; B(x) =a— 2; Cr =N; Angi = a — 1). 
(9) J: A(z) =1-2; 


4n(n + a+ — 2)(n+a— 1)(n+ 6-1) 
Qn +a+B—1)Qn+atB— 2)?(2n+a+ 8 — 


(Hereafter for J: (a, b) = (—1, 1)). 
The following relation is fundamental for our discussion: 


(10) P) = Nbna(x; Ap) (n 2 1;A = A(z) in (8)). 
Hereafter we shall use the abbreviated notations: 
= n(x), an(p)=an, n(Ap) = ay, ---. 


Other necessary formulae are: 


on41(0) = 0, = = 
(12) | 
n, 
x? < 2n-n'**+>0 


re 
). 
r- 
| 
| 
e 
). 
rt 
ir 
)- 
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0<a<2< kni(a,k const.) 


\ 


g,(1) = 2 + (m + + B= 1). 
= 


(—1)"2"T(n+ a)I(n+a+ 8 — 1), 
+ a+ 6-1) 
(—1)"(2n)! 
nl (2B + 4n — 3)(28 + 4n — 


+ 1) Tin +a) Tin +8) 


X cos [((2n + a + B — 1) 6 — 1/4 (2a — 1)] 
— sin [(2n + a+ B — 1) 6 — 1/4 (2a — 1)] 


(2a — 1) (2a — 3) (28 — 1) (26 — 3) 1 
x| — 1) cot — — 1) tana | +0(4) 


_1+2 
(sino = 


2. The behavior of the coefficients H;,,. We transform (11) by means of 
(10) as follows. Write 


1) 


2n(0) = 


= (—1)" 
(14) J: | 


A(x) = >) Bi vila) (A (sx) given in (8)); 
(15) B; = 0 (0 7s n— 1); B, = Bast Bah 
* 
Buia = (by (2,8, 9)). 
An+2 


Substituting these values in (15) and using (8, 10), we get: 


16 n— Xi, n = ; H;, n= 


(¢ = 1,2, 


The 
nom 


Fol 
(17. 
(18) 
whe 
1, 2 
and 
Con 
Her 
(19) 
We 
(20) 
(21) 
(20, 
| 
aced 
| lowe 
(ii 
(see 
crea: 
(22) 
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Following Sonine, we write 


n(az_ ha? 1 


(17) Haw = att, (Ales, «) + 
— hay, Ant1) 
(18) y(x) = A(x) $,°*(x) + ¢,(x), 


where o(x) is a certain function of z, finite at x = x;,, forall n andi = 
1,2, , and so chosen that y’(z) be divisible by *(x). Differentiate (18) 
and ae use of (8): 


y'(x) = (x) [A"(x) — 2B(x)] — + 
Consequently, y’(x) will certainly be divisible by 9/7 (x) if 


[o(x)dn(a)]’ = o(x) = Crd, (x) + 5 (k = const.). 
Here k must be zero (o(x;, ») being finite) so that finally 
(19) v(x) = A(x)’ (x) + Crdi(z). 
We have further, in view of (8), 
—k 
20) ye) = 2h — | 2 — * | 
(21) = (k — 2u) (h = t) 


(20, 21) lead directly to the following conclusions. 
(i) h#¥t. y(x) is minimum or maximum at 
2u—k 


according ash >torh <t, andy (aot 4 gives correspondingly an upper or 


lower bound for Hj, n. 

(ii) h=t. This case is possible only for Jacobi polynomials with a + 6 = 1 
(see (9)). Fork > Qu, k < 2u, k = 2u, y(x) is correspondingly monoton in- 
creasing, monoton decreasing, or constant. Hence, 


k > 2u: Hin > Hon > > 


k = 2u: Hh,» =H 


The constancy of H;, ,(i = 1, 2, --- , n) is possible for trigonometric poly- 
homials only (« = B = 3), as is seen by (9, 22). 
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We now apply (19-21) to the polynomials J, L, H separately, making use of 
(12-14). 


HerMITE PoLyNomiALs. Here 


(23) y(x) = + h>t, m= = 0, is minimum, 


n 
a®_,(,7(0) + 2n¢2(0)) 


I'(m) 
Hi, om = Hom+41-i, 2m 2m(2m!) = + 1) /4m —1 (i 1,2, 


(24)* 


1, 2, 


i, 2m+l = FF 2m+i = (2m + 1)! ~ 21(m+3) V/4m+3 


Formulae (24) represent Sonine’s results. The above considerations give even 
more: 


2m < Hs, 2m < Am, = A mas, 2m A nie, 2m > > Ham, 2m 


(i=1,2,---,2m+1). 


(since 21, 2m < X2,2m < +++ <2m,2m <O < am < +++ < Lem,om). For 
n = 2m + 1 we have similarly: 


Hi, < Ho, < < Amst, > +++ > Homis, 
+(x) being here an even function of z, it follows by (20, 23) that 


n 
(25) »| <timplies y(s) < < Han < 


(26) < Hi, a < 


V2ne? (1 +0(1/Vn)) 
(OS s<|ain|<t < V2n-nie>0). 


V2ne? (1 + 0(1/Vn)) 


It will be shown later (64, 65) that 


< — Lem+1—i, 2m = < 


2/m+1 Vm+i1 
(i =m+1,m+2,--+, 2m), 
= 2(i — m + 1) 
< — —i, = < 
+1 


=m+2,---,2m+)). 


I'(zx) 2 


‘ We use here the inequality [5]: (x > 3). 


He 


Fre 


|| 

| 
Fu 
f(z 
tur 
7 
rt N = 
Th 
(i 
fac 
lary 
(31 


MECHANICAL QUADRATURES FORMULAE 665 


Hence, by (26), 


2/me ™* (14+0(1/Vm)) 
= < (¢=m-+1,---,2m), 
(14 0(1/Vm)) 
28) 
2/me (14+0(1/V/m)) 
= < =m42,---,2m+4 1). 


2V/m (1 40 (1/-/m)) 
From (28) we get an interesting asymptotic expression for some of the H;, »: 


(29) lim Hi, = 7/2, i.e., Hi, omic = + 0(1) 
me 
= 


Furthermore, the inequalities (28) enable us, in each case where the behavior of 
f(z) for large |x| is known, to estimate how much the mechanical quadra- 
tures formula (3) is affected if we omit even infinitely many of the terms 
H;, .f(2i, ») corresponding to distant ,(2 0). 

Illustration. (i) Consider the mechanical quadratures formula (3) for 
n= 2m + o (o = 0, 1) in which f(z) is such that 


| f(x) | = O(|x]') (|2| > A which is sufficiently large). 
Then we can omit in (3) all terms Hj, om+o f(Xi, 2m+e) Corresponding to 
(30) i>m + Vkm log m, i<m— Vkmlogm 
(k > max. (0, 2 (1+ 1))). 
(k here and hereafter generally denotes a properly fixed positive quantity.) In 


fact, for all such 7, | 2;, 2m4¢|—> © asm— © (by (27)). Hence, for m sufficiently 
large, all such | 2;, 2m4¢ | > A. On the other hand, since 


| | < V4m + 26 +1 


(see (53, 61)) 


(31) | >Hi, | = O (m — «©; iand kas in (30)). 
m4 2 ; 


| 
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We see that the number of terms actually used in (3) is only an infinitely small part 
of the total number of terms therein. 
(ii) Similar considerations show that if 


| f(x) | = (i <1;|2| > A), 
we can omit in (3), without impairing the convergence, all terms 
Hi, 2m+0) 


for which i > m + m?**,7 < m — mi**, 1/2 S «€ < 3. Here the number of terms 
which we can afford to omit in (3) again increases indefinitely with m, but is 
smaller than in the preceding case, which was to be expected, since | f(z) | in- 
creases much more strongly at infinity. 


LAGUERRE POLYNOMIALS. Here. 


(32) y(x) = + n¢2(z), h>t, w= a— 4,  y(20) is minimum. 
n 


() aS}. 

> > > Baw 


T(n+4)  V4n—1 
(i = 1,2, --- , n)(by (9, 13, 24)). 


The last inequality could also have been derived from (7, 24). 
(ii) a > 4. As 7 increases, H;,, increases for 0 < Zin S a — 3 and 
decreases fora — < By (13, 33), we get: 


(i = 1,2,---,n), 


(35) Han <( ) Vn 


with the same order of magnitude, with respect to n, on the right-hand side as 
fora = 3. Since here y(0) > y(a — 34), we have, by (13, 33, 35), 


< = — (0< 2;, » <a—4; a > }). 
(n+ inte) et /n (1+ 0(1/Vn)) 
Furthermore, 
n n 
(14+ 0(1/Vn)) (1 + 0 (1/V/n) 


(a—8< 8 <an<t < > 0)(by (13)). 


If 


We 


Th 
inf 
] 
in | 
cou 
a 
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It will be shown later (59) that 


~4(n + 1) n+ a 16 
Hence 
(37) 4(ita)? nto 1 Hi, < (it+t2Va— 


ki nt <i< kni(k,k’ const.),¢ > 0). 
If in (37) we let a = 3, we get the asymptotic expression 


H., (n> 0; ¢€>0). 


Vn 
This result could have been derived from (7, 29). 
As in the case of Hermite polynomials, we may, under certain conditions, omit 
infinitely many terms, without impairing the convergence of (3). 
Illustration. If | f(x) | = O(z') for x > A > 0 sufficiently large, we can omit 
in (3) all terms corresponding to i > ~/kn log n (k > max. (0, 41 + 2)). We 
could also obtain results similar to those in (ii) for the Hermite case. 


JacoBI POLYNOMIALS. Here 


(a) = 2) + nln = 
(38) = 1,2,---,n) 
40-4 
(i) h#¥t. y(x) has an extremum at 
a—B 
Case 1: h > t. Possible if and only if a + 6 > 1. 
a) BS}. Here = 1 for all a, 8 under consideration. 
y(xo) is minimum; Hin < Han < +++ < Ann. 
We have further, sin on 
2 1T2(q) < H. 2 (i 2, n). 


O(/n)) ~ 7380 +00 /n)) 


) 
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b) a S 4. We derive from a), by interchanging a and B: 


(i= 1, 2, 
Here, 0 < <1, and as increases, 


H;,, increases for —1 < 2;, n S 2% and decreases for x» S x;,, <1. Hence, (by 
(9, 14)), 


(-—1< 2.5%); 


(xo Li, n 1). 


d) a> 4,8 > 3,8 > a. The results are the same as for c), 2» here lying 
in (—1, 0). 
e) a = B > § (Symmetric case). Here x = 0, y(0) is minimum; 


Hi, om < Ho, om < | = A msi, 2m > > Hom, 2m: 


Ai, 2m = Han, 2m < Am, 2m = Hm+s, 2m (2p) 
om41 < Fe, < +++ < Anis, omar > His, > > Homes, 
2-178) 
Ay, = Homis, < (Qm + 1) An41, 2m41 > (m + 1) 
T2(B) 276-1 26-1 


= 0,1;2 = 1,2,---,2m+o). 
Case 2. h<t. Possible if and only if a+ 6B < 1. 


a) B >a m= = 1, y(xo) is maximum; 


Qe+s-1 
(1+ O(1/n)) 


(i = 1,2, ---,m). 


b) a>. —1, is maximum. The results concerning Hi,, are 
the same as in a), with inequality signs reversed. 


"na > 


(39 


wh 


Usin 


re 
In 
th 
dis 
wh 
use 
4 
Tel 
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c) a = 8 (Symmetric Case). xo = 0, 7(0) is maximum. We get the same 
results as in case 1 e), with inequality signs reversed throughout. 
(ii) h =. Possible if and only if a + 6 = 1. 


a)k >2u(B>a), b)k<2u(a>), c) k= Qu(a= = }). 
Ina) and b) we get the same results respectively as in cases 1 a) and b). ¢) gives 


the trigonometric case discussed above (see (22)). 


3. A mechanical quadrature formula with fixed points. We now fix m 
distinct points £1, £2, Ek) Meaty » Mm OUtside the interval (a, b) at 
which the values of the function f(x) to be integrated are known. Making 
use of the orthogonality property (2) we readily derive 

TurorEM I. In order to have 


a 2) =) He ms (2.0, 


t=1 
(39) V1, < < sa < < an < Zan 
S < < Lm, ny Lin = (7 1, 2, , k), 


> On(x)dy(x) 


where 


t=1 


it is necessary and sufficient that x:,,(¢ = m+ 1,---,m) be the zeros of the 
Tchebycheff polynomial gn—m (x; a, b; dyy(x)), with 


k m 
d(x) = I] (x — &) I] (ni — x) dy(z). 
t=1 t=k+1 


We proceed to derive some relations for the H;,,, corresponding to the fixed 
points. Consider first the interval (a, b), a being finite, with one point fixed at 
Letting = (x — &) dy(x), we have, by the above theorem: 


a (x — ») — £) , 
= 0 (i = 2,3, ---,n), 


b * 


Using the expansion 


Deas) = 


— 
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and the Darboux formulae [10] 


dp) = dy) = dy) = 
we get 
( 


1 
Similarly, if 6 is finite and we fix one point 7 2 b: 
1 
(n; dp)’ 
The general case of m fixed points can be dealt with now very readily. 
With the notations (39), we get, letting dyi(r) = M(z) N (x)dy(x), with 


Me) = = 


H, = 


t=k+1 


[ 
For1sisk; a en—m (Ei; di (x)) 


(av, (a) 
Fork+1 Hi, = 
a M(n,)N’ (15) (53 dy,(x)) M(y)N M5 dy(2)) 
1 


If, for example, (a, b) is finite, m = 2, & = a, m = 6, then 


1 1 
(6 = a)K, (6 He = (@ — a)dy(x) 


H,= 


He 


H 
(4 
T 
ar 
(4 
Wi 
(42 
(43 
mor 
iil 
Lag 
(44) 
Hen 
T 
(45) 
(46) 
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4, The distribution of the zeros of Languerre and Hermite Polynomials. 
Following a geometrical method the underlying idea of which is due to E. R. 
Neumann (for Laguerre Polynomials with a = 1) [6], we shall find bounds for 
the zeros {%;, »} of Laguerre polynomials for any a (> 0) and incidentally for 
Hermite polynomials. Hereafter, 


(40) Lala; 0, ©; = = (— 1)", (2; 0, ; 


= Vie tire (")( i ) it 


The following relations, which hold for any a > 0, are of fundamental importance 
and may be readily verified using the orthogonality properties of L,(x): 


(41) (a > 0) 
= (n+ 1) —- V(n+ 1)(n+ a) L, (2). 
We have further, by (40), 


Hence 
ale, 
(42) Sr = 1), 
(43) (i = 1,2,---,n). 


In what follows ui, » and yi, n41 represent the abscissas of the extremal points— 
more briefly, “extremal abscissas’”—of the curves y = L,(x) and y = Ln4i(x) 
respectively. We derive from the differential equation (8, 9) satisfied by 
Laguerre polynomials: 


(44) Al (a) = — L,(a) (A, (x) = 


Hence the zeros of A,,(x) are the extremal abscissas for y = L,,(x) and conversely. 
The following relations may be verified, making use of (8, 9, 40, 41): 


(45) 2A; (2) + + nd,(x) = 0, 


(47) Vin + 1)(n+ a) Al (a) (2) = MAn+,(2). 


L, (2) n(n — , 
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(48) n — (Qn —1— 2) A,(2) 


V n(n + 1) An-(z) = 


From (44, 46) it follows that the curve y = An+:(x) intersects y = A,(z) at 
x = Xi,n (i = 1, 2, --- , m) (extremal abscissas for the latter curve) if a = 1, 
and to the sta or left of x;,, according asa <lora>l. Formulae (44, 46, 
47) give further: 


7, n+l 


n Angi(x) dx = -V(n +1)(n + @) —  Angi(x) 
t, n+1 


= (Xi, a) + (x;, nti—@) Anu (2;, nti). 
Let us take 7 even. Then, 


A,(2;, n) is maximum, An4i(2i, is maximum; 


> n+1) Vin + (n n+ )(by 44), 


n Angi(a) dx > (= + Ansa(i, 


n41 n+ 


noi) (2%, n— n+1) > dx, 


"i, ntl 


= n+1 


Vi, 1 
nt+a + a, n+1) 


n — Ti, ny) > 
(49) Xi, nti < 
(a > 0)(see (42)) 
nt+a 
In particular, for 7 = 1, and in conjunction with (43): 
(51) 
We have further, by (42, 49): 


(50) < 


n 


i=1 
nt+a 
(52) > (a > 0). 


5 If 7 is odd, we simply change the sign of L,,(z). 


Th 


of 
th 
y 
(r,, 
y= 
(54 


2), 
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It is known that 2n,, < 4n + 2a; hence 
(53) 8n++a—5 < 2a (a > 0)! 


In what follows, the figures, which for the sake of brevity have been omitted, 
are quite similar to those used by Neumann. From (8, 9, 40, 41) it is seen that 
the abscissa of each point of intersection of y = L,(x) and y = L,4;(x) is to the 
right or to the left of = wi, ni = 1, 2, ---,m) according asa > lora <1. 
If a = 1 we have Neumann’s case: viz. the abscissas in question coincide with 
the points © = Mi, n41- 

Considerations similar to those employed by Neumann lead to the inequalities: 


att By n < M1, < < < we, npr < 

where pi, n S Vi41, according as S n+ a. Wealsosee that in the particu- 
lar interval (2%, n) Vi+1, n) containing a@ there will be no point of inflection of the 
curve y = L,(x). In every other interval (2;, », 2:11, n) there will be just one 
such point of inflection situated to the right or left of t = uin4: according as 
(vi, ny Litt, n) is to the left or right of x = a. 

Case 1. a) %iti,n <a, aS 1. Here the above point of inflection lies be- 
tween ui, n41 aNd X41, n. Compare the area 


(ws Li, (ui, % Va x) (by (41)) 


of the triangle formed by the z-axis, the tangent to y = L,(x) at x = 2, , and 
the perpendicular to the z-axis at x = yi, n41 with the area under the curve 
y = L,(x) between 2;,, and pi, n41! 


+ 4/ > (by (41). 
Thus we get: 


b) tin >a, aS 1. Here the above mentioned point of inflection lies in 
(ti, n) Mi, n41). The triangle considered is formed by the z-axis, the tangent to 
y=L,(x) at ¢ = 2443, , and the perpendicular to the z-axis at r = wi,n. Its area 


(54) n — Mi, nyt)? V(n + 1)(n + @) 


27541, n 


‘For w = 4, 3 see (63). 


, 
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is greater than the corresponding area under the curve y = L,(z): 


1 


We now seek to find a relation between Ln(ui, n41) and Ln4i(%isi, n). From the 
location of the above-mentioned point of inflection it is seen that 


— Mi, n+l Titi, n 
which, combined with (54, 55), leads to 

n — Mi, (n + 1) (n + a) > Leds) dt 


27:41, n 


Bi, n+l 


n+1 List, 


Since Lnsi(tiss, n) < 0 for i even, we get further: 


(ist, n — Mi, n+1 n+1 


Bis, « l—a 
(56) Vist, n — Mi, > 


Moreover, L,.(ui, being the greatest value of in n, ui, n41), we get 
(by (41)): 


La ui, nis) (ui, — > 


Zi,n 


i, n+l 1 =< 
dx > Ln(ui, n41) (254), 


l—a 
Mi, — Li,n > 
and this, added to (56), gives: 
223, n 


(57) — in > 


Following Neumann, we now let 


pi = (n+ 1) 


4 
Then 
pi > (« >w= = .364 +) (by induction), 


4(n + 1) 
To find bounds for z;,,, for a < w, let 


p = 4 


i Xi, ny 7 


as 


no 


| 
— 1}? 
T 
(6 
| 


at 
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Then, as above, p; > %;; and 


4(n + 1) w 
Case 2. a) Vist,n <a, a@ 2 1. Here the above point of inflection lies in 


(u;, nt) 2i+1, n)- In fact, it can be shown to be in (uj, The area of 
the triangle formed by the z-axis, the tangent to y = L,(x) at x = x;,, and 
the perpendicular to the x-axis at = is greater than L, (a) dr. 


— Vv (n + 1)(n + @) L 


(O<aSw;i=1,2,---,n). 


22i,n 
(ist, — Vi, V (n + 1)(n +0) nt+a 
n n + 1 (since L,(Xi+1, n+1) > 0), 
(58) Lint, n — Vi > 4/ <a, a2l1, i=1,2,---,n) 
t+1, un n+1 t+1, ’ = +) 9 &) ’ 


b) 2,n > a, a 2 1. The point of inflection mentioned above lies in 
(1, ny Mi, n41). The area of the triangle considered is 


_ n = Min? Vint t+) 


n 


(Li41, al 


so that here, 


— V (n+ 1) (n+a) / dx 


27541, n 


i,nt+l 
L, (ui, ntl) — (Xi41, n) 
n + 1 


Thus we see that formulae (57, 58) hold for all a > 0. We summarize our results 
as follows: 


Va — 1) 4(i + a)? 
(59) din + 1) < Fin < (as w), 
(i _ 1, 2, ’ n) 
Mito) 


We now make use of (7), in order to obtain similar results for Hermite poly- 
nomials. Let 24, = 1, 2, --- , 2n + 0; = 0,1) represent the zeros of 


1); 
1). 
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Hermite polynomials of degree 2n + o, z',, “i Lien (¢ = 1, 2, --- , n)—those of 

the Laguerre polynomials of degree n, with a = 3, 3 respectively. Then, 

(61) — 2n = Vi, 2n = in, n +1,n+2,... 2n), 
— Lon+2-i, = Vi, = 2n (i =n + 2, ,2n + 1); 


Vi V6 
(62) < < < Tn42, < (by (5)). 


Making use of (53, 59, 60, 61), we get: 


Vint,  V3n— < Van 43, 


i—n+vV2-1 2 (i — n+ }) 
—— n+1—i,2n = ‘an 
2Vn+1 Vn+i 


(i =n+1,---,2n), 
i-—n+vV6-1 2(¢—n+3) 
<— i, 2n41 = Xi, enti < 
2 2n41 = Vi, Vadi 


It is interesting to note that results quite similar to those given in (64) may be 
derived from Neumann’s results without first considering the generalized 
Laguerre polynomials, but by making use of Markoff’s theorem [14]. In fact, 
this theorem yields the inequality 


(64) 


dai, n 
da 


which enables us to compare n (a = 3), n (a = with 2;,, (a = 1). 
Thus we get for Hermite polynomials: 


>0 (i = 1,2,---,nja>0), 


2(¢ — 2 + 1) 
V/n+1 
=n+1,---,2n), 


Von+1-i, 2a. = Tj, 2. = n < V n < 


Vn+1 
=n+2,---,2n+1); 


and since 2;,2n > Zi, envi (1 S 7 S 2n), 


i—n 2i—n+1) 
Vn 4 1 < Von+1-i, 2n Xi, Qn Vn + 1 (i n + 2, ) 


7 A. Wiman [12], employing a different method, finds similar results. 
* The bounds for z,, , have been much improved recently by 8. C. Van Veen [13] on the 
basis of a less elementary analysis. 
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(65) 
2¢—n+1) 
— Ten42-i, = Ti, < Vn+l1 (i =n+2,---,2n+ 1). 
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Added in Proof (July 9, 1934): 

n); Since the time this paper was sent in for publication there has appeared a paper [Wolf- 
gang Hahn—Die Nullstellen der Laguerreschen und Hermiteschen Polynome.—Schriften 
des Math. Sem. und des Inst. fiir angewandte Math. der Univ. Berlin, Band 1.] in which 
results similar to those gotten here for the zeros of Hermite and Laguerre Polynomials are 

1): derived by similar methods. No applications to Mechanical Quadratures are made how- 

’ ever [ef. also J. Shohat and C. Winston; On Mechanical Quadratures, Rend. Del Circ. 
Mat. Di Palermo, Tomo LVIII, Anno 1934-XII.] 
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SUR LES NOMBRES DE BETTI LOCAUX! 


Par Epvuarp Crcu 


(Received November 23, 1933) 


Soit R un espace topologique arbitraire; soit a un point donné de R; soit 
k = 0,1, 2,---. Au Chap. I, je définis le k*™° nombre de Betti local de R au 
point a, désigné par 6,(a, R). La signification du nombre f)(a, R) est trés 
simple (v. n°3). Sik = 1 et si l’espace R est un polyédre, le nombre §;(a, R) 
coincide, comme on pourrait le démontrer sans peine, avec le nombre maximum 
des (k — 1)-cycles en a lin. indépendants, au sens de M. E. R. van Kampen. 

Au Chap. II, je prouve deux théorémes d’addition pour les nombres de Betti 
locaux. Ces théorémes pourraient étre sans peine généralisés. 

Au Chap. III, je donne une nouvelle forme aux axiomes de ma théorie des 
variétés, exposée récemment dans ce Journal.? Dans la nouvelle forme, ces 
axiomes reposent sur la notion des nombres de Betti locaux et sur celle de la 
connexité locale d’ordre supérieur que j’étudie dans un autre Mémoire (cité au 
n°4). En se basant sur les nouveaux axiomes, on pourrait un peu simplifier 
quelques démonstrations dans Variétés. 

Soit R un espace topologique arbitraire; soit S un sous-ensemble fermé de R; 
soit a un point donné de S; soit k = 0, 1, 2, 3, --- . Au Chap. IV, je définis 
ce qu’on pourrait appeler le ki*™e nombre de Betti extérieur de S au point a, 
désigné par a,(a, R — 8). Si espace R est régulier et localement connexe, 
lensemble S coupe l’espace F& au point a localement en a(R — S) + 1 régions 
(v. n°25); autrement dit S détermine en a une “lokale Zerschneidung’’ de R 
d’ordre ao( — S) + 1 au sens de M. K. Zarankiewicz.* 

Au Chap. V, je donne une localisation du théoréme de dualité: Si S est un 
sous-ensemble fermé de Vespace euclidien R, a n dimensions,® on a en chaque point 


1 J’ai exposé quelques résultats de ce Mémoire dans une conférence que j’ai faite le 
5 juillet 1933 dans le Math. Kolloquium de M. Menger. 

Aprés avoir terminé ce travail j’ai pris connaissance de deux notes de M. P. Alexandroff: 
Sur les propriétés locales des ensembles fermés (C. R. Paris 198, p. 227, 15 janvier 1934) et 
Les groupes de Betti en un point (ibidem, p. 315, 22 janvier 1934) qui semblent avoir beaucoup 
de points de contact avec mes recherches. 

(Note de la rédaction: Un mémoire étendu de M. P. Alexandroff sur ces questions 
paraitra dans le numéro d’octobre des Annals of Mathematics.) 

* Die kombinatorische Topologie und die Dualitdtssdtze, den Haag 1929, p. 26. 

5’ Théorie générale des variétés et de leurs théoremes de dualité, Annals of Math., t. 34, 1933, 
p. 621-730. Cité: Variétés. 

4 Uber die lokale Zerschneidung der Ebene, Monatshefte f. Math. u. Phys., t. 39, 1982, 
p. 371. 

5 Le théoréme est méme démontré pour des espaces plus généraux que Rp. 
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ade S: B(a, S) = aa, —S), 0S Enparticu- 
lier ordre de coupure locale est un invariant topologique (local) de S. 

Soit S un sous-ensemble fermé de R, 1; soit a un point de S. Si a est un 

int intérieur de S, on a B,1(a, S) = 1; si a est un point frontiére de S, on a 
8,1(a, S) = 0 (Cf. n°7, 6° et 7°). Done, si Von immerge S dans un R,, a est 
un point de coupure locale si et seulement si c’est un point intérieur de S, et Vordre 
de coupure locale est alors égal ad deux. 

Un cas particulier (R = R,, k = n — 1) du théoréme du n°5 est: Sotent A 
et B deux sous-ensembles fermés de R,,; soit a un point de AB; Supposons que a soit 
un point intérieur de A + B, mats un point frontiére de A et de B. Alors AB coupe 
R,, localement en a. 

Un cas particulier (R = R,, k = n — 1) du théoréme du n°%6 est: Soient A 
et B deux sous-ensembles fermés de R,; soit a un point de AB. Si AB coupe R,, 
localement en a, tandis que ni A ni B ne coupe R, localement en a, alors a est un 
point intérieur de A + B. 

Un cas particulier (R = Re, k = 0) du théoréme du n°5 est: Soient A et B 
deux sous-ensembles fermés du plan; soit a un point de AB. Si ni A ni B ne coupent 
localement le plan en a, tandis que A + B coupe localement le plan en a, alors ou bien 
aest un point isolé de AB (et alors A + B coupe le plan localement en a en deux 
régions), ou bien chaque entourage de a contient une infinité de composantes de AB. 

Un cas particulier (R = Re, k = 0) du théoréme du n°5 est: Soient A et B 
deux sous-continus du plan; soita un point de AB. Sia est un point isolé de AB, 
alors A + B coupe le plan localemeni ena. Si chaque entourage de a contient une 
infinité de composantes de AB, alors a est un point de coupure locale du plan d’ordre 
infint pour A + B. 

Les deux derniers théorémes constituent dans un certain sens une localisation 
des deux théorémes classiques de Janiszewski.6 Une localisation entiérement 
différente de ces théorémes de Janiszewski se trouve au Mémoire cité au n°4. 

Je suppose dans tous ce Mémoire que les coefficients des cycles et des homo- 
logies appartiennent 4a 8, ot ® signifie ou bien l’ensemble de tous les nombres 
rationnels ou bien l’ensemble de tous les entiers réduits mod p, p étant un 
nombre premier donné d’avance. 

Pour les domaines ®t ici considérés, les théorémes locaux de dualité constitu- 
ent une généralisation du allgemeiner dimensionstheoretischer Rechtfertigungssatz 
de M. P. Alexandroff.? 

Quant 4 la théorie de l’homologie, je m’appuie sur mon Mémoire Théorie géné- 
rale de Vhomologie dans un espace quelconque,® cité: Homologie. Comme dans 
Variétés (p. 622, 1), j’écrit C?(p. ex.) au lieu de {C”(U)} (Homologie, I, 20). 
Done C” est l'ensemble de tous les C?(U), U parcourant les réseaux’ dans R. 


* Sur les coupures locales faites par les continus, Prace mat.-fiz., t. 29, 1913, pp. 11-63. 

" Dimensionstheorie, Math. Annalen, t. 106, pp. 161-238 (v. p. 208). 

’ Fund. Math., t. 19, 1932, pp. 149-183. 

* La famille fondamentale de réseaux (Homologie, II, 1) est dans tout ce Mémoire celle 
de tous les réseaux ouverts (Homologie, III, 2). 
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ao 


Soit U un réseau; soit C°(U) = R, Us € U) un (0, U)-cyele. Je pose 


ao 


= r;. Si C° est un (0, R)-cycle absolu, le nombre est, 


comme on le voit sans peine, indépendant du réseau U; je désigne ce nombre 
par J(C°). 


I. 


1. Soit & un espace topologique (Homologie, III, 1). Soit S un sous-ensemble 
fermé de R. Soit a un point donné de S. Soit k = 0,1, 2,---. Les lettres 
U, V, W désignent des entourages’’ de a dans R. 

Soit U D V. Soit B.(V, U; S) ensemble de tous les (k, R)-cycles mod 
(S — U) dans S; deux éléments C* et D‘ de 8. (V, U; S) seront considérés comme 
égaux si et seulement si C* ~ D* mod (S — V) dansS. L’ensemble U; 8) 
est un module (Homologie, 1,1). Désignons par 6;(V, U;S) le rang (Homologie, 
I, 3) de ce module si ce rang est fini; dans le cas contraire posons 8;.(V,U; 8) = «. 

PourW C V CU ona évidemment 6,(W, U; S) S B.(V, U; 8). 

Il en résulte que, l’entourage U de a étant donné, le nombre 6;(V, U; 8) a une 
valeur fixe (indépendante de V) pour tous les voisinages V C U de a suffisam- 
ment petits; désignons par 8;(a, U; S) cette valeur fixe. 

PourW C VC U ona évidemment 6,(W, V; S) = 8.(W, U; Onen 
déduit sans peine que 6;(a, V; S) 2 B.(a, U; S) pour V C U. Par suite trois 
cas sont 4 distinguer: 

1°. Il existe un nombre fini m (= 0, 1, 2, ---) tel que 6,(a, U; S) = m pour 
tous les entourages U de a suffisamment petits; dans ce cas on pose B,(a, S) = m. 

2°. Le nombre 6;(a, U; S) est fini pour tous les entourages U de a, mais si 
m est un nombre fini arbitrairement donné, on a 6,(a, U; S) > m pour tous les 
entourages U de a suffisamment petits; dans ce cas on pose 6;(a, S) = w. 

3°. On a B.(a, U; S) = @& pour tous les entourages U de a suffisamment 
petits; dans ce cas on pose 8;(a, S) = o. 


2. De Homologie, III, 3-11 on déduit sans peine que le nombre 6;(a, S) ne 
dépend nullement de l’espace R, mais seulement du nombre k, du point a et 
(localement) de l’espace S. 


3. Sz Vespace R est régulier au point a," le némbre Bo(a, S) a toujours une des 
trois valeurs 0, 1, 2: On a Bo(a, S) = 0 si et seulement s’il existe un entourage U 
de a tel que chaque composante de S a un point commun avec R — U. Ona 


10 Entourage d’un point ou d’un sous-ensemble est un ensemble ouvert contenant le 
point ou le sous-ensemble considéré. 

" Cela signifie, comme on sait, que chaque entourage U de a contient un entourage V 
de a tel que V C U. 
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8(a, S) = 1 sz et seulement si a est un point isolé de Vespace S. OnaB(a,S) = « 
si et seulement si, pour chaque entourage U de a, une infinité de composantes de S 
sont contenues dans SU. 

DémonsTRATION. Sia est un point isolé de S, on a évidemment Ao(a, S) = 1, 
car U; S) = 1 si U est tel que SU = (a). S’il existe un entourage U de 
a tel que chaque composante de S rencontre & — U, d’aprés Homolog, 111, 
16 on a B(W, V; S) = Osi V C U, d’od Ao(a, S) = 0. Ces deux cas étant 
exclus, pour chaque entourage U de a l’ensemble US contient une infinité de 
composantes de S et donc aussi une infinité de quasicomposantes de S. 
Lespace R étant régulier au point a, il existe un entourage V de a tel que 
7 CU. L’ensemble VS contient une infinité de quasicomposantes de S; 
chaque telle quasicomposante est évidemment essentielle mod (S — U) au sens 
de Homologie, III, 15, d’od Bo(V, U; S) = © d’aprés Homologie, III,17. Done 
By(a, S) = 


II. 


4. Lemme. Soit R un espace complétement normal (Homologie, II, 19). 
Soient yg et x deux sous-ensembles fermés de R. Soit U un réseau donné dans R. 
ll existe un affinement B de Ui tel que, si une (p, B)-chaine est contenue dans ¢ et 
dans x (Homologie, II, 5), elle est aussi contenue dans yx. 

La démonstration se trouve au n°12 de mon Mémoire Sur la connexité locale 
dordre supérieur (& paraitre dans Compositio Mathematica). 


5. Soit R un espace complétement normal. SoitR = A + B, A et B étant des 
sous-ensembles fermés de R. Soitk = 0,1, 2,---. Soitae AB. Soit Biss 
(a,A) = Beys(a, B) = 0. Alors B.(a, AB) = FR). 

DEMONSTRATION. On voit sans peine qu’il suffit de prouver que, U étant 
un entourage donné de a, l’inégalité B..:(a, U; R) 2 m (= 0, 1, 2, --- ) 
entraine que 6,(a, U; AB) = m. Soit done Bis:(a, U; R) = met soit VC U 
un entourage de a. Evidemment, il suffit d’en déduire que 8.(V, U; AB) 2 m. 

Puisque Bi4:(a, A) = 0, on a Byyi(a, V; A) = 0. Donc il existe un entourage 
WiC V de a tel que Bx4:(L1, V; A) = 0 pour chaque entourage L, C Wi dea. 
Pareillement on voit qu’il existe un entourage W. C V de a tel que 
V; B)= 0 pour chaque entourage C Wedea. Posons W = W,W, 
de maniére que Bi4i1(W, V; A) = Biss(W, V; B) = 0. 

Puisque U; R) = m, on a U; R) =m. Done il existe des 
(k + 1, R)-eyeles C**' mod (R — U) (1 S i S m) tels que l’homologie 


~ 0 mod (R — W) ®) entraine que = = Tm = 0. 


Done il existe un réseau 11, tel que l’homologie 2, r, (Uh) ~ mod 
i=1 


(k — W) entraine quer, = --- = rn = 0. 
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Soit Us un affinement de U, normal (Homologie, I, 15 et 16) rel. aux cycles 
mod (B — V) dans B. Déterminons un affinement Us; de Uz d’aprés 4, en y 
posant ¢g = B,x = R—V. Soit U, un affinement de Us; normal rel. aux cycles 
mod (A — V) dans A. Déterminons un affmement U; de U, d’aprés 4, en y 
posant ¢ = A,x = R—V. Soit U, un affinement de U; normal rel. aux cycles 
mod (AB — V) dans AB. Déterminons un affinement U; de Us d’aprés 4, en 
y posant y = AB, x = R — U ainsi qu’un affinement Us de U; de nouveau 
d’aprés 4, mais en y posant g = A, x = B. Soit mo = Pr. (Us Uh), --., 
= Pr. (Ug, = T3201 

Comme A + B = R, on peut poser C§t'(Us) = — 
(1 <i m), ov (Uy) c A, C B. Soit (Ug) cette partie de 
la (k, Us)-chaine FC*T" (Ug) dent les simplexes sont ~ 0 mod (R — U). 
Comme C**1(Us) — 0 mod (R — U), on a FC%T*(Us) = FC*S"(Us) mod 
(R — U); donc est aussi cette partie de la chaine FC*%}'(Us) dont les 
simplexes sont ~ 0 mod (R — U). Comme Cf{'(Us) C A, ona Pk (Us) C A. 
Comme C*t'(Us) C B, ona P4(Us) C B. D’aprés la définition de Us il en 
résulte que I'(Us) C AB, d’ot FT4(Us) C AB. Comme (Us) = 
(Us) mod (R — U), ona CR — U. Done C AB, Fre; 
ré(us) C R — U, d’od Fag; T4(Us) C AB — U d’aprés la définition de Us. 
Done zg I'(Us) est un (k, Us)-cyele mod (AB — U) dans AB. D’aprés la 
définition de Us, 7s; I (Us) est un (k, Us)-cycle essentiel mod (AB — U) 
dans AB. 

Il ne reste qu’A démontrer que les (k, Us)-cycles mss I'¥(Us) (1 S$ i S m) ne 
sont liés par aucune homologie mod (AB — V) dans AB, car alors (Homologie, 
II, 28) B.(V, U; AB) = m, e.g. f. d. 


Soit done >) mss ~ 0 mod (AB — V) dans AB on doit 
t=1 
prouver que 7; = = = 0. L’homologie qui vient d’étre écrite signifie 
qu’il existe une (k + 1, U;)-chaine D*+1(U;) dans AB telle que 


(1) FD'4(Us) = mes >) mod (AB—V). Or > 


t=1 
™ 


mod (R — U). Done la (& + 1, Us)-chaine 755 rs 


D**'(Us) est située dans A et sa frontiére est situate dans (R — V). 
D’aprés la définition de U;, on a done r (Us) — FD*+H(Us) C 


t=1 
m 


A~Y¥. Dew mm 2 (Us) — a5, est un (k + 1, Us)-cycle 


mod (A — V) dans A. D’aprés la définition de Us, 753 >> ry (Us) 
t=1 


753 D**1(Us5) est un (K + 1, Us)-cycle essentiel mod (A — V) dans A et par suite 


™ 
af 
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(2) 7a r, (Us) — a5: est un (k + 1, U,)-cycle essentiel 


{=i 


mod (A — V) dans A. De plus r; (Us) — r, mod 


t=1 t=1 


(k — U). Os voit donc, en tenant compte aussi de (1), que la (k + 1, Us)- 
chaine r; — D**+1(Us) est située dans B et que sa fron- 


i=! 


titre est située dans (R — V). D’aprés la définition de Us, on a donc Fres 
(Us) — Fass D**(Us) C B — V. Done > (Us) — 


D1(Us) est un (kK + 1, Ubs)-cycle mod (B — V) dans B. D’aprés la 
définition de Us 


(3) r; (Us) — ms D*+(Us) est un (k + 1, lh)-cycle essentiel 
t=1 


mod (B — V) dans B. 
Comme B..i(W, V; A) = 0, il résulte de (2) (en vertu de Homologie, II, 28) 


que (Ug) — ~ 0 mod (A — W) dans A. Comme 


s=1 
m 


(W, V; B) = 0, il résulte de (3) que ma >) (Us) — ~ 0 mod 
t=1 

(B — W) dans B. Donc il existe des (k + 2, U)-chaines E{**(U,) C A et 

C B telles que 


(uy) —> (Us) — D*+(U;) mod (A — W), 


t=1 


(th) >) (Us) — mod (B — W). 


Done Ei**(th) — > ma >) mod (R — W), d’oa 


t=1 
ra Dy 7, C***(Us) ~ 0 mod (R — W). Or, C**! étant un (k + 1, R)-cycle 
mod U), on a ms, (Us) ~ mod (R — U) C (R— W). Done 


>) :C8(th) ~ 0 mod (R — W). D’apras la définition de Ub, il en résulte 
i=] 


quer; = --- = ry = 0, ¢.q.f.d. 
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6. Soit R un espace complétement normal. Soit R = A + B, A et B étant 
des sous-ensembles fermés de R. Soitae AB. Soitk = 0, 1, 2, ---. Soit 
B.(a, A) = Bx(a, B) = 0. Alors Bx(a, AB) R). 

DémonstTRATION. On voit sans peine qu’il suffit de prouver que, U étant un 
entourage donné de a, il existe un entourage V C U de a tel que I’inégalité 
B.(a, U; AB) = m (= 0,1, 2, ---) entraine que Bryi(a,V;R) 2m. Soit done 
B.(a, U; AB) = m. Comme £;(a, A) = Bx(a, B) = 0, ona 


B.(a, U; A) = B(a, U; B) = 0. 
Done on peut choisir l’entourage V C U de a de maniére que 
B.(V, U; A) = B(V, U; B) = 0 


Il s’agit de prouver que, W étant un entourage de a contenu dans V, ona 
V; R) = m. 

Puisque 6,(a, U; AB) = m, ona B.(W, U; AB) = m. Donec il existe des 
(k, R)-cycles [* mod (AB — U) dans AB (1 S$ i S m) tels que l’homologie 


b> r; ~ 0 mod (AB — W) dans AB (r; entraine quer; = --- =r, = 0. 


t=1 


Donc il existe un réseau 1, tel que l’homologie p> rsT* (Ui) ~ 0 mod (AB — W) 

dans AB entraine que = --- = ’m = 0. Déterminons d’aprés 4 d’abord un 
affinement UU. de 1, et ensuite un affinement ll; de lle, en y posant dans le 
premier cas g = AB, x = R — W et dans le second gy = A, x = B. Soit 
Uy un affinement de ll; normal rel. aux cycles mod (R — V) dans R. Soit 
= Pr. (Uh, Ue), T32 = Pr. (Us, Us), T4143 = Pr. Us), = 732743, 
Puisque les P'4(1 S i S m) sont des (k, R)-cycles mod (AB — U) dans AB, ce 
sont aussi des (k, R)-cycles mod (A — U) dans A. Or 6;,(V, U; A) = 0, de 
maniére que '¥ ~ 0 mod (A — V) dans A. Pareillement 1 ~ 0 mod (B — V) 
dans B, car 6.(V, U; B) = 0. Done il existe des (k + 1, W4)-chaines 

cAet C B telles que 

(1) mod (A — V), (Us) (U4) mod (B — V). 
Posons (Wu) = — Alors C4*4(11,) 0 mod (R — V) 
de sorte que, d’aprés la définition de Us, 743 cE (1,) est un (k + 1, Us)-cycle 
essentiel mod (R — V). 

Il ne reste qu’ démontrer que les 74;C{**(Us)(1 S i S m) ne sont liés par 
aucune homologie mod (R — W), car alors (v. Homologie, II, 28) on a 
V; R) = m, c.q.f.d. 


Soit done 743 Zz r,C%** (Us) ~ 0 mod (R — W)(r; € R); il s’agit d’en déduire 
quer; = --- = rm = 0. L’homologie qui vient d’étre écrite signifie qu’il existe 
une (k + 2, U;)-chaine D*+?(11;) telle que 


(2) D¥#2(Us) mas >) mod (R — W). 


t=1 
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Puisque = A + B, on peut poser = D**? (U3) — DE*? (Us), od 
pi*?(U;) C A, Dz**(Us) C B. Il résulte de (1) et (2) que 


(3) mis >) — = >) — (Us) 
t=1 i=1 

mod (2 — W). Désignons par E**'(U3) cette partie d’un (et done aussi de 

l'autre) membre de (3) dont les simplexes sont ~ 0 mod (R — W). Alors 

Fe(U;) C A, E**(Us) C B, d’ot E***(U;) C AB d’aprés la définition de Us. 


En outre 


FD‘ **(Us) = >) — mod (R — W), 
t=1 
43 » — E*+(Us) 0 mod (R — W). En tenant compte de 


m 


(1), on en déduit que FE*(U;) — ms >) TEU) C R — W. Done la 
t=1 


(k, Ue)-chaine 


(4) Faso H***(Us) — 7 (Uy) est située dans (R — W). Puisque 
i=1 

E1(U;) C AB, P*(Uy) C AB, la chaine (4) est aussi située dans AB. D’aprés 

la définition de Uz, la chaine (4) est done située dans AB — W. Done 


>) mod (AB — W), d’od 


t=1 
t=1 


Done mm > r,0%(U4) ~ 0 mod (AB — W) dans AB. Or, I* étant un 
t=1 


(k, R)-eyele mod (AB — U) dans AB, ona m4, P*(Uy) ~ Fé (UL) mod (AB — U) 
dans AB. Comme W C U, il en résulte que = r; T*(U,) ~ 0 mod (AB — W) 


t=1 


dansAB. D’aprésla définition de Uj, on en déduit quer; = --- = rm = 0,¢.q.f.d. 
III. 
7. Soitn = 1,2,3,---. Soit R un espace topologique. Soit SCR. Nous 


dirons que R est wne variété d n dimensions mod S d’ordre 0, ou une V3(S), si 
les axiomes suivants sont vérifiés: 
1°. R est wn espace bicompact.” 


* Cela signifie: 1° a et b étant deux points distincts de R, il existe des ensembles 
ouverts U et V tels que a e U, b « V7, UV = 0; 2° de chaque famille d’ensembles ouverts 
recouvrant R on peut extraire une famille finie recouvrant R. 
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2°. Chaque sous-ensemble ouvert de R est un F, dans R. 

3°. L’ensemble S est fermé dans R. 

4° dimR—-—S=n. 

5°. R est localement conneze d’ordre n rel. a@ Ra chaque pointxe R ~ 8.8 

6°. Pourxe R — Sona§B,(a, R) = 1. 

7°. A étant un sous-ensemble fermé de R, on a B,(x, A) = 0 pour chaque 


8. Sit SC T=TCR. SiR est une V3(S), R est évidemment aussi une 
Vo(T). 


9. Soit R un espace topologique; soit S C R, R est une VG(S) si et seulement s'il 
satisfait aux axiomes A,, As, A3, As, B, Di, Do, E énoncés dans Variétés, nos. 
1, 2, 3, 7, 9, 11, 12, 13. 

D£MONSTRATION. Les axiomes Ai, As, A3, As, B disent la méme chose que 
les axiomes 1° — 5°. On doit done déduire d’abord la validité de D,, De, et E 
en supposant 1° — 7°, ce qui sera fait aux n°* 9.11 (pour D,), 9.12 (pour D2.) et 
9.13 (pour £), et ensuite la validité de 6° et 7° en supposant Aj, Ao, As, Ay, 
B, D,, De, E, ce qui sera fait aux n°* 9,21 (pour 6°) et 9.22 (pour 7°). 

9.11 Soit (n — 1, R)-cycle du type dans A (Variétés, 10). Soit H le 
porteur de l’homologie ['"-! ~ 0 (Variétés 10.3) de maniére que H = HCR — 8. 
On doit prouver (Variétés, 11) que l’ensemble H — A est ouvert. Supposons le 
contraire. I] existe donc un pointae (H — A)R—-HCH-R-H -S. 
D’aprés l’axiome 7° on a B,(a, H) = 0. Or soit C* le cycle relatif correspondant 
a I" d’aprés Variétés 10.1. Done C” est un (n, R)-cycle mod A dans H et 
FC*(U) ~ T"(U) dans A pour chaque réseau ll. Soit U un entourage de a 
si petit que UA = 0 Purisque 8,(a, H) = 0, on a B,(a, U; H) = 0. Done il 
existe un entourage ) C U dea tel que 6,(V,U;H) =0. OrACdH —U, de 
sorte que C” est un (n, R)-cycle mod (H — U)dansH. Comme®8,(V,U;H) = 0, 
on a C* ~ 0 mod (H — V) dans H. Donc il existe pour chaque réseau Ul une 
(n + 1, U)-chaine M"*'(Ul) C A et une (n, ll)-chaine D*(11l) C H — JV telles 
que M"™*"(11) — — 0, d’otd ~ dans A. Or ceci 
signifie qu’il existe pour chaque U une (n, U)-chaine E*(ll) C A telle que 
— d’ot ~ dans (H — U) + A CH. Di’aprés 
la définition de H il en résulte que a « H — U, ce qui est une contradiction. 

9.12. Soita eR — S. On doit prouver (Variétés, 12) que le point a est situé 
a Vintérieur d’un (n — 1, R)-cycle du type te. Soit P2 un sommet du réseau 
gén. $Y. (Variétés, 9.2) contenant le point a. D’aprés l’axiome 6° on 4 
8,(a, R) = 1 d’ou, comme on le voit sans peine, 8,,(a, P2) = 1. Done il existe 
un entourage U C P; de a tel que B,(a, U; P:) = 1. Doncil existe un entourage 
V CU dea tel que 8,(W, U; P2) = 1 pour chaque entourage W C V de a. 


13 Cela signifie (v. le n°18 du Mémoire cité au n° 4): Chaque entourage P de x contient 
un entourage Q de z tel que I™ ~ 0 dans P pour chaque (n, R)-cycle absolu I dans Q. 
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En particulier 6.(V, U; P2) = 1 de sorte qu’il existe un(n, 2)-cycle C” mod 
(P, — U) dans P, qui n’est pas ~ 0 mod (P; — V) dans P2, tandis que chaque 
(n, R)-eyele mod (P. — U) dans P2 est ~ rC"(r « R) mod (P, — V) dans P, et 
par suite aussi mod (P. — W) dans P, pour chaque entourage W C V de a. 
Comme 6,(W, U; Pe) = 1, ilen résulte que C* n’est ~ 0 mod (P; — W) dans 
P pour aucun choix de WC V. Pour chaque réseau soit = FC*(U). 
C* étant un (n, R)-eyele mod (P; — U) dans P2, on voit sans peine que I~ est 


un (n—1,R)-eyele absolu dans (P: — U). Evidemment ~ 0 dans P2; done 


(Variétés, 10) est un (n — 1, R)-cycle du type dans A = P, —U. Soit 
H le porteur de ’homologie '-' ~ 0. On doit prouver queaeH — A. Or 
r-! ~ 0 dans Ps, de sorte que (Variétés 10.3)H C P». Supposons par impos- 
sible que le point a n’appartienne pas 4 H — A. Alors il existe un entourage 
WCYV deatel que WH =0,d’ot1 HC P,—W. Or ~ 0 dans H d’aprés 
la définition de H, de sorte que pour chaque réseau ll il existe une (n, 11)-chaine 
D(ul) C H telle que ~ dans A = P, — U, dod 
— ~ 0 dans P2 — U. Done ‘il existe une (n, 1l)-chaine 
E(u) C P. — U telle que — — 0. D’aprés Homologie, 
II, 21 on peut s’arranger de fagon que {C"(ll) — D*(ll) — En(U)} soit un 
(n, R)-cyele dans Or $2, de sorte que C”(ll) — D»(ll) — ~ 0 
dans P. d’aprés Variétés, 9.1-9.3. Donec il existe pour chaque 11 une (n + 1, 
ll)-chaine M"+1(11) Py telle que = + D(U) + Or 
D(u) CH CP, W, E(u) C P, UCP, — W, de sorte que C*? ~ 0 mod 
(P, — W) dans Ps, ce qui est une contradiction. 

9.13. Soit a e R — S; soit Q un entourage de a. D’aprés l’axiome 6° on a 
8,(a, 2) = 1 et par suite aussi B,(a,Q) = 1. Donc il existe un entourage Q; C Q 
dea tel que B,(a, Q2; Q) = 1 pour chaque entourage Q2 C Q; de a. On peut 
supposer que Q, fasse partie d’un sommet du réseau gén. 2 (Variétés, 9.3). 
Soit Q. un entourage de a contenu dans Q;. Comme £,(a, Q2; Q) = 1, il existe 
un entourage Q; de a tel que 8,(Qs, Q2; Q) = 1. 

Soient deux (n — 1, R)-cycles absolus dans — qui soient 
~ 0 dans Q,. II suffit de prouver (Variétés, 13) qu’il existe deux nombres 
ny 72 € dont un au moins 0, tels que + ~ 0 dans (Q — Qs). 
Soient C}, les cycles relatifs correspondant a d’aprés Variétés, 10.1. 
Ce sont done des (n, R)-cycles mod (Q; — Qz) dans tels que FC} (UW) ~ (U) 
dans (Q; — Q.) pour i = 1, 2 et pour chaque réseau ll. Les C? étant des 
(n, R)-cycles mod (Q, — Q2) dans l’équation B,(Qs, Qe; Q) = 1 entraine qu’il 
existe deux nombres 7, r2 « NX, dont un au moins ¥ 0, tels que nC} + mC? ~ 0 
mod (Q — Q;)dans@. Donc il existe pour chaque réseau ll une (n + 1, U)-chaine 
M™*(11) C et une (n, 11)-chaine D*(ll) C @ — Q; telles que 


Or FC?(U) ~ dans — Q. C Q — Qs, de sorte qu'il existe deux 
(n, U)-chaines C Q — Q; (i = 1,2,) telles que FC} (1) = + 
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dod (U) + = — — done + 
~ 0 dans Q — Q;, ¢.q.f.d. 

9.21. Soit a e R — S. On doit prouver que 6,(a, R) = 1. Si lon ayait 
8,(a, R) > 1, il existerait un entourage U de a tel que B,(V, U; R) > 1 pour 
chaque entourage V C U de a. Or c’est impossible d’aprés Variétés, 14.1, 
Donc il suffit de prouver que 6,(a, R) 2 1. 

D’aprés l’axiome Dz il existe un (n — 1, &)-cycle I" du type tz dans A tel 
que le point a appartient 4 l’intérieur de [™t. Soit H le porteur de l’homologie 
rl! ~ 0 de sorte quea e H — A. D/aprés l’axiome D,, l’ensemble H — 4 
est un entourage de a. Evidemment @,(a, R) = 8,(a, H). I] suffit done de 
prouver que 6,(a, H) = 1. Supposons au contraire que 8,(a, H) = 0, d’ou 
 B,(a, H — A;H) = 0. Donc il existe un entourage V C H — A dea tel que 
8.(V, H — A; H) = 0. Soit C le cycle relatif correspondant 4 I~! d’aprés 
Variétés, 10.1. Done C* est un (n, &)-cycle mod A dans H tel que FC"(U) ~ 
r-(U1) dans A pour chaque réseau Ul. Comme 8,(V, H — A; H) = 0, ona 
Cs ~ 0 mod (H — V) dans H. Donc il existe pour chaque U une (n + 1, U)- 
chaine M*+1(U) C H et une (n, U)-chaine D*(U) C H — V telles que 
— C™(U) — > 0. Or FC™(U) ~ dans A de sorte qu’il 
existe une (n, lUl)-chaine Z*(U) C A telle que = — 
Done D»(U) + d’ot ~ dans A + (H — U), done 
H =A-+(H — U) d’aprés la définition de H, d’oti la contradiction a « A + 
(H — U). 

9.22. Soit A un sous-ensemble fermé de R et soitae A-R — A — S. Ondoit 
prouver que 8,(a, A) = 0. Supposons au contraire que 6,(a, A) 2 1. Il en 
résulte que 6,(a, U; A) = 1 pour chaque entourage U de a suffisamment petit. 
D’aprés Variétés 12.1 on peut choisir cet entourage U de maniére qu’il existe 
un (n — 1, R)-cycle absolu A" dans U — U tel que A ~ 0 dans U, mais 
non pas A"! ~ 0 dans un vrai sous-ensemble fermé de U. D’aprés Variétés, 
14.1 il existe un entourage V C U de a tel qu’a chaque couple C”, D* de (n, R)- 
cycles mod (R — U) on puisse attacher deux nombres 7, s « R (r ~ 0 ous # 0) 
de maniére que rC™ + sD" ~ 0 mod (R — JV). On peut supposer que 
VCR-—S. Soit (Variétés, 1.2) W un entourage de a tel queW CV. 
Comme 8, (a, U; A) = 1, 0ona8,(W,U;A) Commeae R — A, il existe 
un ensemble ouvert Q ~ 0 tel que AQ = 0,Q CV. Soit # la famille de tous 
les réseaux U d’ordre mod S S n (Variétés, 7.2) et tels que 1° u « U, uS ¥ 0 
entraine queuCR — V;2°weU,u — V ¥ Oentraine que u(Q + W) = 0,3° 
ueU, uA ¥ Oentraine que uQ = 0. On voit sans peine (v. Variétés, 7.4) que 
la famille @ est compléte (rel. 4 la famille fondamentale de tous les réseaux 
ouverts; v. Homologie, II, 30 et III, 2). Comme 6, (W, U; A) = 1, il existe un 
(n, R)-cycle C* mod (A — U) dans A qui n’est pas ~ 0 mod (A — W) dans A. 
Comme A"! ~ 0 dans U, il existe pour chaque réseau Ul une (n, U)-chaine 
C U telle que FD*(U) ~ dans U — U. D’aprés Homologie, 
II, 21 on peut s’arranger de fagon que D* = {D*(U)} soit un (n, R)-cyele mod 
(U — U) dans U. Done C* et D” sont deux (n, R)-cycles mod (R — U) de 
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maniére qu’il existe deux nembres r, s eR (r # 0 ou s ¥ 0) tels que rC* + sD" ~ 0 
mod (k — V). Done il existe pour chaque réseau U une (n + 1, U)-chaine 
et une (n, U)-chaine C R — V telles que FM™*(U) = rC*(U) 
+ — EX(U). Soit Ue L’ordre mod S de U étant n, chaque 
simplexe de M"*1(U) contient un sommet u tel que uS ~ 0,d’olu — JV; 
il en résulte que M"™*1(U) C R — V. Done rC(Ul) + sD(U) C R — V pour 
chaque Ul ®. 

Soit d’abord s = 0, d’ou r ¥ O et par suite C"(U) C R — V pour Ul e ®. 
Comme C"(Ul) C A et comme aucun sommet de Ul ¢ ® ne peut rencontrer 
simultanément W et R — V, ona C A — W pour La famille 
étant compléte, on arrive 4 la contradiction que C" ~ 0 mod (A — W) dans A. 

Passons au cas s 0. Pour We C*(Ul) C A, rC*(U) + sD*(U) C 
R—V,s ¥ 0, d’autre part un sommet de U ne peut rencontrer simultanément 
ni A et Q, ni R — Vet Q. Il en résulte que pour Ul aucun sommet d’un 
simplexe de ne peut rencontrer Q. Comme D*(Ul) C U, ona C 
—QpourWe®. Or FD(U) ~ dans U — U C U — Q de maniére 
que ~ 0 dans (U — Q) pour Ue La famille étant complete, on 
arrive 4 la contradiction que A"! ~ 0 dans (U — Q). 


10. Soit Rune Vj (S). On dit que R est orientable mod S s’il existe un 
(n, R)-cycle mod S tel que, pour A = A C R, R— (A +8) #0,G"n’est ~ 
mod S 4 aucun (n, R)-cycle mod S dans (A + S). Un tel cycle G* s’appelle 
alors un (n, R)-cycle principal mod S. Orienter R mod S signifie que l’on choisit 
un (n, R)-cyele principal mod S bien déterminé. 


11. G" est un (n, R)-cycle principal mod S si et seulement si pour A = A CR, 
R — (A + S) # 0 on n’a jamais G* ~ 0 mod (A + 8). 

DémMonsTRATION. I. Supposons que G* ~ 0 mod (A + 8S). On doit prou- 
ver que G*? ~ H™ mod S, H” étant un (n, R)-cycle mod S dans (A + 8S). Or 
pour chaque réseau 11 il existe une (n + 1, U)-chaine M"**(U1) et une (n, U)- 
chaine H*(U) C A + S telles que — @(U) — mod S, 
H*(U) — 0 mod S, car 0 mod S. D’aprés Homologie, II, 21 on peut 
s’arranger de fagon que H* = {H*(11)} soit un (n, R)-cycle mod S dans (A + 8S). 
Evidemment Gt ~ mod S. 

IJ. Supposons que G* ~ H" mod S, H® étant un (n, R)-cycle mod S dans 
(A+ 8). Alors évidemment G* ~ 0 mod (A + S). 


12. Sot SC T= TCR. Evidemment, si R est une orientable mod 
S, R est aussi une V*(T) orientable mod T. 


13. Soit R une V>(S). R est orientable mod S si et seulement si V'axiome F 
(Variétés, 16) est satisfait. 

DémonstraTion. J. Supposons que l’axiome F soit vérifié. Nous avons 
construit un (n, R)-cycle principal mod S dans Variétés 17-17.5. 
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Soit G" un (n, R)-cycle principal mod S. Pour chaque zx «e R — S, soit 
(v. Variétés, 15) @2(x) la famille de tous les (n — 1, #)-cycles du type tz dans A, 
A étant assujetti 4 la condition de ne pas contenir x. On doit (Variétés, 15 et 
16) attacher 4 chaque a e — S, € 6.(a) un nombre w(a, I~") selon 
les conditions suivantes: 1°w(a, [~') = 0 si et seulement si le porteur de 
Vhomologie ~ 0 ne contient pas le point a, 2° pour 62(a), on 
doit avoir w(a, r = r w(a, 3° pour + € 
on doit avoir w(a, + = w(a, + P@aeR—S 
et I" € 6.(a) étant donnés, il doit exister un entourage V de a tel que x « V 
entraine que I'"~! 62(x) et que w(z, = w(a, I"). 

Soit done ae R — S et soit I~! ~ 62(a) un (nm — 1, R)-cycle du type t. dans 
A. Soit H le porteur de l’homologie [7 ~ 0. Lorsque a « R — H, soit 
w(a, T™-") = 0. Supposons done queaeH. Soit C" le (n, R)-cycle mod A 
dans H déduit de d’aprés Variétés, 10.1. D’aprés Variétés, 11, l’ensemble 
H — A est un entourage dea. Evidemment C” et G" sont deux (n, R)-cycles 
mod R — (H — A) dans R. D’aprés Variétés, 14.1 il existe un entourage 
V CH — A deaet deux nombres, s eR (r 0 ous ¥ 0) tels que rC* + ~0 
mod (R — V). D’aprés1llonar #0. Posons w(a, = — s/r. 

On vérifie sans peine que les propriétés 1° — 4° sont vérifiées. 


14. Soit Run VG(S). SottaeR—S. Il existe un entourage V C R — S de 
a tel que R — S est orientable mod (R — V). 

DfmonstraTIon. D’aprés 8,6° on a £6,(a, R) = 1. Done il existe un 
entourage U C R — Sdeatel que B,(a, U;R) =1. Doncil existe un entourage 
VCU deatel que 8,(V, U; R) = 1. Donc il existe un (n, R)-cycle G" mod 
(R — U) qui n’est pas ~ 0 mod (R — V). Soit W un ensemble ouvert tel 
que0=~WCYV. Soitbe W. On voit sans peine que 


1 < B,(b, U; R) S 6.(W, U; R) S B,(V, U; R) = 1, 


d’ot 8,(W, U; R) = 1. On en déduit sans peine en premier lieu qu’il existe un 
(n, R)-cycle C* mod (R — U) qui n’est pas ~ 0 mod (R — W) et en second 
lieu qu’il existe un nombre r ¢ §t tel que G" ~ rC* mod (R — W) et done aussi 
mod (k — V). Puisque G" n’est pas ~ 0 mod (R — V), onar #0. Done 
G" n’est ~ 0 mod (R — W) pour aucun choix de l’ensemble W ouvert et tel 
que0 #WCYV. D’aprés 11 G”" est un (n, R)-cycle principal mod (R — V). 


15. Sot R une Vo(S). Pour 0 S k S n — 1 nous allons considérer les deux 
axiomes suivants: 

I*. R est localement connexe d’ordre k rel. ad Ra chaque pointx eR — 8. 

II*. Pourx eR — Sona R) = 
On dit que R est une variélé d n dimensions d’ordre p (1 S p S n) mod S, ou 
une V>(S), si c’est une V9(S) vérifiant les axiomes I* et II* pour 


/ 
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16. Sot SCT Si Rest une V%(S), Rest évidemment 
aussi une V5(T). 


17. Sit0 Sp Sqn. Evidemment une V7(S) est aussi une V*(S). 


18. Sot Sk Sn—1. Les deux axiomes et Il* sont équivalents aux 
ariomes G* (Variétés, 21) et H*~ (Variétés 27; pour k = 0 l’axiome H- doit 
signifier que l’ensemble  — S est dense en soi). 

DémMonsTRATION. L’axiome I* est identique 4 l’axiome G*. Soit d’abord 
k = 0. On doit prouver que si l’ensemble R — S est localement connexe (au 
sens classique), l’axiome II° est équivalent 4 l’axiome H—. Or c’est une consé- 
quence immédiate du théoréme du n°3. 

Passons aucas 15k suffit de déduire d’abord l’axiome H*—' de 
laxiome JJ*, ce qui sera fait au n°18.1, et ensuite l’axiome II* des axiomes G* 
et H*-!, ce qui sera fait au n°18.2. 

18.1. Supposons la validité de II*. Soit ae R — S et soit P un entourage 
donné dea. Ona R) = 0, d’ot B,(a, P) = 0. Soient et deux en- 
touragesdeatelsqueP2C P,CP. Puisque P) = 0,onaB;(a, P2; P) = 0. 
Donc il existe un entourage P; C dea tel que 6:(P3, P2; P) = 0. Soit 
un (k — 1, R)-cycle absolu dans (P,; — P2); soit T*-! ~ 0 dans P,. II suffit 
(Variétés 21) d’en déduire que '*—! ~ 0 dans (P — P3). 

Comme I*-! ~ 0 dans P,, il existe pour chaque réseau Ul une (k, U)-chaine 
C*(U) C P, telle que FC*(U) ~ dans P, — P2. D’aprés Homologie, II, 21 
on peut s’arranger de fagon que C* = {C*(1)} soit un (k, R)-cycle mod (P; — P2) 
dans P;, Comme P; C P, 6:(P3, P2; P) = 0, ona C* ~ 0 mod (P — P3) dans P. 
Donc il existe pour chaque réseau Ul une (k + 1, U)-chatne M*+(Ul) C P et une 
(k, U)-chaine D*(Ul) C P — P; telles que M*+(Ul) C*(U) — D*(U) — 0. 
Comme FC*(U) ~ (Ul) dans (P,; — P2), il existe une (k, U)-chaine 
FU) C — Po P — P; telle que C*(U) — E*(U) Done 
DU) — ~ 0 dans (P — P3), ¢.q.f.d. 

18.2. Supposons la validité des axiomes G* et H*'. SoitaeR— S. On doit 
prouver que 6;,(a, R) = 0. D’aprés l’axiome G*, chaque entourage P suffisam- 
ment petit de a posséde la propriété suivantes: chaque (k, R)-cycle absolu dans 
Pest ~ 0 dans R. II suffit de prouver que 6;,(a, P; R) = 0 pour chaque 
telentourage P. Soit P; un entourage de P tel que P; C P. D’aprés l’axiome 
H*", chaque entourage P; suffisamment petit de a posséde la propriété sui- 
vante: Sil’! est un (k — 1, R)-cycle absolu dans (P; — P;) et si T*-! ~ 0 dans 
P;,ona T*! ~ 0 dans (P — P;). II suffit de prouver que 6:(P3, P; R) = 0. 
pour chaque tel entourage P;. Soit C* un (k, R)-cycle mod (R — P). On doit 
prouver que ~ 0 mod (R — Ps3). 

Soit @ la famille compléte de réseaux qui se déduit de la famille N définie 


“On doit remarquer que, si R est une V9(S), R vérifie toujours l’axiome H~, ce qui 
résulte p. ex. de Variétés, 12.2. 
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dans Homologie, IV, 2 en y remplagant i, Re, Rs, a, a1, a2, as, resp. par P,, 
R— P,, P, — Pi, R— P, 0, R — P, 0. Pour chaque U on peut poser 
(v. Homologie, 1V, 6, ot on remplace n par k — 1) C*(U) = Ci(U) — CEU), ov 
CP, Ck(U) CR—P,. Posons FC{(U) = définis- 
sent (Homologie, IV, 12) un (k — 1, R)-cycle absolu I dans (P, — P,) tel que 
> pour chaque U d’ot ~ Odans P;. Onadone ~ 
dans (P — Done il existe pour chaque U une U)-chaine D*(U) dans 
(P — telle que D* (Ul) —> d’od Ci(U) — D*(U) 0. Soit We la 
famille étant compléte, il existe un affinement de normal rel. aux 
cycles absolus dans P; soit = U). Ona 


C P, P, C P — P3 CP, C{(B) — > 0. 


Done 7C*(%) — est un (k, U)-cycle absolu essentiel dans P, d’ow 
— rD*(B) ~ 0. Done il existe une (k + 1, U)-chaine telle 
que M*+(Ul) rC*(B) — rD*(B). Comme C*(B) = Ci(B) — ChB), ona 


M*+(B) — + (VW) — rD*(B). 


Or C R-— Pi CR — P;, C P — P; C R — P3. Par suite 
~ 0 mod (R — P3). D’autre part rC*(B) ~ C*(U) mod (R — P) 
R — P3. Done C*(U) ~ 0 mod (R — P3) pour chaque lle &. La famille 
étant compléte, on a C* ~ 0 mod (R — P3).  ¢.q.f.d. 


19. En tenant compte de 14, on déduit de 9, 13 et 18 d’aprés Variétés, 65 et 
66 les théorémes suivants. 

19.1. Sot O S ps Une V3(S) vérifie les axiomes I*(n°15) pour 
OSksp. 

19.2. Sot 0 S p S n/2— 1. Une V3(S) vérifie les axiomes II*(n°15) pour 
OsSksp-1. 


19.3. Sot 5 


S psn. Une est une V2(S). 


20. Soient M, et M: deux modules (Homologie, I, 1). D’aprés M. Pontra- 
gin,*) nous dirons que M, et M2 sont duels (primitifs) si l’on a défini le produit 
a, B e pour a M, et B Mz jouissant des propriétés suivantes: 1° (a: + 
= ai8 + a8 pour a; M,, € M,, Be M2; 4. Be) = af; + pour 
ae M,, M2, Bz M2; 3° (ra)B = a(rB) = r(aB) pour re R, a Mi, Be M2; 
4° si ae My, et sian = 0 pour chaque 7 € Mo, ona a = 0; 5° siBe M2 et sits = 0 
pour chaque « ona = 0. 

20.1. Soient M, et Mz deux modules duels. Soient a1, a2, +++ , &m des éléments 


de M, en nombre fini tels que 2, ra; = eR) entraine quer; = = 1m = 0. 


t=1 


%* Math. Annalen, t. 105, 1931, pp. 165-205. V. Variétés, 61. 


‘ 

nd me 

m 
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Ilexiste des éléments Bi, B2, +++ , Bm de Mz tels que a8; = 6 pour 1 Si S m, 
1 <j < m, dy étant le symbole de Kronecker: 6;; = 1, 5; = 0 pour? # j. 
DémonstRATION. I. Soit d’abord m= 1. OnaaeM,a, #0. D’aprés 
20, 4° il existe un élément 7 € M2 tel que ain = r # 0. Posons 6; = 1/r 7. 
Alors ai6; = 1 d’aprés 20,3°. 
II. Soit m = 2 et supposons que le théoréme soit vrai pour m — 1. Done il 
existe des éléments B;, --- , Bn—1 de Me tels que a; 8; = 6; pour 1 < i S m — 1, 


SoitanB; Comme an — >) rai 0, 


t=1 
m—1 


d’aprés I il existe un élément de tel que (a, — = 1. Posons 
t=1 
a8, = s(1 S$ iS m — 1) II suffit de poser 
m—1 m—1 


B= 8B; — +7 >, Si < 1), Bn = Bn — >, 8B; 


j=l 


pour que l’on ait a; 8; = 6; (1 S iS m,1 S m). 


21. Rappelons encore le théoréme de dualité sous la forme dont nous allons 
nous servir au Chap. V (Variétés, 64): 

Sot0S psn. Soitt=min(p,n —p). Sott Rune V"%(S) orientable mod S. 
Le p’™: groupe de Betti G, de Vespace R mod S est duel au (n — p)*™* groupe de 
Betti bicompact ,-» de Vespace R — S. 

Les éléments de @, sont les (p, R)-cycles mod S, deux tels cycles C? et D? 
étant considérés comme égaux si et seulement si C? ~ D? mod S. Les élé- 
ments de 9,» sont les (n — p, R)-cycles absolus situés dans un sous-ensemble 
bicompact arbitraire de R — S, deux tels cycles '"-? et A"-” étant considérés 
comme égaux si et seulement s’il existe un sous-ensemble bicompact A de 
R — S tel que ['"-? ~ A”? dans A. 


IV. 


22. Soit R un espace topologique. Soit B un sous-ensemble ouvert de R. 
Soit C* un (k, R)-cycle absolu (k = 0, 1, 2, --- ). Nous disons que C* est 
situé d Vintérieur de B s’il existe un ensemble F C B fermé dans RF et tel que 
(*C F; nous disons que C* ~ 0 d V’intérieur de B s’il existe un ensemble F fermé 
dans R et tel que C* ~ 0 dans F. 


23. Soit R un espace topologique. Soit A un sous-ensemble fermé de 2. 
Soit a un point donné de A. Soit k = 0, 1, 2, --- . Les lettres U, V, W 
désignent des entourages de a dans R. 

Soit U DV. Soit %.(V, U; R — A) Vensemble de tous les (k, R)-cycles 
absolus I situés & l’intérieur de V — A; pour k = 0 il faut supposer encore 
que J(T*) = 0. Deux éléments I* et A* de %.(V, U; R — A) seront considérés 
comme égaux si et seulement si I* ~ A* A l’intérieur de U — A. L’ensemble 
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dans Homologie, IV, 2 en y remplagant Ri, Re, Rs, a, a1, a2, a3, resp. par P,, 
R—P,, P, — Pi, R— P, 0, R— P, 0. Pour chaque U €® on peut poser 
(v. Homologie, IV, 6, ou on remplace n par k — 1) C#(U) = Ci(U) — Ch), or 
ck(u) CB, CR—P,. Posons FC{(U) = définis- 
sent (Homologie, IV, 12) un (k — 1, R)-cycle absolu I! dans (P; — P,) tel que 
pour chaque U ~ Odans P;. Onadone ~ 0 
dans (P — P;). Done il existe pour chaque U ¢ ® une (k, U)-chaine D*(U) dans 
(P — P3) telle que D*(U) —> Ci(u) — 0. Soit We la 
famille @ étant compléte, il existe un affinement ¥ « ® de U normal rel. aux 
cycles absolus dans P; soit = Pr(%, U). Ona 


P, c P, C P — P3 Ci(B) — 0. 


Done 7C*(%) — wD*(¥) est un (k, U)-cycle absolu essentiel dans P, d’ow 
7C*(B) — rD*(B) ~ 0. Done il existe une (k + 1, U)-chaine M*+'(U) telle 
que M*+1(Ul) — — rD*(B). Comme C*(B) = — ona 


M*+(B) rC*(B) + — rD*(B). 


Or C R— Pi CR — C P — P; C R — ‘Par suite 
~ 0 mod (R — P3). D’autre part rC*(B) ~ C*(U) mod (R — P) 
R — Done C*(U) ~ 0 mod (R — Ps) pour chaque Ue La famille 
étant compléte, on a C* ~ 0 mod (R — P33).  ¢.q.f.d. 


19. En tenant compte de 14, on déduit de 9, 13 et 18 d’aprés Variétés, 65 et 
66 les théorémes suivants. 

19.1. SotO S ps Une V3(S) vérifie les axiomes I*(n°15) pour 

19.2. 0 S p S n/2— 1. Une V3(S) vérifie les axiomes II*(n°15) pour 
OsSksp-l. 


19.3. Soit 5 


Span. Une V5(S) est une V2(S). 


20. Soient M, et M: deux modules (Homologie, I, 1). D’aprés M. Ponira- 
gin,'*) nous dirons que M, et M2 sont duels (primitifs) si l’on a défini le produit 
a, B e pour a M, et B jouissant des propriétés suivantes: 1° (a: + 
= ai8 + pour a My, ar Mi, B € Me; 2° a(B; + Bo) = aBi + pour 
ae M,, B; € Mo, Bz M2; 3° (ra)B = a(rB) = r(aB) pour re R, a Mi, Be Me; 
4° si ae M, et sian = 0 pour chaque 7 € Mo, ona a = 0; 5° siBe M2 et sits = 0 
pour chaque M,, ona B = 0. 

20.1. Sotent M, et M2 deux modules duels. Soient a1, a2, «++ , &m des éléments 


de M, en nombre fini tels que ra; = 0 (7; entraine quer; = = 1m = 0. 


t=1 


%* Math. Annalen, t. 105, 1931, pp. 165-205. V. Variétés, 61. 
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Ilexiste des éléments B2, , Bm de Mz tels que = 6; pour 1 i S m, 
1 <j < m, 5, étant le symbole de Kronecker: 6; = 1, 6 = 0 pour? # j. 
DémonstRATION. I. Soit d’abord m= 1. OnaaeM,a, #0. D’aprés 
20, 4° il existe un élément 7 ¢ M; tel que ain = r ~ 0. Posons 8; = 1/r 7. 
Alors a8: = 1 d’aprés 20,3°. 
II. Soit m = 2 et supposons que le théoréme soit vrai pour m — 1. Donec il 
existe des éléments --- , de tels que a; 8; = 5, pour 1 < i m — 1, 


m—1 


SoitanB; =r(1Si<m—1). Comme a, — >) 0, 
s=1 
m—1 


d’aprés I il existe un élément de tel que (a, — = 1. Posons 
i=1 


a6, = s(1 S$ i S m — 1) II suffit de poser 


m—1 
B= tri >) Bu =Ba— >, 48; 
j=l 


pour que l’on ait a; 8; = 6; (1 S m,1 Sj S m). 


21. Rappelons encore le théoréme de dualité sous la forme dont nous allons 
nous servir au Chap. V (Variétés, 64): 

Sot0S psn. Soittt=min(p,n — p). Soit R une V7(S) orientable mod S. 
Le p’™* groupe de Betti G, de Vespace R mod S est duel au (n — p)*™* groupe de 
Betti bicompact Dz» de Vespace R — S. 

Les éléments de @, sont les (p, R)-cycles mod S, deux tels cycles C” et D? 
étant considérés comme égaux si et seulement si C? ~ D? mod S. Les élé- 
ments de ,_, sont les (n — p, R)-cycles absolus situés dans un sous-ensemble 
bicompact arbitraire de R — S, deux tels cycles '"-? et A”-” étant considérés 
comme égaux si et seulement s’il existe un sous-ensemble bicompact A de 
R — Stel que ~ A”? dans A. 


IV. 


22. Soit R un espace topologique. Soit B un sous-ensemble ouvert de R. 
Soit C* un (k, R)-eycle absolu (k = 0, 1, 2, --- ). Nous disons que C* est 
situé d Vintérieur de B s'il existe un ensemble F C B fermé dans R et tel que 
(*C F; nous disons que C* ~ 0 dl’intérieur de B s’il existe un ensemble F fermé 
dans R et tel que Ct ~ 0 dans F. 


23. Soit R un espace topologique. Soit A un sous-ensemble fermé de R. 
Soit a un point donné de A. Soit k = 0, 1, 2, --- . Les lettres U, V, W 
désignent des entourages de a dans R. 

Soit U DV. Soit %.(V, U; R — A) Vensemble de tous les (k, R)-cycles 
absolus I* situés 4 l’intérieur de V — A; pour k = 0 il faut supposer encore 
que J(T*) = 0. Deux éléments I* et A* de %.(V, U; R — A) seront considérés 
comme égaux si et seulement si I* ~ A* A l’intérieur de U — A. L’ensemble 
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W.(V,U;R — A)estun module. Désignons par a,(V, U; R — A) le rang de ce 
module si ce rang est fini; dans le cas contraire posons a,;(V, U; R — A) = o, 

Pour W C V C U ona évidemment a,(W, U; R — A) S ai(V, U; R ~ A), 
Il en résulte que, l’entourage U de a étant donné, le nombre a.(V, U; R — A) a 
une valeur fixe (indépendante de V) pour tous les voisinages V C U de a suffi- 
samment petits; désignons par a;,(a, U; R — A) cette valeur fixe. 

PourW CV CU ona évidemment a.(W, V; R — A) 2 a.(W, U; R A), 
On en déduit sans peine que a;(a, V; R — A) 2 ax(a, U; R — A) pour V CU, 
Par suite trois cas sont 4 distinguer: 

1°. Il existe un nombre fini m (= 0, 1, 2, --- ) tel que ax(a, U; R— A) =m 
pour tous les entourages U de a suffisamment petits; dans ce cas on pose 
a,(a, R- A) =m. 

2°. Le nombre a;(a, U; R — A) est fini pour les entourages U de a, mais si 
m est un nombre fini arbitrairement donné, on a a;(a, U; R — A) > m pour tous 
les entourages U de a suffisamment petits; dans ce cas on pose a;(a, R — A) = w. 

3°. On a az(a, U; R — A) = © pour tous les entourages U de a suffisamment 
petits; dans ce cas on pose a;(a, R — A) = ~. 


24. En général, le nombre a;(a, R — A) n’est pas complétement déterminé 
par l’espace (R — A) + (a), il faut connaitre aussi l’espace R. Or on voit sans 
peine (v. Homologie, III, 3-11) que, l’espace (R — A) + (a) et son point a étant 
donnés, pour connaitre le nombre a;(a, R — A) il suffit de savoir encore de 
chaque sous-ensemble de R — A s’il est ou non fermé dans R. En particulier 
si l’espace R est bicompact, le nombre a,(a, R — A) nedépend que de |’espace 
(R — A) + (a) (localement) et de son point a; car un sous-ensemble de R — A 
est alors fermé dans RF si et seulement s’il est bicompact. TI] suffit méme que 
Vespace FR soit localement bicompact au point a, c’est-a-dire qu’il existe un 
entourage U de a tel que l’ensemble soit bicompact. 


25. Les énoncés suivants sont faciles 4 vérifier:"* 

L’équation a(a, R — A) = m(= 0,1, 2, --- ) stgnifie que, si U est un entour- 
age de a suffisamment petit, le point a appartient a la frontiére de (m + 1) consti- 
tuants'’ de U — A, tandis que a n’appartient pas a la frontiére de la somme de 
tous les autres constituants de U — A. Si Vespace R est régulier et localement 
connexe, V’équation aa, R — A) = m signifie qu’il existe des entowrages U de a 
arbitrairement petits tels que ’ensemble U — A ait m + 1 composantes tandis que, 
pour chaque entourage U de a suffisamment petit, ensemble U — A a plus quem 
composantes. 

L’équation as(a, R — A) = w signifie: 1° si U est un entourage de a suffisamment 


16 Le cas banal ot A contient tout un entourage de a dans R y est tacitement exclu. 

17 Un constituant d’un sous-ensemble M de R est un sous-ensemble de M maximé (saturé) 
rel. 4 la propriété que chaque couple de ses points se laisse unir par un sous-ensemble de M 
connexe et fermé dans R. 
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petit, le point a appartient ala frontiére d’un nombre fini de constituants de U — A, 
iandis que a n’appartient pas a la frontiére de la somme de tous les autres constit- 
yants de a, 2° m. étant un nombre fini arbitrairement donné, le point a appartient a 
la frontiére de plus que m constituants de Vensemble U — A pour chaque entourage 
dea sufisamment petit. Si Vespace R est régulier et localement connexe, l’équation 
(a, R — A) = w signifie: 1° il existe des entourages U de a arbitrairement petits 
tels que Vensemble U — A ait un nombre fini de composantes ; 2° m étant un nombre 
jini arbitrairement donné, Vensemble U — A a plus que m composantes pour chaque 
entourage U de a suffisamment petit. 


V. 


26. Soit R une VG(S). Sott A un sous-ensemble fermé de R. Soitae A — S. 
Alors ao(a, R — A) S Br-xi(a, A). 

DémonsTRATION. Le théoréme est banal si ae A — R — A, ear alors 
a(a, R — A) = 0. Supposons done queae Rk — A. On voit sans peine qu’il 
sufit de démontrer l’énoneé suivant: Soit m = 1, 2,3, --- ; soit U un entourage 
de a suffisamment petit; soit ao(a, U; R — A) 2 m; alors B,.(a, U; A) = m. 

Soit U Cc R — S un entourage de a si petit que (v. 14) & soit orientable mod 
(R-—U). Soitac(a,U;R—A) 2m. Ondoit prouver que B,.(V,U;A) 2m 
pour chaque entourage V C U dea. 

D’aprés 7, 6° on a B,(a, R) = 1, d’ot B,(a, V; R) S$ 1. Donec il existe un en- 
tourage W C V de a tel que B,(W, V; R) S 1. Comme ae Rk — A, ona 
W-A #0. 

Comme ao(a, U; R — A) 2m, onaa(W,U;R — A) 2m. Donc il existe 
des (0, R)-cycles absolus ['$(1 S 7 S m) situés A l’intérieur de W — A, tels que 


= Oet tels que l’homologie b> ~ 0 intérieur de U — A(r; ®) 
t=1 

entraine que 7} = --- = 7m = 0. D’aprés 21 (v. aussi 20.1), ot on pose p = n 

et ol on remplace S par A + (R — U) (v. 8 et 12), il existe des (n, R)-cycles 

Ei(1 S$ i S$ m) mod A + (R — U) tels que EtT’$ = 6; pour 1 SiS m, 

1Sj<m. Soit Gun (n, R)-cycle principal mod (R — U). 


Supposons que rG” + r, EY ~ O0mod A + (R — W/)(reR, eR). Tl en 


t=1 


résulte (Variétés, 56, 4°) que (rG" +- r,E?). TS =OpourlSjSm. Oron 


t=1 
m 


=0,carJ(P%) = 0. (V. Variétés, 19.1, 4° et 57.) Done =0 
i=1 
pour 1 m, = = Tm = 0, done rG" ~ 0 mod A + (R — W). 
Comme W — A = 0, le cycle G* n’est pas ~ 0 mod A + (R — W) (v. 11). 
Done r = 0. 
Nous venons de prouver que les G", E*, --- , E% ne sont liés par aucune 
homologie mod A + (R — W). Donc il existe un réseau U, tel que l’homologie 
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rGn(th) + >) ~ 0 mod A + (RK — W)(r eR, 7; € R) entraine que 
t=1 

r= = +++ = 1m = 0; d’aprés 11 on peut supposer que n’est pas ~ 0 
mod (R — W). Soit Us un affinement de U; normal rel. aux cycles mod 
(R — V). Soit Us un affinement de U2 normal rel. aux cycles mod (A — U) 
dans A. Déterminons un affinement ™ de U; d’aprés 4, en y posant ¢ = A, 
x = R—U. Soit = Pr. (Ue, Uh), 731 = 

Les E” étant des (n, R)-cycles mod A et (R — U), il existe dee (n — 1, U,)- 
chaines CA et C R — U telles que 
Done = — C R — U. D'autre part 
FC*(W4) C A. Done FC%(Us) C A — U d’aprés la définition de U,. En 
vertu de la définition de Us, les (U,)(1 S S m) sont done des (n — 1, 
cycles essentiels mod (A — U) dans A. Reste & prouver que les m4.C}~'(U,) ne 
sont liés par aucune homologie mod (A — V) dans A, car alors (v. Homologie, 
II, 28) ona B,u(V, U; A) = m, c.q.f.d. 


Soit done m4 (Us) ~ O mod (A — V) dans A(7; € on doit prouver 


t=1 
que 7, = --- = fm = 0. en qui vient d’étre écrite signifie qu’il 
existe une (n, Ue)-chaine C A et une (m — 1, Ue)-chaine C 


A — V telles que N*(U,) mip >) 7% CP + T(Us). Comme > 
t=1 
+ (Uy), on a 
>, — N*(U,) >, — C R V. 


t=1 
m 


En vertu de la définition de Ue, on en déduit que 74, r; — N" (Uy) 
t=1 

est un (n, l)-cycle essentiel mod (R — V). Or nous savons d’une part que 

G"(U) n’est pas ~ 0 mod (R — W), d’autre part que 8,(W,V;R) <1. Onen 

déduit qu’il existe un nombre r « % tel que 


+ a >) — N*(U,) ~ 0 mod (R — W), 


i=1 
ce qui entraine que 


rG@"(U,) + >) ~ 0 mod A + (R W). 


i=1 
Or ~ EX(U,) mod A + (R— V)C A+ (R—W). Done rG"(th) + 
>) ~ 0 mod A + (R — W). D’aprds la définition de il en résulte 


t=1 


que 7; = --- = rm = 0, c.q.f.d. 


So 
Bp 
su 
pe 
W 
a 
m D 
(| 
( 
| 
( 
I 
| 


SUR LES NOMBRES DE BETTI LOCAUX 697 


7. Sotq=n—p—1. Soit t = min (p + 1, Qq). 
Soit Rune V"(S). Soit A un sous-ensemble fermé de R. SoitaeR —S. Soit 
B,(a, 2) = Alors a,(a, R — A) S 8B,(a, A). 

DéMoNsTRATION. On voit sans peine qu’il suffit de démontrer |’énoncé 
suivant: Soit m = 1, 2, --- ; soit U un entourage de a suffisamment petit, soit 
a(a,U;R — A) 2m; alors B,(a, U;R — A) 2m. 

Soit U C R — S un entourage de a si petit que (v. 14) R soit orientable mod 
(R—U). Soita,(a,U;R—A) 2m. On doit prouver que 6,(V,U; A) =m 
pour chaque entourage V C U dea. 

Puisque Bp4i(a, R) = 0, ona Bpyi(a,V;R) =0. Done il existe un entourage 
WC V dea tel que Bp31(W, V; R) = 0. Comme a,(a, U; R — A) = m, on 
aa(W, U; R — A) 2 m. Done il existe des (qg, R)-cycles absolus 
r(1 m) situés Vintérieur de W — A et tels que l’homologie 


r; ~ 0a Vintérieur de A (r; R) entraine que = --- = rT, = 0. 
i=1 

D’aprés 21 (v. aussi 20.1), ot on remplace p par p + let S par A + (R — U) 
(v. 12 et 16) il existe des (p + 1, R)-cycles H?**(1 S$ i S m) mod A + 
(R U) tels que 


t=1 i=1 
(Variétés, 56, 4°), d’o = = +--+ = Tm = 0. Done les E?*', ... , 
ne sont liés par aucune homologie mod A + (Rk — W). Donc il existe un réseau 


ll tel que ’homologie > r; E2*' (U1) ~ 0 mod A + (R — W) entraine que 
i=1 

+++ = 0. Soit un affinement de 1; normal rel. aux cycles mod 

(R— V). 

Soit Ul; un affinement de UU: normal rel. aux cycles mod (A — U) dans A. 
Déterminons un affinement ll, de d’aprés 4, en y posant gy = A, x = R — U. 
Soit = Pr. (Ue, Uh), = 

Les E?** étant des rm + 1, R)-cycles mod ‘A + (R — U), il existe des 
(p, Us)-chaines C2(U4) C A et CR U telles que E?** (U4) C2 (Ua) 
+D?(Us). Done — FD2(Us) CR —U. D’autre part FC%(Us) C A. 
Done FC2(U,) C A — U d’aprés la définition de Wy. En vertu de la définition 
de Us, les 42 C?(U4) (1 S i S m) sont donc des (p, Us)-cycles essentiels mod 
(4 — U) dans A. Reste & prouver que les 742 C2(U,) ne sont liés par aucune 
homologie mod (A — V) dans A, car alors (v. Homologie, II, 28) on a 


8,(V,U;A) =m, e.qf.d. Soit done r; ~ 0 mod (A — V) dans 


i=1 


A(r; « R); on doit prouver que 7; = --- = fm = 0. L’homologie qui vient 
“Sips he cette hypothése est une conséquence des—précédentes en vertu de 19.2. 
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d’étre écrite signifie qu’il existe une (p + 1, Uz)-chaine N?*+(U) C A et une 


(p, Us)-chaine C A — V telles que r; C2(U,) 
T?(Uy). Comme (Uy) + D7 (Uy), on a 
t=1 
En vertu de la définition de Us, on en déduit que 7a Z, r; E?**(uy) > 


wo, N?*+(Us) est un (p + 1, Us)-cycle essentiel mod (R — V). Or ona 
Bou V; R) = 0. Done ma rs — NPH(Ua) ~ 0 mod 


m 


>) ~Omod A + (R-W). ~ 


mod A + (R— V) CA + (R— W). Done >) r; ~0 
i=1 

mod A + (R — W). D’aprés la définition de Uk, il en résulte que 1, = --- = 

tm = 0, c.q.f.d. 


28. Soit R une VZ(S). Soit A un sous-ensemble fermé de R. Soitae A — 8. 
Soit Bri(a, R) = 0. Alors a(a,R — A) = Bri (a, A). 


DémonstTrRATION. Le théoréme est banal sia «e A — R — A, car alors 
Bn-1 (a, A) = Bri(a, R) = 0. Supposons done queae R — A. On voit sans 
peine qu’il suffit de démontrer |’énoncé suivant: soit m = 1, 2, 3, --- ; soit U 


un entourage de a suffisamment petit; soit 8,1 (a, U; A) = m; alors il existe un 
entourage V C U dea tel que a (a, V; R — A) = m. 

Soit U C R — S unentourage dea si petit que (v. 14) R soit orientable mod 
(R — U). Soit Gun (n, R)-cycle principal mod (R — U). Soit Bn«a(a, U; A) 
2m. Comme £,-:(a, R) = 0, on a Brui(a, U; R) = 0; donc il existe un 
entourage V C U de a tel que B,1(V, U; R) = 0. On doit prouver que 
a (W, V; R — A) = m pour chaque entourage W C V de a. Comme 
aeR—A,onaW —A #0. 

Puisque B,.(a, U; A) = m, on a B,.1(W, U; A) =m. Done il existe des 
(n — 1, R)-cycles C?~'(1 < i S m) mod (A — U) dans A tels que l’homologie 


r; ~ 0 mod (A — W) dans A(7r; R) entraine que = = Tn =0. 
t=1 


Soit U, un réseau tel que l’homologie 2; r; C?~*(U) ~ 0 mod (A — W) dans 
t=1 

A entraine que 7, = --- = r, = 0. Déterminons un affinement ll: de th 

d’aprés 4, en y posant y = A,x = R— W. Puisque W — A # 0, on peut 
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supposer (v. 11) que G*(Uz) n’est pas ~ 0 mod A + (Rk — W). Soit Us un 
affinement de U2 normal rel. aux cycles mod A + (R — V). Soit my = Pr. 
(Ue, 132 = Pr. (Us, Ue), 131 = 721+ 732. Les étant des (n — 1, R)- 
eyeles mod (R — U), ona Cz-' ~ 0 mod (R — V), car B41 (V, U; R) = 0. 
Done il existe des (n, Us)-chaines E7(Us3) et des (n — 1, U3)-chatnes D"~' (Us) 
CR V telles que — (Us), D’aprés la définition 
de Us, il en résulte que les m3: E7(Us) sont des (n, 'l2)-eycles essentiels mod 
A+(R—V). 


Sil’on a rG"(Ue) + mse r; E(Us) ~ 0 mod A + (R — W)(r e R, ri € 
i=1 
ilexiste des Uy-chaines N7(Ue) C A et C R — W telles que 


M"*(Ue)  r@r(Ue) + ry — — N3(U) > 0. 


t=1 
Comme (Us) — (Us), il en résulte que 


(Us) = m2 r; (Us) — + FN{(Ue) + (Ue), 


i=1 


d’ot on déduit que la chaine 


(1) FNT(Ue) — 32 p> r; est située dans (R — W). La chaine 
t=1 


(1) étant aussi située dans A, il résulte de la définition de UU, qu’elle est située 
dans (A — W). Done ws: >) rsC}-1(Us) ~ 0 mod (A — W) dans A, d’od 


t=1 
m 


~ mod (A — W) dans A. Or (Us) ~ (th) 


i=1 
m 


mod (A — U) dans A. Comme U 2D W,, il en résulte que p> ~ 0 
i=1 

mod (A — W) dans A, d’ot' ry = --- = rm = 0, d’aprés la définition de Ub. 
Done rC"(Ulz) ~ 0 mod A + (R — W), ce qui entraine que r = 0. 

Nous venons de prouver que les 

(2) G"(Ue), (Us), , ne sont liés par aucune homologie 
mod A + (R — W). Or les (2) sont des (n, Ue)-cycles essentiels mod A + 
(R-—V). Soient 

(3) G*, Ht, .-. , B® des (n, R)-cycles mod A + (R — V) attachés aux (2) 
selons Homologie, II, 28. Evidemment les (3) ne sont liés par aucune homo- 
logie mod A + (R — W). D’aprés 21 (v. aussi 20.1), o1 on pose p = n et ot 
on remplace S par A + (R — W) (v. 8 et 12), il existe des (0, R)-cycles 
I'(0 S$ i S m) situés A l’intérieur de W — A et tels que 


| 
a 

m 
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Comme G*T'? = 0 (1 S$ 7 S m), on voit sans peine (v. Varzétés, 19.1, 4° et 57) 
que = Opourl m. Soit + ~ 0aVintérieur de V — A (r; 
i=1 
Comme EF"; (1 S j S m) est un (n, R)-cycle mod A + (Rk — V), il résulte de Vari- 


étés, 56, 4° que Donclesr$ (isis m) 
t=1 

sont des (0, &)-cycles absolus située 4 l’intérieur de W — A, ils ne sont liés par 

aucune homologie a l’intérieur de W — A, et on a J(T?) = 0 (1 Si S m), 

Done a(W, V; R — A) = m, c.qf.d. 


29. Sit0 S<pSn—2. Sotq=n—p—1. Soitt = min (p + 1, 9). 
Soit R une V"(S). Soit A un sous-ensemble fermé de R. SoitaeA — 8. Soit 
B,(a, R) = 0.% Alors a,(a, R — A) 2 B,(a, A). 

DEMONSTRATION. On voit sans peine qu’il suffit de démontrer |’énoncé sui- 
vant: Soit m = 1, 2, 3, --- ; soit U un entourage de a suffisamment petit; 
soit B,(a, U; A) = m; alors il existe un entourage V C U de a tel que a,(a, 
V;R—A)2™m. 

Soit U C R — S un entourage de a si petit que (v. 14) R soit orientable mod 
(R —U). SoitB,(a,U;A) =m. Comme £,(a, R) = 0, ona 8B,(a, U; R) = 0; 
donc il existe un entourage V C U dea tel que 8,(V, U; R) = 0. On doit 
prouver que a,(W, V; R — A) = m pour chaque entourage W C V dea. 

-Puisque 6,(a, U; A) = m on a B,(W, U; A) 2 m. Donec il existe des 
(p, R)-cycles C2(1 S 7 S m) mod (A — U) dans A tels que l’homologie 


2 ~Omod (A — W) dans A(r; entraine quer: = --- =0. Soit 


t=1 


un réseau tel que l’homologie ~Omod (A — W) dans A entraine 
i=1 
que 7; = --- = = 0. Déterminons un affinement de d’aprés 4, en y 
posant ¢ = A,x = R — W. Soit Ul; un affinement de U2 normal rel. aux cycles 
mod A (R V). Soit = Pr. (Ue, T32 Pr. (Us, Us), 731 = 721732. 
Les C? étant des (p, R)-cycles mod (R — U), on a C2 ~ 0 mod (R — V), 
car B,(V, U; R) = 0. Done il existe des (p + 1, Us)-chaines E2** (U3) et des 
(p, Us)-chaines C R — V telles que E?**(Us) C2(U3) — (Us). 
D’aprés la définition de U;, il en résulte que les 73:H%*"(UUs) sont des 
(p + 1, Us)-eycles essentiels mod A + (R — V). 


Si l'on a B2**(Us) ~ 0 mod A + (R — W)(r: € 8), il existe des 
t=1 
U-chaines N?** (Ue) C A et N3*'(Us) C R — W telles que 
mae >) (Wo) — — — 0. 


t=1 


19 Si p S< n/2, cette hypothése est une conséquence des précedentes en vertu de 19.2. 
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Comme (Us) C%(Us) — DZ(Us), il en résulte que 


re >) (Us) + (Us) + (Ud), 


d’ou on déduit que la chaine 
(1) FN**(Us) — mse r;C2(Us) est située dans (R — W). La chaine (1) 


sant aussi située dans A, il résulte de la définition de Us qu’elle est située 
lans (4 — W). Done mse >) %:C%(Us) ~ 0 mod (A — W) dans A, d’oa 


t=1 
m 


~0mod(A — W)dansA. Oras C2(Us) ~ C2(Uh) mod (A — U) 


i=1 
m 


dans 4. Comme U 2D W, il en résulte que b> r,;C2(U) ~ 0 mod (A — W) 
t=1 
dans A, d’our; = +--+ = Tm = O d’aprés la définition de U,. 

Nous venons de prouver que les ; 

(2) E2**(Us) --- , H2**(Us) ne sont liés par aucune homologie 
mod 4 + (R — W). Or les (2) sont des (p + 1, Uk)-cycles essentiels 
mod A + (R — V). Soient 

(3) E?*1,... , E?*! des (p + 1, R)-cycles mod A + (R — V) attachés aux 
(2) selon Homologie, II, 28. Evidemment les (3) ne sont liés par aucune homo- 
logie mod A + (R — W). D’aprés 21 (v. aussi 20.1), ol on remplace p par 
p+letS par A + (R — W) (v. 12 et 16), il existe des (g, R)-cycles absolus 
< i < m) situés A V’intérieur de (W — A) et tels que = 


m1<j<m). Soit a Vintérieur de V — 
i=1 


Comme E?*!(1 < j S m) est un (p + 1, R)-cycle mod A + (R — V), il résulte 
de Variétés, 56, 4° que = 0, = = Tm = 0. Done 


t=1 
les T'$ (1 < i S m) sont des (q, R) absolus situés 4 l’intérieur de W — A et ne 
liés par aucune homologie 4 l’intérieur de V— A. Done a,(W,V;R — A) 2m, 
¢.q.f.d. 


Brno, CzECHOSLOVAKIA. 
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SOME GROUP-THEORETIC CONSIDERATIONS IN ALGEBRAIC 
GEOMETRY 


By J. A. Topp 
(Received May 7, 1934) 


In a series of recent papers! Severi has developed at great length the notion 
of equivalence between sets of points on an algebraic surface, and defined cer- 
tain aggregates of these sets which he calls serzes of equivalence. His definition? 
of the latter by intersections of the surface with loci belonging to a continuous 
family is framed in such a way that any continuous aggregate of sets belonging 
to such a series is itself a series of equivalence. Thus the notion of equivalence, 
rather than that of series of equivalence is the fundamental one. One aim of 
this note is to show that this concept of equivalence arises in a very simple way 
from group-theoretic considerations of a general character, and that when regarded 
from this angle the whole theory becomes very simple. The other purpose of 
the note is to emphasize these group notions which though implicit in many of 
the concepts of algebraic geometry, (particularly these concerning virtual 
entities) do not appear to have been explicitly formulated hitherto. When 
viewed from our standpoint such ideas as linear systems and continuous systems 
appear as particular applications of a general principle. 

I should like to express my thanks to Professor Lefschetz for much helpful 
advice and criticism in the preparation of this note. 

Consider an algebraic V,, and the aggregate of all algebraic V;., reducible 
and irreducible, which lie upon it. If A and B are two such V;, then their 
sum C is also a member of the aggregate, and may be expressed in the form 
C = A+B. This defines an operation of addition among the V;, and this 
operation clearly has the property that A + B = A + B, only when B and B, 
coincide. If C = A + B we may say that A is the difference between C and B, 
and write A = C — B; such a relation being interpreted as meaning the same 
as C = A+ B. The V; are the elements of an abelian semi-group © with 
addition as the rule of combination. 

We propose to extend © into an abelian group. To do this we introduce, 
corresponding to each element A of S, an element A* with the property that 


A+A*=A*44=0. 


We adjoin these new elements to S and assume that they obey the usual rules 
of addition. We have, clearly, (A + B)* = A* + B*. If, now, A + B= OC, 


1(A). Comm. Mat. Helvetici, 4 (1932), 268. (B). Mem. R. Acc. Italia, 3 (1932), 5. 
(C). Ibid., 4 (1933), 71. (D). Rend. Ace. Lincei (6), 17 (1933), 419, 491, 597. 
2(D). 422. 
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then by adding B* to each side we get A = C + B*. Hence if we write —B 
instead of B* the use of the negative sign agrees with the previous use in those 
cases Where a meaning was attached to it. Consequently, by adjunction of 
these new elements © has been converted into an abelian group YI, in which A* 
or —A) is the inverse of A. Any element of % can be expressed (in many 
ways) in the form C — B, where C and B belong to S. If C does not contain 
Bas a part the element is called virtual. The elements of X are all the V,, effective 
and virtual, on Va. 

Consider now any subgroup © of Y%. This defines a division of the elements of 
{ into cosets, and these cosets themselves form an abelian group @ simply iso- 
morphic with the factor group %/H. The elements of @ are aggregates of V;, 
(virtual or effective) such that the difference between any two V; of the ag- 
gregate belongs to . The subgroup § defines a relation of equivalence between 
the V, which belong to any one of the cosets, this relation, in view of the group 
properties, being symmetrical, reflexive, and transitive, and being preserved 
by addition. The elements of © are those elements which are equivalent to 
ro in this sense. This notion is clearly invariant for birational transforma- 
tions of Va. 

The theory of linear systems of V 1 on Va, of continuous systems of curves 
on a surface, or of series of equivalent sets of points on a surface, are all 
included in the foregoing theory, for a suitable choice of . We shall illustrate 
this, very briefly in the first two cases, and in more detail in the last case, 
since this method of approach seems much simpler than Severi’s. (For exam- 
ple, the elaborate theory of series of equivalence on reducible curves’ can be 
dispensed with entirely.) 

Suppose, then, that k = d — 1. Let § consist of these elements of the form 
A — B, where A, B are such that, for some C, A + C and B + C form the 
complete intersection of Vz with two hypersurfaces of a linear pencil. It is 
very easily seen that these elements actually form a group. The elements of G 
in this case are the complete linear systems (effective and virtual) of Va_1 on Va, 
the notion of equivalence defined by © is that of linear equivalence. 

Again, letd = 2,k = 1. Let § consist of all Vi on V2 which are mapped 
on the Riemannian of the surface by cycles which are homologous to zero. 
The elements of @ are then complete continuous systems of curves on the surface, 
and the relation of equivalence is that of algebraic equivalence in the sense of 
Severi, or of topological equivalence in the sense of Lefschetz.‘ 

Let d = 2,k = 0, so that we are dealing with sets of points on an algebraic 
surface. We shall show how Severi’s notion of equivalence can be defined very 
easily in terms of the group concepts discussed above. We define a series of 
intersection on the surface F as the series of sets of points of intersection of two 
curves which move in linear systems on F, together with possible limit points 

*(B). 6-27. 

*L’Analysis Situs et la géométrie algébrique, (Paris, 1924), 80. « 
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arising when the two curves have a common part. We now define the group 
as follows: it contains all sets of points of the form A — B, where A, B are 
elements of S such that, for some C, A + C and B + C belong to a series of 
intersection; and all finite sums of such sets; i.e. the general element of © has 
the form (A; — Bi) + (Az — Be) + --- + (Ai — B;). These sets evidently 
form a group. The elements of & are then aggregates of sets mutually equiva- 
lent in the sense of Severi, where we have included in @ certain virtual sets of 
points as well as the effective ones which Severi considers. To prove this it is 
sufficient to show that two effective sets A, B which belong to the same element 
of G are equivalent in the sense of Severi, and conversely. For brevity, write 
A = B if A, B are equivalent in the sense of Severi, and A ~ B if A, B belong 
to the same element of G. Suppose first that A ~ B. Then A — B is an 
element of § and we have 


(1) A—B=(Ai— B)+--- + (Ai — Bi, 


where for each j = 1, 2, --- , ¢ there exists a C; such that A; + C;, B; + C; 
belong to a series of intersection. Hence (as follows easily from the definition 
of series of equivalence) A; + C; = B; + C;. Hence 2A; + 2C; = 2B; + XC;. 
So 2A; = 2B;. But, from (1), A + 2B, = B + ZA;. Hence, as all the sets 
concerned are effective, A = B.> Suppose, conversely, that A = B. Then‘ if K 
denotes the set of points common to A, B, the sets A — K, B — K are either 
characteristic sets of a net of curves on F, or become such on adding sets C, D 
which are equivalent on some curve l'onF. ThismeansthatC =(C,+ ---+(;,, 
C = Di + --- + Dy, where C;, D; belong to the same irreducible part of I and 
form sets of the same linear series on this curve. We have thus the relations 


A-—-K+CrB-K+4D, 
while 
C; ~ D; (j =1,---,h). 


Hence from the group properties, A ~ B and our theorem is established. 

Severi’s principal theorems’ concerning equivalent sets state essentially that 
they possess the group property, and from our point of view these results are 
immediate consequences of the definition. 

The theory may be extended inductively to the more general case of V; on 
Va. The definition of will be similar to the previous one, where by a series 
of intersection we shall mean an aggregate of V; in which the V._1 of a linear 
system meet a set of equivalent V;,;. This leads to an inductive definition of 
equivalence between V;, since for Vz_1 the corresponding notion is that of linear 
equivalence. It is then a simple matter to prove that the variable intersections 
of a family of equivalent V; with a family of equivalent V,-, form a family of 
equivalent 
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